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1 Introduction

The four dimensional algebra of coquaternions, also known in the literature as split quaternions, was introduced
by Sir James Cockle (1819-1895) at about the same time that Sir William Hamilton (1805-1865) discovered
the algebra of quaternions.

Although never as popular as their famous “cousins” quaternions, coquaternions have recently been at-
tracting the attention of mathematicians and physicists who recognize the potential of applications of these
hypercomplex numbers numbers [1, 2, 3, 9, 10, 11, 12, 13, 14, 15, 16].

In a previous study [4] the authors discussed the dynamics of the family of coquaternionic quadratic maps of
the form 22 + ¢ and, more recently, they considered quadratic maps of the form z:2 4+ bx [7]. The present paper
can be seen as continuation of the studies initiated in [4] and [7] and is a first step to deal with the — naturally
much more interesting, but also much more demanding — problem of the dynamics of cubic coquaternionic
maps.

The remaining of the paper is organized as follows: Section 2 contains a brief revision of the main definitions
and results on the algebra of coquaternions and on unilateral coquaternionic polynomials; Section 3 contains
the main results of the paper. Finally, Section 4 contains carefully chosen examples illustrating some of the
conclusions contained in Section 3.
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2 Fixed Points for Cubic Coquaternionic Maps

2 Preliminary results

In this section, we present a summary of the results on coquaternions and coquaternionic polynomials which
are essential to the understanding of the rest of the paper. For more details, we refer the reader to [4, 5, 6, 7].

2.1 The algebra H,,,

Let {1,i,j,k} be an orthonormal basis of the Euclidean vector space R* with a product given according to the
multiplication rules
i2=—1,=k2=1, ij=—ji=k

This non-commutative product generates the algebra of real coquaternions, which we will denote by H¢oq. We
will identify the space R* with Heoq by associating the element (qo, g1, ¢2,93) € R* with the coquaternion
q = qo+q1i+g2j+gsk. Given q = qo+q1i+q2j+qs3k € Heoq, its conjugateq is defined as @ = go—q1i—q2j—qsk;
the number qq is called the real part of q and is denoted by req and the vector part of q, denoted by vecq, is
vecq = q1i+q2j+ gsk. We will identify the set of coquaternions whose vector part is zero with the set R of real
numbers. We call determinant of q and denote by det q the quantity given by detq = qq = ¢ + ¢? — ¢5 — ¢3.
Not all non-zero coquaternions are invertible. It can be shown that a coquaternion q is invertible (also referred
to as nonsingular) if and only if det q # 0. In that case, we have, 7! = d(iq'

We identify three particularly important subspaces of dimension two of Hcoq, usually called the canonical
planes or cycle planes. The first is simply the complex plane C; the second, which we denote by P and
whose elements are usually called perplex numbers is given by P = spang(1,j) and corresponds to the classical
Minkowski plane; the third, denoted by D, is the subspace of the so-called dual numbers, D = spang(1,i+ j)
and can be identified with the classical Laguerre plane.

A concept which will play an important role in this paper is the concept of quasi-similarity of coquaternions.
We say that two elements p,q € H.q are quasi-similar if and only if they satisfy rep = req and det p = det g
(or, equivalently, if rep = req and det(vec p) = det(vecq)). This is easily seen to be an equivalence relation
in Heoq; the class of an element q € Heoq with respect to this relation is denoted by [q] and referred to as the
quasi-similarity class of q. Observe that the quasi-similarity class of a coquaternion q is given by

[a] = {@o + @1i + @2j + w3k : wo = qo and z7 — 25 — 25 = det(vecq)}

which we can identify with a hyperboloid in the hyperplane 2o = go: a hyperboloid of two sheets if det(vecq) >
0, a hyperboloid of one sheet if det(vecq) < 0 and a degenerate hyperboloid, i.e. a cone, if det(vecq) = 0.

2.2 Unilateral coquaternionic polynomials

We now summarize some results on the zeros of coquaternionic polynomials [6]. We deal only with monic
unilateral left polynomials, i.e. polynomials of the form

P(x)=2"4+a,_ 12" '+ + a1z +ag, a; € Heoq, (1)

with addition and multiplication of such polynomials defined as in the commutative case,where the variable is
allowed to commute with the coefficients.
Given a quasi-similarity class [q] = [qo + vecq], the characteristic polynomial of [q]], denoted by Wy, is
the polynomial given by
Uig(z) = z? — 2qy z + detq.

This is a second degree monic polynomial with real coefficients with discriminant A = —4 det(vecq). Hence,
(g has two complex conjugate roots, if det(vecq) > 0, and is a polynomial of the form (z —ry)(z —r2), with
r1,m2 € R, if det(vecq) < 0. Reciprocally, any second degree monic polynomial S(x) with real coefficients is
the characteristic polynomial of a uniquely defined quasi-similarity class; if S(z) is irreducible with two complex
conjugate roots a and @, then S = Yo if S has real roots 71 and ro (with, eventually, 1 = r3), then
S =g with q = 2572 4 1zrz),

We say that z € He is a zero of the polynomial P if P(z) = 0 and we denote by Z(P) the zero set of P,
i.e. the set of all the zeros of P.
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Given a polynomial P of the form (1), its conjugate polynomial is the polynomial defined by P(x) =
" +3,_ 12"t 4+ 312+ 39 and its companion polynomial is the polynomial given by Cp(z) = P(z)P(x).

The following theorem contains an important result relating the characteristic polynomials of the quasi-
similarity classes of zeros of a given polynomial P and the companion polynomial of P [6].

Theorem 1. Let P be a polynomial of the form (1). If z € Heoq is a zero of P, then Wy, is a divisor of Cp.

It can be shown easily that Cp is a polynomial of degree 2n with real coefficients and, as such, considered
as a polynomial in C, has 2n roots. If these roots are a1, a1, ...,qm, @ym € C\R and ry,79,...,17 € R,
where £ = 2(n—m), (0 < m < n), then it is easy to conclude that the characteristic polynomials which divide
Cp are the ones associated with the following quasi-similarity classes:

[akﬂ; k:l,...,m, (2a)
[rij]; i=1,...,0—1,j=i+1,...,¢0, (2b)
with
H_Ti—|-7"j Ty — Ty,
r7'.7 - 9 D) J- (2C)
We thus have the following result concerning the zero set of P.
Theorem 2. Let P be a polynomial of the form (1). Then:
Z(P) € Jlew] JIris1,
k i,

where [oy,] and [r;;]| are the quasi-similarity classes defined by (2).

We call the classes given by (2) the admissible classes of the polynomial P.
The results given in the following theorem show how to find the set of zeros of P belonging to a given
admissible class [6].

Theorem 3. Let P(x) be a polynomial of the form (1) and let [q] = [qo + vecq] be a given admissible class
of P(x). Also, let A + Bx, with B = By + B1i + Baj + B3k, be the remainder of the division of P(x) by the
characteristic polynomial of [q].

1. If det B # 0, then [q] contains only one zero of P, given by z= —B~1A.
2. IfA=B =0, then [q] C Z(P).
3. IfB#0,detB =0, det(vecq) <0 and A = —B with

70 = o + /— det(veca) 3)
then the zeros of P in [q] form the following line in the hyperplane x¢ = qo,
L= {q0+ ai+ (kaa + k1(q0 — 70))j + (k2(q0 — 70) — kro+) k : a € R}, (4a)
with ky and ko given by
ByBs + B1 B3 B1Bs — ByB3
kh=——F5—5— and ko= ———— (4b)
B} + B} B + Bt
4. If B #0,detB =0 and A = —B(y0 + 71i) (11 # 0), then the class [q] contains only one zero of P,
given by
z=qo+ (B+m)i+ (k2B + ki(g0 —70))j + (=k18 + k2(q0 — 70)) k,
where

_ det(vecq) + (g0 —70)? — i

b 27

and k1 and ks are given by (4b).
5. If none of the above conditions holds, then there are no zeros of P in [q].

In cases (1) and (4), we say that the zero z is an isolated zero of P; in case (2), we say that the class [q]
(or any of its elements) is a hyperboloidal zero of P and in case (3) we call the line £ (or any of its elements)
a linear zero of P.
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3 Fixed Points for Cubic Coquaternionic Maps
We consider the following two-parameter family of cubic coquaternionic maps
fap(x) =23 — (a+b)z® +abz +2, =€ Heoq (5)

with a,b € Hoq and seek to determine its fixed points, i.e. the points x € Heoq such that f,p(z) = .
The reason for choosing this rather peculiar family of maps has to do with the fact that its fixed points
turn out to be the zeros of the simple factorized polynomial

P(x) = fap(z) — 2 = (z —a)z(z - b). (6)

Since x(x — b) is a right factor of P(x), its zeros are always zeros of P(x); this means that the fixed points
of the quadratic g,(7) = 22 — (b + 1)x — which is a kind of family studied in detail by the authors in [7] — are
always fixed points of f, ,. This will enable us to highlight the richness of the dynamics of cubic coquaternionic
maps when compared to the dynamics of quadratic coquaternionic maps.

This paper deals only with the case where the parameter b is a non-real perplex number, i.e. is of the form

b =bo + baj, ba # 0. (7)

Other type of values for the parameter b will be object of future studies. We note that this choice of b is the
one for which the quadratic g,(z) shows the most interesting dynamics; see [7] for details.

To determine the fixed points of the cubic map (5), or, in other words, to find the zeros of the polynomial
P given by (6), we proceed as follows: we first compute the roots of the companion polynomial Cp of P and
identify all the admissible classes; then, to discuss the zeros in each class [q] = [qo + vec q] we determine the
remainder of the division of P by the polynomial 22 — 2gyx + det q and make use of Theorem 3.

This remainder is easily seen to be the polynomial Bz + A, where

A :Kg(Kl—a—b)

(8)
B :Kl(Kl—a—b)+ab—K2

with K7 = 2qg and Ky = detq.
In what follows, for the sake of simplicity, we refer to a quadratic or cubic with i isolated fixed points, ¢
lines of fixed points and h hyperboloids of fixed points as a (¢, ¢, h) map.

3.1 CaseacP

We start by discussing with detail the case where the parameter a is a (non-real) perplex number
a=ap+azj, az # 0. 9)
In this case, the zeros of the companion polynomial Cp of P are
r1=re =0, r3 =a9—ag, T4 =ao + az, 5 = by — by, 16 = by + ba,
and so there are, at most, 11 admissible classes
Q=[O0 %= (254 mpm], % = [ 4 age]
Co=[g + 2], G = [R5 4 ]

b6 = [[ao + azj]] = [[Q]L Cr = [[ao_az';bo—bz + tlo—azQ—bo-i-szH7

G = [[ao—azé‘rbo-‘rbz + 110—1122—50—172J'ﬂ7 Co = [[a0+112-2‘rbo—b2 + a0+022—b0+b2jﬂ

)

%10 — [[ao-i-az;-bo-‘rbz + ao-‘raz;bo—szﬂ, (gll — [[bO + b2.]ﬂ _ [[b]]
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It is important to remark that, for a of the form (9) and b of the form (7), one has ab = ba and so
the polynomials z(z — a)(x — b) and z(x — b)(x — a) coincide. This means, in particular, that the results
concerning the classes €, %5, 69 and %11 may be obtained easily from the ones for the classes %5, ¢35, 65 and
%5, respectively, by simply swapping a with b; this also implies that, in addition to 0 and b, we always have a
as a zero of P.

We first consider the case where the classes are all distinct i.e. we assume that none of the following
conditions holds:

C1,1 © a2 = aop, C1,2 L a2 = —ap, C1,3 by = bg, C1,4 1 by = —by,
C1’5 : b2 = Qo + ags — bo, C176 . b2 = —ap — a2 =+ bo, (10)
C1,7 : bg = ap — a2 — bo, C1,8 : b2 = —ap + a2.

Zeros in class 6,
This corresponds to K; = K5 = 0, and so we have

A=0
B = agbo + a2bz + (azbo + agba)j (11)
det B = (a2 — a3)(b3 — b3).

Conditions (10) guarantee that det B # 0 and hence the class contains only the zero z = 0.

Zeros in class €5
This corresponds to K1 = ag — as and K5 = 0, leading to

A=0
B = az(az — ag + ba + bo) + az(az — ap + b2 + bo)j (12)
detB=0

We thus have B # 0 and, since we are dealing with a class [q]] with q of the form q = ¢o + ¢oj, we have
det(vecq) = —q3 < 0 and the condition 0B = —A s trivially satisfied for 79 = qo — 1/— det(vecq) = 0;
hence we are in case (3) of Theorem 3; moreover, we have, with the notations of that theorem, By = By and
By = B3 =0 and so we get k; = 1 and ko = 0, leading us to conclude that the class contains the following
line of zeros

L= {2552 4 qi — 2592 4 ok : 0 € R} (13)

Zeros in class 63
The study of the zeros in this class is very similar to the study of the previous class. In this case, we obtain

A=0
B = az(ap + az — by + b2) — (az(ao + az — by + b2))j (14)
detB=0

and it will follow that the zeros in the class will form the following line
L= {7“0‘5“2 + ai + L;‘”j —ak:a€ ]R} (15)
Zeros in class €

The expression for the zeros in this class is obtained by simply replacing ag and as with by and by, respectively,
in the expression of the zeros of class %5; we thus conclude that the zeros form the line

L:{bo%bz_kai_@—&-ak:aeR}.
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Zeros in class 65
The zeros in this class form the line

L= {7b042-b2 + ai — —bO;bQ +ak:ae ]R}.

Zeros in class 6g
This corresponds to K1 = 2ag and Ky = ag — a%, from which we obtain

A= (a% — a%)(ao — bo — (GQ + bz)_])
B = ag(ap — bo) + az(az + ba2) + (azby — ao(2az + b2)) j (16)
det B = (a% — a%)(ao — ag — bo — bg)(ao + ag — bo + b2)

Conditions (10) guarantee that det B # 0, leading us to conclude that this class contains only the isolated zero
z=a.

Zeros in class €7
Here, we have K1 = ag — az + by — bs and Ky = (ag — az)(bp — b2) and we get

A = (CLO — ag)(bg — bg)(ag + bg) + (0,0 — ag)(bo — bg)(ag + bQ)J
B = az(az — ag) + b2(2ag — bo + b2) + (az(az — ag) + b2(2az — by + b2)) j (17)
detB =0

We now show that, when none of the condition (10) holds, this class contains no zeros of P. First, we note
that we cannot have A = B = 0, since

as + by =0A2as — by + by =0 = by = by.

Hence we are not in case 1 of Theorem 3. Since A = Ay + Apj and B = By + Bj, we cannot be in case (4);
it remains to verify that we cannot be in case (3). For vo = g0 + y/— det(vecq) = ag — ag, we have

B’)/o =-A= (ZQ((IQ — (lo) —+ b2(2a2 — bo + bQ) = 7(1)0 - bg)(ag + bg)
iaz(ag—ao—Fbo—Fbg):O

which contradicts the hypothesis that C; g does not hold. The case vy = g9 — y/— det(vecq) = by — by is
analogous.

Zeros in class 65
In this case, K1 = ag — a2 + bg + b2 and Ky = (ag — a2)(bo + b2) and we get

A = (ag — az)(az — ba)(bo + b2) + (ap — az)(az + b2)(bo + b2)j
B = az(az — ao) + ba(bo + ba2) + (az(az — ag) — b2(bo + b2))j (18)
det B = —4&2[)2((10 — ag)(bo + bg)

Since none of the conditions (10) is satisfied, we have det B # 0, and we may conclude that there is only one

zero in this class, given by

_i __ ag—az+bo+bo as—ag+bg+bs
det BA - 2 + ) J.

Z =

Zeros in class 6y
This class contains only the zero

ag+taz+bo—bs + agtaz—bo+ba;
2 2

z= J-

Zeros in class €1
The study of this case is trivial adaptation of the study conducted for the class %7; in this case, we obtain
A= 7(0,0 + ag)(bo + bg)(ag + bg) + (CLO + ag)(bo + bg)(ag + bQ)J

B = ag(az + ag) + b2(2a2 + by + b2) — (az2(az + ag) + b2(2a2 + bg + b2)) ] (19)
detB=0
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and we can conclude that there are no zeros of P in this class.
Zeros in class 611
This class contains only the zero z = b.

From the previous discussion, it is clear that, if none of conditions C; ; — C1 g given in (10) holds, then the
cubic (5) has the following five isolated fixed points

21:07 Z9 = a, 23:b

24 = ao—a2—2Hm+b2 4 az—ao;bo-‘rluj Z5 = a0+a2—2|-bo—bz + a0+a2;b2_boj (20)
and the following four lines of fixed points
51:{%+ai7‘“2ﬂj+ak:a€R}
Lo = {80F02 | oj4 90t ok:a e R} (21)

L3 = {Lgb? + ai — L;b"’j +ak:ac€ R}
Ly= {0t 4 qj+ both2j_ak:a € R}

i.e. is (5,4,0) map.

Naturally, when some of the conditions (10) hold, the situation is different. Consider, for example, the case
where condition Cy 1 : ag = ay is satisfied, but none of the other conditions C; 5 — C; g holds. In this case,
we have % = %1, G = 63, €7 = €, and 63 = G5, i.e., there are only 7 admissible classes. Let us see what
modifications occur in the zeros contained in these classes due to the fact that as = ay.

Zeros in class €1 when as = ag
In this case, we have A = 0, B = ag(bg + b2) + ag(bo + b2)j and det B = 0; see (11). Since B # 0 and 3y =0
such that Byy = —A, we are in case 3.2 (i) of Therorem 3 and we conclude that the zeros of P in this class
form the line

L={ai+ak:kecR}.

Zeros in class €5 when as = ag
It is simple to verify that the zeros in this class will still form the line (15) which, for ag = as, takes the simpler
form

L={ap+ ait+agj—ak:aeR}.

Zeros in class €; when as = ag
In this case, we have A = 0, B = b2(2as — bg + b2) + b2(2a2 — by + b2)j and det B = 0; see (17). Since
condition C; 5 does not hold, we conclude that B # 0 and hence it is simple to see that the zeros in this class
form the line

£:{%+ai—%j+ak:aeﬂ£}.
Zeros in class €3 when as = ag
In this case, A = 0, B = ba(bo + b2) — ba(bg + b2)j and det B = 0; see (18). Since condition C; 4 does not
hold, we have B # 0 and we may conclude that the zeros in this class form the following line

ﬁ:{%—&—aiﬂ-%j—akiaelg}-

Zeros in class €19 when ay = ag
The situation concerning the zeros in class %1g previously described does not change when ay = ag, i.e. the
class has no zeros.

In summary, we conclude that when as = ag is the unique of conditions (10) holding, the cubicis a (2,4, 0)
map.

A similar study was conducted for all the different situations that occur due to the fulfillment of one or
more of the conditions (10) and the corresponding results are summarized in Table 1.

A little explanation of how the table must be read is due. When, for example, we write a = ag + agj and
b = by + bgj, this must be interpreted as meaning that a satisfies condition C; ;, but by does not have any
of the special forms given by conditions C; 3 — C; 5. For completeness, the first line of the table gives the
situation when none of the conditions (10) is verified. Finally, we point out that we do not include in the table
the cases which can be obtained by simply replacing the roles of a and b.
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Table 1: Case a = ag + agj and b = by + boj

’ a ‘ b ‘ type of map ‘
ap + asj bo + b2j (5,4,0)
ap + agj bo + (ag + az — bo)j (3,3,0)
ap + agj bo — (ap + az — bo)j (3,4,1)
ap +azj | bo+ (—ao +az +by)j (3,3,0)
ag + asj ap + asj (2,2,0)
ap + agj ap — aoj (3,0,3)
ag + aoj bo + b2j (2,4,0)
ag + aoj bo + boj (0,3,0)
ap + aoj bo — boj (1,2,1)
ag + agj ag + agj (0,2,0)
ao + aoj ap — aoj (1,0,2)
ag + aoj bo + (2ao — bo)j (1,3,0)
ag + agj by — (2ag — bo)j (1,3,1)
ap — aoj bo — boj (0,3,0)
ag — aoj bo £ (2a0 — bo)j (1,3,0)
ap — apj ap — aoj (0,2,0)

3.2 CaseacR
When a = ag € R, ag # 0, the zeros of the companion polynomial Cp of P are
rm=ro=0, r3 =714 =ag, ™5 = by — ba, 76 = by + b
and so there are, at most, 8 admissible classes
¢ =[0], % =[%+%i]

% =[5 + gl % = [ 4 e,

@5 = [ao] = [a], G = [©ty=ra + w=fptla]],

@ = [2otlotbe 4 co=bo=bai] gy = by + byj] = [b]
Corresponding to conditions (10), in this case we have to consider the following conditions
Co1:b2 =0y, Cop:by=—by, Coz:ba=0bg—ag, Cog:ba=0ag—bo (22)

When none of these conditions holds, the cubic has the isolated fixed points z; = 0, zo = a and z3 = b, four
lines of fixed points

L= {252 4 ai— b2t ak:a € R}
Lo = {—bﬂ‘gbz + i + —bﬂgsz —ak:a€ R}
L3 = {7b0*b22+a0 + ai — 7%4’227“0]' +ak:ac€ R}

Ly = {botbaton | o4 botbeaoj _ ok o € R}
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Table 2: Case a = ag and b = by + boj

’ b ‘ type of map ‘
bo + baj (3,4,1)
bo + boj (1,3,1)
bo =+ (ao — bo)j (1,3,1)
L EYj (0,2,1)

and also the hyperboloid of fixed points H = [% + %2]], i.e. is a (3,4, 1) map.

Table 2 gives a full description of the types of maps that are obtained when one or more of the conditions
(22) are satisfied.

We observe that in this case, we always have a hyperboloid of fixed points coexisting with lines of fixed
points, a situation that never occurs with the quadratic map.

3.3 CaseacC

We now discuss the case where a = ag + aqi, with a3 # 0. In this case, the zeros of the companion polynomial
Cp of P are

r1=ry=0, r3 =ag + a1i, 74 = ag — ayi, r5 = bg — ba, rg = bg + ba,

and so there are, at most, 5 admissible classes

¢ =[0], % = [ao+ aii] = [a],

G =[Pt + gl G = [ 4 gt

5 = [bo + ba2j] = [?]
In this case we have to consider the conditions

C31:by=by, C32:by=—by, C33:b5=(ap—bo)*+aj (23)

When none of these conditions holds, the cubic has the isolated fixed points

21:0, ZQZb,

24)
B al((ao—bo)2+af+bg). 2a2b . 2a1(—aop+bo)b (
23 =ao + (a0—bo)2ta3—b63 ' + (ﬂro—bo)%‘faf—bgj * (aol—bo)g'i'a%—z% k
and the two lines of fixed points
Ly = {fb2 4 a4 2fh2j_ ak:a e R} 25)

Ly = {52 +ai— bsb2j4 ak:a € R},

Table 3 gives a full description of the types of maps that are obtained when one or more of the conditions
(23) are satisfied. Since conditions (23) do not impose any restriction on a, the table only contains the special
forms of b that influence the type of map we obtain.

34 CaseacD

Finally, we consider the case where a is a dual number a = ag + i+ j. In this case the zeros of the companion
polynomial Cp of P are

r1 =719 =0, r3 =714 =ag, 5 = by — b2, 76 = by + b2,
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Table 3: Case a = ag + a1i and b = by + byj

Fixed Points for Cubic Coquaternionic Maps

’ b ‘ type of map ‘
bO +b2J (37270)
bO :l:bOJ (1a270)
bo + a% + ((10 — b0)2j (2, 2, 0)
a(2)+a? a(2)+arfj (0 2 O)
2a, 2a0 =
zao #0)

and so there are, at most, 6 admissible classes
(gl = [[Oﬂv <52 = [%) + %),”]7 (53 = [[CL()]] = [[a]]a
G =[Bgt + ], 6 = [tgte + efha]

€6 = [bo + ba2j] = [b]

In this case, we must consider the conditions

Cap:a0=0, Cya:by=0bg, Cy3:by= —bo,
Cya:b2 =ag —by, Cyp5:by = —ag+ by, (26)
Ca: (ap —bo)? = ba(2 + ba)

When none of the above conditions holds, the fixed points of the cubic are

Z] = 0, Zo = b,
z3 = b0+b22+110 + bg—bzz—aoi + bo+b22—a0j _ bo—b22—a0 k’
74 = bo—b22+ag _ b0+b22_a0i _ bo—b22—a0j _ b0+b22—a0 k’

o (ao—bo)2+b2 (ag—bo)?—b2 . 2(—ao+bo)b
25 - a() + (a07£0)23b2(2ib2)| + (a()*l;)g)ngg(Qibg)J + (a()*b();l?()*b;(Zibg) k

and

L= {L;b"’ + ai + 7b°42'b2j —ak:ac€ R} ,

£2 = {b[};bZ +O[I* b05b2j+04k1a€R},

_ a . aon(ao—b0)+a((a0—b0)2—b§). ao((ao—b0)2—b§)+4b2a(b0—ag) .
L3 = {20 + ai + (a0 —b0) 752 ]+ 2((a—bo)?112) k:aeR;,

i.e. we have a (5,3,0) map.

In Table 4, one can see the types of maps occurring when one or more of the conditions (26) are satisfied.

4 Examples

We now present some examples illustrating the theoretical results obtained in the previous section. In the
determination of the zeros of the polynomials considered in the examples, we made use of a set of Mathe-
matica functions — the package CoqPolynomial — which were specially designed to deal with coquaternionic
polynomials [8].
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Table 4: Case a=ag+i+jand b =0bg+ boj

a b type of map
ap+i-+] bo + baj (5,3,0)
ag+i—+] bo % boj (2,3,0)
ap+i+]j bo = (ao — bo)j (3,2,0)
a0+|+.] b0+(_1:t 1+(&0—b0)2)J (45370)
ag+i+j @+ P2 (1,2,0)

a2 (12 .
aop +1+) 3(itag) T 3(itag)) (1.3,0)
(ap # —1)
. . az az .
ap+1+) 2(1,0110) - 2(1,[]%)] (1’310)
(a0 # 1)
i+] bo + b2j (1,3,0)
i+ bo £ boj (0,2,0)
i+ bo + (—1 £ +/1+b3)j (1,3,0)

Example 1. For the choice of parameters a = 12 — 4j and b = 10 + §j, the cubic map f,, has the following
five isolated fixed points:

z21=0, zo=12—-4j, z3=10+8), z,=17+]j, z5=5+3]
and the following four lines of fixed points:
L1={8+ai—8 +ak:aeR}, Lo={4+ai+4—ak:a€eR},
Ls={l+ai—j+ak:aeR}, Li={9+ai+9j—ak:aeR}.

The results of [7] show that the quadratic g, has z;, z3, L3 and L4 as fixed points and we would like to remark
how the simple introduction of a new linear factor made us move form a (2,2,0) map to a (5,4,0) map.

Example 2. For the choice of parameters a = 11+ j and b = 7 — 5j, the cubic map f, , has the three isolated
fixed points
/=0, z,=6-4j, z;=12,

the four lines of fixed points

Ly ={5+ai—5j+ak:aeR}, Ly={1+ai+]j—ak:aeR},
Ly ={7T+ai—5 —ak:aecR}, Ly ={11+ai+]j+ak:aecR}

and the hyperboloid of fixed points
H =[6+6j].

Thus we have a (3,4, 1) map, as predicted by the theory, since we are in the case where b has the special form
b =0bg+ (—ag — az + by)j; see Table 1.

We would like to observe that all the fixed points listed in (20) and (21) are still fixed points of the cubic,
but zo = a and z3 = b are no longer isolated: zo € £} and z3 € £%. But, more interesting is the fact that the
lines £o and L3 given in (21) are both contained in the hyperboloid .
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Example 3. In this example we consider the parameters a = —4 + i+ j and b = —4 — 2j. The corresponding
cubic map f, , has the four isolated fixed points

21:0, 22:7472j, 23:75+i7j7k, Z4:73+i7j+k,
and the three lines of fixed points

L1 ={-34+ai—3]j—ak:aeR},

Lo={-14+ai+]j+ak:aeR},

L3={-2+ai—aj+2k:acR}.
Note that we are in the case where b has the special form b = by + (—1 — /1 + (ag — bp)?)j and that the
type of map obtained is as predicted by the theory; see Table 4.

This is an interesting example in the sense that neither a nor any of the elements in its class are fixed points
of the map.
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