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Abstract

For a general n-dimensional nonautonomous and nonlinear differential equation with infinite
delay, we give sufficient conditions for its global asymptotic stability. The main stability criterion
depends on the size of the delay on the linear part and the dominance of the linear terms over
the nonlinear terms. We apply our main result to answer several open problems left by L.
Berezansky et. al. [Appl. Math. Comput. 243 (2014) 899-910]. Using the obtained theoretical
stability results, we get sufficient conditions for both the global asymptotic and global exponential
stability of a bidirectional associative memory neural network model with delays which generalizes
models recently studied. Finally, a numerical example is given to illustrate the novelty of our
results.
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1 Introduction

Neural network models have many applications in various engineering and scientific areas such as
signal and image processing, parallel computing, pattern recognition, content-addressable memory,
optimization problems, and so on (see [10-12, 21, 40]). Consequently, the dynamic behavior of neural
network models has been attracting the attention of many researchers, such as mathematicians,
computer scientists, statisticians, and others.

The pioneer models describing artificial neural networks were presented and studied by Cohen
and Grossberg [13], Hopfield [23], and Kosko [26] in the 80s of the last century. The following system
of ordinary differential equations

l’;( = _xz +Zaljf y]
teR,ie{l,...,n},
y;(t == 7yz Zd zf xz Iz

was presented by Kosko and it was the first of the so-called bidirectional associative memory (BAM)
neural network models. Since then, the study of the dynamic behavior of BAM models has become
an active research subject (see [1-4, 7, 17, 24, 27-31, 38, 39, 41-43] and the references therein)

Due to the transmission speed of signals between different neurons, Marcus and Westervelt [32]
incorporated a discrete delay in a neural network model and observed that the delay can destabilize
its dynamic behavior. In fact, as is was confirmed by Baldi and Atiya [5], the delay affects the neural
network dynamic, and the stability of delay neural network models has been the goal of large research
activity (see [1-4, 6, 7, 15, 17, 24, 27, 28, 30, 31, 33, 34, 37-39, 41-43] and the references therein).

In 2007, Gopalsamy [17] introduced delays in the negative feedback terms, known as either “for-
getting” or leakage terms [21, 26]. The introduction of delays in the leakage terms has also a strong
impact in the dynamic behaviors of neural network models and their stability analysis became an



important and active research subject (see [1-4, 7, 24, 27, 28, 30, 31, 34, 37, 38, 43] and the references
therein). Gopalsamy [17] studied the global stability for autonomous BAM models with delays in
the leakage terms. Peng [34] added distributed delays in the leakage terms of BAM models and
obtained sufficient conditions for the existence and global attractivity of a periodic solution. Liu [30]
addressed time-varying delays in the leakage terms of BAM models and established conditions for the
existence and global exponential stability of an equilibrium point. Balasubramaniam et. al. [3, 4]
studied the stability of BAM models with fuzzy and impulsive effect. Lakshmanan et. al. [27] studied
the stability of BAM models with probabilistic effect into the time-varying delays. Other important
results have been obtained about BAM models with delays in the leakage terms such as: bifurcation
results [24, 29, 44, 45]; asymptotic stability of uncertain models [37, 39]; stability of fractional-order
models [1, 38]; stability of stochastic models [38]; exponential stability of models on time scales [43];
or stability of neutral type models [2, 3, 28].

Motivated by the above description, in this paper, we apply our theoretical results to establish
an M-matrix condition for the global asymptotic stability of a nonautonomous BAM neural network
model with possible unbounded discrete time-varying delays, infinite distributed delays, and finite
delays in the leakage terms, which generalizes some BAM models recently studied (see models in
[7, 30, 31, 39, 42]). Moreover, the same M-matrix condition assures the global exponential stability
of the model in case of finite delays.

Although the applications in this work have an important role, the main motivation of this study
was the list with nine open problems left by Berezansky et. al. in the last section of [7]. Concretely,
in [7], the global exponential stability of the nonlinear nonautonomous differential system with finite
delays

(E;(t) :—(Li(t)l'i(t—Ti(t))+Zhij(t,xj(t—’7'ij(t))), tZO, xS {].,TL}, (11)
j=1

was studied and, at the end of paper [7, page 909], the authors presented a list with nine points,
where they described some particular cases and extensions of (1.1) which are important to study. In
this paper, we focus our attention on points 2, 3, and 5, where Berezansky et. al. ask about the
global stability of the following extensions of (1.1)

n K
vi(t) = —ai(t)zi(t — (1) + D Y et it — 7jk(t),  t>0,i€{l...,n}, (1.2)

j=1k=1

zi(t) = —ai(t)z;(t — 75(t)) + Z/t_ Kty 5) fig (s, 25(s — 0ij(s))ds,  t20,i€{1...,n}, (1.3)
and
2h(t) = —a;(t)x;i(t — () + Z/ Kij(t,s)fij(s,xj(s — 0ij(s)))ds, t>0,ie{l...,n}, (1.4)
j=17 00

respectively. In order to provide an answer to these open problems, we introduce the nonlinear system
of nonautonomous differential equations with infinite delays

zi(t) = —a;(O)zi(t — 7 (1)) + hi(t 2t — 71 (1)), .. 2t — 7 (1)) + filt,ze), i€ {l,....n}, (1.5)

where the functions h; deal with discrete time-varying delays, whereas the functions f; deal with
distributed delays. We split the nonlinear terms into two parcels by technical reasons. As we will see
in Section 2, this way of writing the system allowed us to assume weaker hypotheses. We note that
n,m €N, z(t) = (z1(t),...,x,(t)) € R", and see Section 2 for detailed notation.

Despite our main application being to BAM neural network models, system (1.5) is general enough
to be applied to other types of neural network models or even to biological models such as Lotka-
Volterra models [46].



In this work, we establish a global asymptotic stability criterion for system (1.5) without using a
Lyapunov functional, a usual tool in the literature [2, 4, 17, 27, 28, 30, 31, 34, 37, 39, 42, 43]. Instead,
our technique is based on some algebraic computations and convenient estimations obtained from
imposed hypotheses over the size of delays in the linear part and the dominance of linear terms over
the nonlinear terms.

We should say that there are several recent works where global asymptotic stability criteria for
nonautonomous linear differential systems with delays are obtained [8, 9, 14]. System (1.5) can be
seen as a perturbation of a linear delay differential system, but as (1.5) is nonautonomous, it is a
difficult task to obtain its global stability from the stability of its linearization at an equilibrium
point, if it exists.

The main novelties in this paper are:

i. The global stability criterion established for the general nonautonomous differential system, (1.5),
including nonlinear terms with possible unbounded delays and linear terms with finite delay,
Theorem 3.3. We remark that, recently, T. Faria [14] obtained global stability criteria for delay
linear systems, while Berezansky and Braverman [6] obtained a global stability criterion for a
general nonautonomous delay differential system, but with no delays in the linear terms;

ii. The resolution of three open problems left by Berezansky et.al. in [7], Theorem 4.2;

iii. The new global exponential stability criterion established for model (4.1), where a weaker M-
matrix condition is assumed than the one used in [7], Theorem 4.4, Remark 4.2, and Remark
5.1;

vi. The new global stability criteria for the BAM neural network model (4.19) provided by Corollaries
4.5, 4.6, and 4.7.

This paper is divided into six sections. After the introduction, in Section 2 some definitions and
notations are presented and the general system of delay differential equations (1.5) together with its
phase space are introduced. In Section 3 the main global stability criteria of (1.5) are established. In
Section 4, we apply the results in Section 3 to give an answer to points 2, 3, and 5 of the list of open
problems presented in [7] and we apply the theoretical result to a BAM neural network model with
possible unbounded time-varying delays, infinite distributed delays, and finite delays in the leakage
terms, which generalizes several BAM models with delays present in recent literature. In Section
5, a numerical example is presented to illustrate the improvements and effectiveness of our results.
Finally, in Section 6 some conclusions are given.

2 General model and notations

In this paper, we denote by R the set of real numbers and by N the set of positive integer numbers.
For n € N, we consider the product R™ equipped with the norm |z| = max{|z;| : i € {1,...,n}}, for
x=(x1,...,2,) € R™

For a,b € R with b > a, we consider the Banach space of continuous functions ¢ : [a,b] — R™,
denoted by C([a, b]; R™), equipped with the norm

liell = sup [(6)]
0€[a,b]
For 7 > 0, the space C([—7,0];R"™) is the suitable phase space for retarded functional differential
equations with finite delay, 7 (see [20]).
To define an adequate phase space for infinite delay differential equations, we consider the following
space [18],

Uuc, = {cp € C((—o0,0];R™) : sup [o(s)] < 00, #(s) is uniformly continuous on (—oo70]} ,
s<0 9(s) 9(s)

where n € N and C((—o0, 0]; R™) denotes the space of continuous functions ¢ : (—o0,0] — R™ and
g: (—00,0] = [1,400) is a continuous function verifying:



(g1) ¢(0) =1 and g is nonincreasing;

(g2) lim gls +u) = 1 uniformly on (—o0, 0];
u

—~0- g(s)

(83) g(s) = 400 as s » —o0.

The space UCj is a Banach space when it is equipped with the norm ||¢||, = sup M, for ¢ € UC,.
s<0

<o 9(s)
In applications to neural network models, we restrict our attention to bounded initial conditions.
Consequently, we need to consider the space BC = BC((—o0,0];R") of bounded and continuous

functions, ¢ : (—o0,0] — R”, equipped with the norm ||p|| = sup |¢(s)|. It is clear that BC C UC,
s<0

and, trivially, we have ||¢||, < |l¢]|| for all ¢ € BC.
For f : [0,400) x D — R™ being a continuous function, where D C UC, is an open set, we
consider the general functional differential equation

a'(t) = f(t,z), >0, (2.1)

where x; denotes the function x; : (—00,0] — R™ defined by z:(s) = z(t + s) for s € (—o0,0], with
bounded initial conditions

x4, =@, with tp > 0 and ¢ € BC. (2.2)

In the sense of [18], the Banach space UC|, is an admissible phase space for (2.1) and the standard
results of existence, uniqueness, and continuation of solutions are assured [19]. Consequently, the
initial value problem (IVP) (2.1)-(2.2) has always at least one solution (see [19]). If, additionally,
the function f is Lipschitz on the second variable, then we have a unique solution of IVP (2.1)-(2.2),
denoted by z(t,tg, ). In fact, from the uniqueness result in [19], we can conclude that the IVP
(2.1)-(2.2) has a unique solution if there is a continuous function L : [0, +00) — [0, 4+00) such that

|f(ta¢)—f(t,¢)| SL(t)H(p—ng, tZO, %¢€BG (23)

Now, we recall here some stability definitions usual in the literature on neural networks with
infinite delays [25].

Definition 2.1. Assume that all solutions of (2.1) are defined on R.
The functional differential equation (2.1) is called

(i) stable if for all to > 0 and € > 0, there exists § > 0 such that, for p,p € BC,

||(p_¢|| <5j|l’(t,t0,§0)-$(f,t0,@)|<€, t2t07
(ii) global attractive if, for any to > 0 and ¢, € BC,

t—l)lﬂ-noo (.’E(t, th SD) - x(tv th 90)) = Oa

(iii) globally asymptotically stable if it is stable and global attractive;
(iv) globally exponentially stable if there are C, X\ > 0 such that, for all to > 0 and ¢, ¢ € BC,

|x<t7t07 SD) - Z’(t,t07 @)l < Ce—A(t—to)Hw - (1/5”7 t> tO'

Fix a continuous function ¢ : (—o0,0] — [1,+00) satisfying (g1)-(g3). With UCy as the phase
space, we consider the following family of functional differential equations with finite delays in the
linear terms and infinite delays in the nonlinear terms,

.’E;(t) = —ai(t)xi(t—n(t))—|—hi(t,x(t—Til(t)),...,x(t—nm(t))) +fi(t,.’l,'t)7 tz 0, (24)



for all ¢ € {1,...,n}, where n,m € N, a; : [0,400) = (0,400), 7; : [0,400) — [0,400), Tjp :
[0, +00) — [0,400), h; : [0,400) x R" — R, and f; : [0,400) x UC,; — R are continuous functions,
for i € {1,...,n} and p € {1,...,m}. We recall that functions h; deal with possible unbounded
discrete time-varying delays whereas the functions f; deal with infinite distributed delays.

In this paper, the next hypotheses will be assumed for (2.4):

(A1) for each i € {1,...,n}, there is 7; > 0 such that

Ti(t) <75, t>0;

(A2) foreachie{l,...,n}andp € {1,...,m},

lim (¢t — 73,(t)) = +o0;

t——+o0

(A3) for each i € {1,...,n}, there is a continuous function H; : [0, +00) — [0, 4+00) such that

[hi(t,u) — hi(t,0)] < Hy(t)|lu —v|, ¢t>0, u,v R,

(A4) for each i € {1,...,n}, there is a continuous function F; : [0, +00) — [0, 400) such that
[fi(t,0) = filt, D) < Fi(®)llp — dllg,  t=>0, ¢, ¢ € BC;

(A5) for each i € {1,...,n}

(m(t) + Hi(t)

lim sup
a;i(t)

t——+oo

—I—/t lai(w) + Fi(w) + H,(w)]dw) <1

7Ti(t)

From hypotheses (A3) and (A4), it is easy to see that Lipschitz condition (2.3) holds, thus the
IVP (2.4)-(2.2) has a unique solution x(t, o, ¢). Moreover, it is defined on R, [22].

Now, we state some notations. We denote 7 = max{7y,...,7,}. For a vector d = (dy,...,d,) €
R" with d; # 0 for all i € {1,...,n}, we denote by d~! the vector d~! = (dl_l,...,dgl). In case
d; >0 for all i € {1,...,n}, we say that d = (dy,...,d,) is a positive vector and we denote it by
d>0. Ford=(dy,...,d,) € R" and ¢ = (q1,...,¢n) € R", we denote d- g = (d1q1, . ..,dngs) € R™.

For a function h : R — R, we denote by h/, (t) the right-hand derivative of h at t € R.

If h: X — R, with X C R, is a bounded function, then we state the notations h = sup h(s) and

seX
h = inf h(s).
seX
Some stability results in the next section involve the concept of non-singular M-matrix. Thus we

recall the definition here.

Definition 2.2. Let M = [m;;] be a square real matriz with nonpositive off-diagonal entries, i.e.
mg; <0 foralli#j.
The matriz M is called non-singular M-matrix if all the eigenvalues have positive real part.

There exist several equivalent properties to identify a non-singular M-matrix and we indicate
Chapter 5 of [16] to consult them and to study further properties. In this paper we are going to use
the following property [16, Theorem 5.1.]: If M = [m;;]{’;_; is a non-singular M-matrix, then there
isd = (di,...,dn) > 0 such that Md > 0.

Given A = [aij}?,jzl and B = [bij]zjzl two square real matrices, we write A < B if and only if
Qij < bij for all 7,5 € {1,. . .,n}.



3 Global asymptotic stability

In this section, we study the global stability of the family of functional differential equations presented
n (2.4). Mainly, we establish sufficient conditions for the global asymptotic stability of (2.4).
First we prove that system (2.4) is stable.

Theorem 3.1. Assume (A3)-(A5).
Then system (2.4) is stable.

Proof. From hypothesis (A5) there is T > 0 such that

_ai(t) + Fi(t) + Hl(t) + ai(t) lt o [az(w) + FZ(UJ) + Hz(w)]dw <0, t>T, 1€ {1, e ,n}(31)

€
Let tg > 0 and & > 0. Choose § = T i) where Ly, = ief?,éfn} {te?tl;%o] {ai(t) + H;(t) + Fz(t)}}

and Ty = max{T,to + 7}.

Let ¢, » € BC such that ||¢—@|| < 0. Consider the solutions z(t) = (x1(t),...,zn(t)) = (¢, 0, @)
and y(t) = (y1(t),...,yn(t)) = x(t,to,®) of (2.4) and define z(t) = (z1(t),..., 2zn(t)) where z;(t) =
|z;(t) — y;(t)] for all ¢ € {1,...,n} and t > ¢.

The goal is to show that |z(t)| < ¢, for all ¢t > ty. By uniqueness of a solution of IVP (2.4)-(2.2),
the situation is trivial if ¢ = @. Thus we may assume that ¢ # @.

For all i € {1,...,n} and t > to, we have

zi(t) = sign(wi(t) — vi(t))(x3(t) — yi(t))
= sign(ai(t) — yi(t)) [ — ai(t)xi(t — 7i(t) + ai(t)yi(t — 7i(1))
+hi(t,x(t — 11 (2), .y 2t — Tim(2))) — hi(t, y(t — 11 (8)), - . ., y(t — Tim (1))
+ it @) — filt, )] (3.2)
< —ag(t)sign(zi(t) — yz(t))(ﬂﬁz(t) (1))
+a;i(t)sign(zi(t) — yi(t)) [i(t) — yi(t) — (@it — 7:(t)) — wi(t — 7 (1)))]

+[ha(t, 2(t — m(t))» @t = Tim (1) = ha(t,y(t =71 (1), - y(t = Tim (1))
+‘f1(t )7f7.(t7yt)|7
(

and from hypotheses (A3) and (A4) we obtain, for t > to + 7,

A @ v [ ) i)

+E @)z —yellg

+ Hi(t) max {|2( = 7ip () = y(t = 7ip (1))}

= —a;(t)z(t) + ai(t)

/tf (1) —ai(w)[z;(w — 73(w)) — yi(w — 75(w))]
s, = () 0w = T () = P,y = 73 (@), = 7 ()]

+[fi(w, ww) = fi(w, yu)]dw

+ ity max {|2(t = mip(O)]} + Fi(t)

< —ai(t)z(t)
+a;(t) /t_ﬂ_(t) (ai(w)zi(w = 7i(w)) + Hi(w) mgx{\z(w — Tip(w))|} + Fi(w)||zw||g) dw
+H;(t) max {12(t = 7ip ()|} + Fi(t)|2eg- (3.3)

Now define w : [tg, +00) — R by

w(t) = sup {|z(7")| (T € (—oo,t]}.



It is easy to see that w is a continuous nondecreasing function, there exists w’, (t) for all ¢ € [to, +00),
and w(tp) = || — @|| # 0. For each t € (o, +00) define

Jy = {j e{l,...,n}:z(t) = w(t)}.
By easy computations, we conclude that:
o If J; =0, then /, (t) = w'(t) = 0;
o If J; # 0, then W, (t) = max{z}(t) : j € J;}.
We claim that, for Ty = max{T, ¢y + 7} and T defined in (3.1), we have:
1. J; =0, for all t > Ty;
2. w(t) < ebrot=toly(ty), for all t € [tg, To)-
By claim 1, the function w is constant on [Ty, +00) and, together with claim 2, we conclude that
|2(D)] S w(t) < PPy (ty) = ePo)lp — |l <e, £ 21, (3.4)

which means that system (2.4) is stable.
To complete the proof, it remains to prove claims 1 and 2.

Claim 1.

By contradiction assume that there is ¢ > Ty such that J; # (0. For ¢ € J;, we have z;(t) = w(t), thus
zi(t) >0, 2i(t)>0, and 2(t) > |z(r)| for all r € (—o0,]. (3.5)

Consequently, from (3.1), (3.3), and (3.5), we conclude that

A < ﬂMUMﬂ+m@/ [as(w)zi(8) + Hy(w)zi(t) + Fi(w)zo(0)] dew + Hi(H)z(t) + Fi(8)z:(2)

t*‘[‘i(t)

[—ai(t) + ai(t)/ [al(w) =+ Hl(w) =+ FZ(U})] dw + Hi(t) + Fz(t) Zl(t) <0,

t—ri(t)
which contradicts (3.5).
Claim 2.
Let t € (to, To) be such that J; # (. Choosing i € .J; such that /, (t) = z{(t), we have
zi(t) >0,  zi(t) >|z(r)| for all r € (—o0,t]. (3.6)
From (3.2), (3.6), and hypotheses (A3) and (A4), we have
(1) = 24(8) < (aslt) + Hilt) + Fi(0) 5(8) < Logzt) = Lywo(t).
As W', (t) = 0 for all t > to such that J; = ), we obtain
Wi (t) < Lyyw(t), t e (to, To).

Consequently
w(t) < eltot=toly(tg),  t e [to, Tol.

O

From the proof of the previous result, mainly from the inequality (3.4), trivially we obtain the
following result.



Corollary 3.2. Assume (A3)-(A5).
If a;, H;, and F; are bounded functions, then there is C > 1 such that, for all to > 0 and
©,p € BC, the solutions x(t, to, ) and x(t,tg, @) of (2.4) satisfy

|x(t7t0a§0)_$(tat05¢)‘ SCH‘)O_&Ha t > to.

Proof. Let C = elmax{T7} where L = glax }{sup {a;(t) + H;(t) +Fl(t)}} and T comes from
1€1l,..myp Lt>0

(A5) as in (3.1). For to > 0 and Ty = max{T,ty + 7}, by (3.4), we obtain

(¢, to, ) =@ (t, to, §)| < e — G| < T G| = Clo-3ll, ¢t =t »,§ € BC.

O
Now we are in a position to establish the global asymptotic stability of (2.4).
Theorem 3.3. Assume (A1)-(A5).
If, for each i € {1,...,n}, there is a; > 0 such that
a;(t) >a;, t>0, (3.7)

then system (2.4) is globally asymptotically stable.

Proof. From Theorem 3.1, we only need to prove the global attractivity of (2.4).

Let tg > 0 and o, € BC.

As in the proof of Theorem 3.1, considering the solutions x(t) = (z1(t),...,z,(t)) = z(t, to, @)
and y(t) = (y1(t),...,yn(t)) = x(t,t0,®) of (2.4), and defining z(t) = (21(t),...,2zn(t)), where
zi(t) = |xi(t) —yi(¢)| for all ¢ € {1,...,n} and t > ty, the inequality (3.3) holds for all ¢ € {1,...,n}
and t > tg.

Now, define

v = max {limsupzi(t) e dl,... ,n}} .
t——+oo

As z(t) > 0 for ¢ € [tg, +00), we have v € [0,400]. We need to prove that v = 0. This is done into
two steps. In step 1 we show that v # 400 and in step 2 we show that v = 0.

Step 1. To prove that v # +o0.

Assume that v = +0o. Thus there are i € {1,...,n} and an increasing real sequence (tx)ren On
(to + 7, +00) such that li}]ern try = o0 and

Zty) = Iz | > 0, Z(t) >0, keN. (3.8)
From (3.3) and (3.8), for each k € N, we have
A) < —aitto)lz,|
t
vt [ (ol 4 E ]+ Rl )

FHi(t) |20 | + Fi(tr)l| 20, [l -

Consequently, as ||¢||y < ||¢] for all ¢ € BC, we obtain

zmws(—wwwwmm[k @ww4mw+mwNW+wa+mmOWML(w)

k—Ti(tk)

From hypothesis (A5), there is T' > to such that

M t a;(w i(w i(w) |dw
a;i(t) +/t_n(t)[ (W) + F(w) + Hy(w)]dw <1, t>T,



which implies

—a;(t) + F;(t) + H;(t) + a;(¢) /ti " [ai(w) + Fi(w) + Hi(w)]dw <0, t>T. (3.10)

For large k, we have t;, > T and by (3.9) together with (3.10) we conclude that
2i(t) <0,

and this contradicts (3.8). Thus v € [0, +00).

Step 2. To prove that v = 0.

From step 1, we have v € [0,400) and consequently z(¢) is bounded. Choose ¢ € {1,...,n} such

that v = limsup z;(¢). By the fluctuation lemma [36], there is an increasing real sequence (tx)ren on
t——+oo

(to + T, +00) such that

liintk = +00, lilin zi(ty) =v, and lilgn 2 (t) = 0. (3.11)

Fix € > 0 and choose T > to such that |z(¢)| <v+eforallt > T, and || — @||/g(to —T) < v+e.
As t — 27; — 400, as t — 400, then there is k1 € N such that ¢, — 27; > T for all k¥ > k.
By (A2), t — Tip(t) = +o0 as t — 400, thus inf  {w—7p(w)} = +o0 as k — 400, then

WE[tE—Ti,tx]
there is k2 € N such that w — 7;,(w) > T for all w € [ty — T, t], p € {1,...,m}, and k > ko.
Define kg = max{k, ko}. Trivially, we have tz, — 27; > T.
Defining Z = r[nax | |z(s)], from condition (g3) we conclude that there exists s* < 0 such that
sE tn,tko
L ptet € (~00,5%)
—— < v+¢ forany s € (—o0, s%).
9(s)

We show that, for & € N such that t; > tx, +7; — s* and w € [ty — T, tx], we have
lzullg < v+e. (3.12)

Let w € [tk —?i,tk] with ¢ > tg, +7; — s*.

|2(w + 5)|
Zuw = sup ———
H Hg SSFO) g(s)
v ap FeEl et
sE€[to—w,0] g(S) s€(—o0,tg—w] g(S)

On the one hand, we have

wp @l el =8l _, .
SE(—o00,tp—w] g(S) s€(—o0,to] g(S - w) g(tO - w) g(tO - T)
On the other hand,
ap Bl o Bwts)l o )
s€[to—w,0] g(s) s€[to—w,try —w] 9(s) SE[try —w,0] 9(s)
§ z 2(s)]
< max ——,  sup
9(tky — te +74) $€[tng w] g(s —w)
v+e€
< max{v4+e, sup ———p =v+e.

s€ltrg ] 9(8 — W)

Consequently, condition (3.12) holds.
From (3.3) and (3.12), for all k¥ € N such that t;, > ¢, +7; — s*, we have



zi(ty) < —ailte)zi(tr)

+ai(tk)/t k (ai(w)zi(w —7i(w)) + H;(w) m}z}x {|z(w — Tl-p(w))|} + Fi(w)||zw||g> dw

k—Ti(tK)
+H;(ty) mgx{\z(tk — Tip(te)|} + Fi(te) |22l
< —ai(tr)zi(te)
+ai(t;c)/ti o (as(w) (v +€) + Hi(w)(v + ) + F(w)(v + £))duw

+H;(t) (v + ) + Fy(tr) (v + €)

= —a;(tr)zi(ty) + (v +¢) (ai(tk) /tk [ai(w) + H;(w) + F;(w)]dw + H;(tp) + Fz‘(tk)> ;

k—Ti(tk)

thus

)+ 20— 042) ( [ ) Hulw) + R + W) <o (3.13)

From (3.7), we know that limkinf a;(tx) > 0. Finally, from (3.11), (3.13), and letting k — +o0o0 and

e — 0T, we obtain

v—0 (lim sup

t——+o0

Fi(t) + H;(¢)
a; (t)

From (A5), we must have v = 0. O

+ /t [ai(w) + Fi(w) + Hl(w)]dw>> <0.

7Ti(t)

Remark 3.1. We should remark that, under conditions assuring the existence of a unique solution
of IVP (2.4)-(2.2) defined on R and using similar arguments as those in the proofs of Theorems 3.1
and 3.3, we obtain that the zero solution of (2.4) is global asymptotic stability if we assume (A1),
(A2), (A5), and

(A3*) for each i € {1,...,n}, there is a continuous function H; : [0, +00) — [0, +00) such that

(A4*) for each i € {1,...,n}, there is a continuous function F; : [0, +00) — [0, +00) such that
[fi(t, o)l < Fi(@)ll¢ellg,  t 20, ¢ € BC.

4 Applications to BAM networks

In this section, first, we use the results in the previous section to obtain new stability criteria for
a theoretical delay differential system which generalizes several systems introduced by Berezansky,
Braverman, and Idels [7]. Then, we apply them to establish new criteria for the global stability of
a BAM neural network model with unbounded time-varying delays, infinite distributed delays, and
finite delays in the leakage terms.

To provide an answer to points 2, 3, and 5 of the list of open problems in [7, page 909], we are going
to establish sufficient conditions for the global asymptotic stability of the following generalization of
systems (1.2), (1.3), and (1.4)

n K
zi(t) = —ai(t)zi(t — 7(t)) + Z D ikt (t =7k (t)))

10



where n, K € N and a; : [0,+00) — (0,400), hijk, Kij : [0,400) x R = R, fi; : R? = R, 73, 7y -
[0,4+00) — [0,+00), and g;; : R — [0,4+00) are contlnuous functions, for all 7,5 € {1,...,n} and
ke{l,...,K}.

For system (4.1) we assume the following hypotheses:

(al) there exist o > 0 and 7; > 0, such that
Ti(t)g?i and Q”(t)gg, t>0, i,j€{17...,n};
(a2) for each i,5 € {1,...,n} and k € {1,..., K}

lim (¢t —7;(t)) = +o0;

t——+oo

(a3) for each 4,5 € {1,...,n} and k € {1,...,K}, there exists a continuous function Hjj; :
[0,4+00) — [0, +00) such that

|hijk(t,u) — hijk(t,’l}” < Hijk(t)|u — ’U|, t> O7 u,v e R;
(a4) for each i,j € {1,...,n}, there exists F;; > 0 such that
‘f”(t,u)—f”(t,'l)”SF”lU—UL tzov U,’UGR,

(ab) for each 4,5 € {1,...,n}, there exist x;; : [0,+00) — [0,+00) and g;; : [0,4+00) — [0, +00)
continuous functions such that

|Kj(t, s)| < kij(t)gij(t—s), t>0,s<t,

“+o0
/ gij (t)dt = 1;
0

(a6) there is d = (dy,...,dy,) > 0 such that, for each i € {1,...,n}

n K
limsup |a;(t Z dJ < i+ ZHijk(t)>

and

t——+o0

t n d K
+ / al(w) + Z dij /fij(w)Fij + ZHka(ZU) dw| < 1.
t*‘l’i(t) 0

=1 k=1

To build the convenient phase space of (4.1), we need an auxiliary lemma to define a function g
satisfying (g1)-(g3). The lemma is essentially the same one published in [15, Lemma 4.1.] and the
proof follows the same steps. Thus we decided to omit it.

Lemma 4.1. Let m € N and consider n; : (—00,0] = R, i € {1,...,m}, bounded and nondecreasing
functions such that

0
/ dni(s) <o, 1€{l,...,m},
for some o > 0.

Then, for all T > 0, there exists a continuous function g : (—oo,0] — [1,400) satisfying (91)-(g3)
and

0
/ g(s —7)dn;i(s) <, i€{l,...,m}.

—0o0

Applying Theorem 3.3, we obtain the following global stability criterion for system (4.1).

11



Theorem 4.2. Assume (al)-(a6) and (3.7).
Then system (4.1) is globally asymptotically stable.

Proof. From (a6), we conclude that there is a > 0 such that

n
limsup |a;(t Zdj< )14 «) FZJ—FZH”k )

t—4o00 1

t n d K
+ /t, © @i(w) + Z dfz <I€ij(1U)(1 + Oé)Fij + Z Hljk(w)> dw| < 1. (42)

j=1

foralli € {1,...,n}.
With the change of variables y;(t) = d; '2;(t) system (4.1) takes the form

n K
) = ~as(O)yilt — () + D0 it dyys ¢~ 7ige ()
j=1k=1 (4.3)
+Z/ EKij(t,s)fij(s,djyj(s—gij(s)))ds, t>0,ie{l...,n},

Trivially, system (4.1) is globally asymptotically stable if and only if system (4.3) is globally
asymptotically stable.
For each 4,5 € {1,...,n}, consider the function 7;; : (—o0,0] — R, defined by

1 (s) = [ 9ij(—v)dv. (4.4)

Since @ > 0 and, by (a5), fi)oo dni;(s) = fi)oo gij(—v)dv <1+ aforalli,j € {1,...,n}, Lemma 4.1
assures that there exists a function g : (—oo, 0] — [1, +00) satisfying (g1)-(g3) and

0
/ g(s —0)dni;(s) <1+ (4.5)
Consider UC, as the phase space of system (4.3).

System (4.3) is a particular case of (2.4). In fact, considering m = nK and identifying each
p € {1,...,nK} with (4,k), i.e. p=(j,k) for j € {1,...,n} and k € {1,..., K}, system (4.3) is
obtained if we take in (2.4)

h; (t,u(l),...,u(m)) = h (t,u(l’l),...,u(l’K),...,u(”’l),...,u("’K)>
n K 1
= YN hi (t d;ul? ’“)) : (4.6)
j=1k=1 "

for uP) = (k) = (ugj’k), . ,ug’k)) € R™, 7ip(t) = Ti(j.x) (t) = Tijx(t), and

n 0

fi(t.6) = Z/ K1t 5) i (1 5,dyy (s — 0ig(t + ) s, (4.7)

g=177%

forallt >0, ¢ = (¢1,...,0,) € BC,p e {1,...,nK} ={(1,1),...,(n, K)}, k € {1,..., K}, and
i,jefl,...,n}
Now, in order to apply Theorem 3.3, it remains to verify hypotheses (A3), (A4), and (A5).
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From (a3) trivially we obtain that each function h;, i € {1,...,n}, defined by (4.6), satisfies (A3)

with
ZZ L Hijk(t), t>0,.

j1k1l

For /l: 6 {17 AR 7”}7 t 2 07 and SO = (SD:[? .t '7S0n,)7¢ = (¢17 t .7¢n) 6 BC7 from (gl)’ (al), (a4) and
(ab), function f;, defined by (4.7), satisfies

it o) — filt,9)] < Z/ K (tt+ 5)| | fij (t+ s, dji(s — 0i(t + 5)))

— fij(t+5,d;p;(s — 0i;(t+ 5))) | ds

n 0 1
< 3 [ TP dseslo — 00(t40) = dyoe = gl + s
_ O el —0i(t 4 8) — ¢(s — 0i(t + 5))]
= Z d; fizj zj/_ g”(—s) g(S—Qij(t+5)) x
xg(-—mxt+s»ds
0
< §jdmw Fy [ gu(=s)lie = ollagls ~ Dids

n 0
= Z ’%] Fz]H‘P ¢||g/ gij(—s)g(s—@ds.

By definition of 7;; in (4.4), we obtain f gij(—8)g(s —0)ds = fi)oo g(s —0)dn;;(s) and by (4.5) we

conclude that
n

d,
|fi(t, ) = fi(t, 9)| < dezﬁij(t)Fij(lJra) o — ¢l

j=1
and (A4) holds. From (4.2) hypothesis (A5) also holds and Theorem 3.3 assures the global asymptotic
stability of (4.3) and we conclude that system (4.1) is globally asymptotically stable. O

Remark 4.1. As system (4.1) includes systems (1.2), (1.3), and (1.4) as particular situations, then
Theorem 4.2 provides an answer to points 2, 3, and 5 of the list of open problems left by Berezansky
et.al. [7].

Now, we assume that a;, H;;x, and #;; are bounded functions for all i,j € {1,...,n} and k €
{1,...,K}. Consequently, there are @;, H;;i,®;; > 0 such that

a;(t) <a;,  Hiy(t) <Hgjk, and  ki;(t) <Ky, ¢>0,4,5€{l,....,n},ke{l,...,K}.(48)
We define the matrix A as follows

n (@ + Li)Ti + L LijTi +Li; ..
A=lagl,y, ay=1- W@ LTt la o wlTit by g, (4.9)

a;

K

where fij = </@” Z 1Jk>? for all i,5 € {1,...,n}.

k=1

Corollary 4.3. Assume (al)-(a5), (3.7), and (4.8).
If the matriz A in (4.9) is a non-singular M-matriz, then system (4.1) is globally asymptotically
stable.
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Proof. In order to apply Theorem 4.2 to obtain the global asymptotic stability of system (4.1), it is
enough to verify (a6).
As A is a non-singular M-matrix, then [16, Theorem 5.1.] there exists (di,...,d,) > 0 such that

(al+L“)n+L“ "~ dj a;Li;7; + Li;
d; ”> d i) & 1—-= —=
J¢7 .f;él
- djaz”ﬂ—i—z”
& ;T — = <1
a; T +Zdi 4

n d'~ n d'~
& 'Y DLij+am+ Yy LLiF <1, ie{l,...,n}. (4.10)

From the definition of Zij and the inequalities (3.7), (4.8), and (4.10), trivially we conclude that
(a6) holds and the proof is concluded. O

The next result shows that, in case of finite delays, the hypotheses in Corollary 4.3 are enough to
obtain the global exponential stability of the system

2 (t) = —a; ()it — (¢ +Z Riji(t, 25 (t — 7ij.(1)))
J=lk=1 (4.11)

Kij(t, s)fij(s,asj(s — gij(s)))ds, t> 07 1 E {1 A ,n},

with g; > 0, for j € {1,...,n}.
Theorem 4.4. Assume (al), (a3)-(a5), (3.7), (4.8), and there exists T* > 0 such that
Tiie() <7, t>0,4,j€{l,...,n}, ke{l,...,K}. (4.12)

If the matriz A in (4.9) is a non-singular M-matriz, then system (4.11) is globally exponentially
stable.

Proof. As A is a non-singular M-matrix, then (see [16, Theorem 5.1.]) there is d = (dy,...,d,) >0
such that (4.10) holds. Consequently, there is A > 0, small enough, such that

1 d; af-?—i—f--
1>\ ; TN N LT T e {1, 0, 4.13
<az+7>+a7e +e Z o i€ n} ( )

)

where v = max {7, 0"}, with ¢* =7 + max {,Ql7 R gn}.
With the change of variables y;(t) = d; ‘e ;(t) system (4.11) takes the form

n K
y;(t) = _ai(t)eA“(t)yi(t —1;(t)) + Ayi(t) + Z Z 7 hijk (t, dje A(t ”k(t))yj (t — Tijk(t))>
j=lk=1 "
noert 0
+ Z a Kij(t,t+s)fi; (t + s, dje—k(s—&-t—gu(t—ks))yj (t+s— o+ s))) ds,(4.14)

j=1 " /e

fort >0,and i€ {1...,n}.
Consider UCy the phase space of (4.14), where g : (—o0,0] — [1,+00) is defined by

9(s) :{ b . selmeni (4.15)
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System (4.14) is a particular case of (2.4). In fact, system (4.14) is obtained if we take in (2.4)
m = nK, identifying again each p € {1,... ,nK} with (j,k), i.e. p = (j,k) for j € {1,...,n} and
ke{l,...,K},

n K A\t
hi <t7 u(Ll)? e 7u(17K)7 e 7u(n,1)7 e 7u(n’K)) = Z Z %hz]k <t7 dje_k(t_Tijk(t))ugj,k)) ) (416)
i

j=1k=1
for u?) = 4k = (ugj’k), ol k)) € R", 73 (t) = Ti(j,0) (t) = Tizx(t), and
filt,9) = Ai(0)

+Z/

—0j

Ki;(t,t+s)fi; (t+s dje™MtHs=en(t4e) g (5 glj(t+5))) ds

forall t >0, ¢ = (¢1,...,0,) € BC,pe {1,....,nK} = {(1,1),...,(n,K)}, k € {1,...,K}, and
i,j7€{1,...,n}.
In order to apply Corollary 3.2, we need to show that hypotheses (A3), (A4), and (A5) hold.
From (a3), (4.8), and (4.12), it is easy to show that each function h;, defined by (4.16), satisfies
(A3) with

n djeAT* K - '
:Z d; ZHijk , t>0,ie{l,...,n}. (4.17)
j=1

For each i € {1,...,n}, t > 0, and ¢ = (¢1,-.-,0m),® = (¢1,...,0n) € BC, from (al), (ad),
(b5), (4.8), and (4.15) we have

K2

n 0 At
|fi(t,0) — filt, )| < Ai(0) — ¢5(0 |+Z/ <Z L (E 4 )| Fyje M Hemen ) o

o= 5-+) - ¢Js—9m<t+s>>|)ds

0
d o
< Aewi(0) —é:(0)] + / (d] Kij(t)gij (—s)Fije A(s—0)
j=1770 \7
X [pj(s —0ii(t +8)) — dj(s — 0i5(t + 5) |
§ )\+Z d Hz] Fi]e gl] ||S0 ¢Hg
,QJ
djf Ao™*
< /\+ZEM]‘F1‘]‘6 e —llg,
i—1 1
and (A4) holds with F;(t) = A + Z /{l] i

From (al), (3.7), (4.8), (4. 13) and (4 17), for each i € {1,...,n}, we have

Fi(t) + H;(t) ¢ N
<<t><> g L w4 1]
n di ~
A Ay L
e Z; di t
< limsup = +/
t—

t—+o0 23

lim sup
t—+oo

_ " d ~
Eie)‘” + )\ + eM Z ijZJ dw

i

< dj a;Lij7i + Ly

1 _
=A ( + Ti) +a;Tie’ + e
a; odi a;

<1,

T
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and hypothesis (A5) holds. B
Now, from Corollary 3.2, there is C' > 1 such that, for all ¢y > 0 and , v € BC, the solutions
y(t,to, 1) and y(t, to, ) of (4.14) satisty

ly(tsto, ) = y(tto, )| < Cll = dll, ¢ = to.

Let to > 0 and ¢, ¢ € BC and consider solutions z(t) = x(t,to, ¢) and Z(t) = z(t,to,p) of (4.11).
Consequently, y(t) = eMd~! - x(t) and y(t) = e*d ™! - Z(t) are solutions of (4.14) and we obtain

y(t) =GO < Cllyey = ol & M~ a(t) —eMd™" - F(1)] < OflXot)d ™ - — XloF)d—t - G|
= eMmin{d; }Ha(t) — Z(t)] < Ce™ max{d; Y| — |

maxz{d } N

for all ¢ > tg. Thus system (4.11) is globally exponentially stable. O

g |I‘(t,t0,§0)—%(t,t0,¢)| SO

Remark 4.2. In [7], the global exponential stability of (1.1) was obtained assuming finite delays,
i.e. condition (4.12) holds, bounded linear coefficients, i.e. 0 < a; < a;(t) < @; for all ¢ > 0 and
i€ {1,...,n}, functions h,; satisfying

hij(t,u)| < Hijlul, t>0, ueR, i,je{l,...,n},
for some I;Qj > 0, and the matrix A*, defined by

a;(a; ﬁii Ti ﬁii " 71'?[1"7 ﬁi’ .
A = [a:j]?j:p af=1- a;(@; + Hy)Ti + . al = _%7 i, (4.18)

a; a;

being a non-singular M-matrix. In case K = 1 and F;; = 0 because system (1.1) has no distributed
delays, we have A* < A and, from [16, Theorem 5.7], we conclude that if A* is a non-singular M-
matrix, then A is also a non-singular M-matrix. Since the reverse is false, as it is illustrated by the
numerical example in the last section, then Theorem 4.4 improves and extends the main result in [7]
(see also Remark 3.1). We should remark that we deal with continuous functions, whereas [7] deals
with Lebesgue mensurable functions. Consequently, our improvements and extensions refer only to
models with continuous coefficients.

Now, we apply the previous results to establish global stability criteria for the following BAM
neural network with unbounded time-varying delays, infinite distributed delays, and finite delays in
the leakage terms:

k
() = —b;(t)zi(t — 74(t)) + Z% )+ Y dig (O (y; (t = 7i5(1)))
j=1
Zew / KCis (t — )95 (355 — 0i3(s))ds + (1), € {1,..., k),
(4.19)

i
y;(t) = =b;j(t)y;(t —r; chi ()i (s (t Z = 75i(t)))

i=1

/ Kt — 8)gs(i(s — 030(8)))ds + I, (8), G € {1, k}

for t > 0, where k, k € N, b,,lA) [0,400) — (0, —|—oo) rz,r],rw,fﬂ : [0, +00) — [0, 400), 0i5, 6ji :
R — [0,4+00), lj,lAi,gj,gz R — R, and cm,cﬂ,dw,dﬂ,e”,e],,lj7 : [0,4+00) — R are continuous
functions, and K, /Cji : [0, +00) — [0, +00) are piecewise continuous functions, for all ¢ € {1,..., l;}
and j € {1,...,k}.
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Model (4.19) is a generalization of some BAM neural network models studied in recent literature
[7, 30, 31, 39, 42].
For model (4.19), consider the following hypotheses. For each i € {1,...,k} and j € {1,...,k}:

BAM1 thereareb,é,?-,?i,@>Osuchthat
SRR

by < bj(t), by < bi(t), ri(t) <7y, #i(t) <74y 0ij(s) <3, and §ji(s) <7, t>0, sER;

(BAM?2) the time-varying delay functions satisfy

t—+4oo t——+oo

(BAMS3) there are Lj, L;, Gj, G; > 0 such that

|1 (u) — 1 (v)] < Ljlu — v lgj(u) — g;(v)] < Gjlu—v|
, and ,  t>0, u,v €R;

[li(w) = i(v)] < Lilu — o] 19i(u) = i (v)] < Gilu — o]

(BAMA4) The kernel functions verify

+oo “+oo R
’Cij (S)dS = /Cji(s)ds =1.
0 0

Model (4.19) is a particular situation of (4.1). In fact, model (4.19) is obtained if we consider in
Al n=Fhtk K=2,

{fi(t)v ie{l,....k} t>0,

milt) = r_ i (t), i€{k+1,... k+k}

)

bi(t), ie{l,... k}
i ; t>0
b, i(t), ie{k+1,... k+k} ~ >

Cioiy L)+ I8 e {1, kY, je{k+1,.. . k+k}
hin(b,0) = 0 e, O + 222 e (k. kv k) je{l, . k) o t20uER,
0, otherwise
iyl _p(w), de{l,.. .k}, je{b+1,... . k+k}
hija(t,u) = d_p;,OG(w),  ie{k+1,.. k+k}je{l,....k} , t=0u€eR,
0, otherwise
iy OK Gt —9), ief{l,.. k), jefk+1,.. k+k}
K;j(t,s) = iy OK;_py;(t—s), ie{k+1,....k+k} je{l,....k} , t=20,1=s,
0, otherwise
g, i(w), i€l kb je{k+1,. . k+k}
fij(s,u) = gj(u), ic{k+1,... k+k}, je{l,....k} . suek
0, otherwise

Consequently, from Theorem 4.2, we trivially obtain the following stability criterion.
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Corollary 4.5. Assume (BAM1)-(BAM}).
Model (4.19) is globally asymptotically stable, if there are d = (dy,...,dy) > 0 andd = (dy, ... ,d};) >
0 such that

. . t N . .
lim sup <Hz(t’d) + it d) +/ bi(w) + Hilw,d) + gz(w’d)dw> <1,
¢

t—+oo dAZlA?Z (t) — 73 (t) dAz dz

ie{l,... Kk}

. H;(t,d) + Gi(t,d) /f ) Hi(w,d) = Gi(w,d)
hmsup< d_b(0) + A— b, i(w)+ 1 + 1 dw | <1,

t—+o00 i~k

ief{k+1,.. k+k}

k
(lei () + |dis(B)) Lidy, — Gi(t,d) =D les(H)|Gyd;, >0, i€{1,... . k};

&

=~

S
I

j=1 j=1

k

Hit,d) =3 (|é(i7,»€)j(t)| +1d,, k)j(t)|) Ld;, t>0, ie{k+1,.. . k+k)
j=1

A A, ic A~ A A A

Gi(t,d) = leqi_i; (D|Gds, t>0,i€{k+1,....k+k}
j=1

Now, we assume that all coefficient functions are bounded, i.e. for all i € {1,.. 712:} and j €

{1, ceey k} there are l;i,gj,éij,gﬂﬂij, djiaéij7gji > 0 such that

bZ(t) < BZ’, bj(t) < BJL |CU (t)| < Cij, ‘éﬂ(t)‘ < éji’ _ (4.20)
|d2](t)‘ < dyj, |dji(t)| < dji, |e”(t)| <@€j, and |éﬂ(t)| < €ji,
for all t > 0.
We define the matrix B as follows
P (k+k)x (k+k)

where D = diag (1 - 31?1, | —Z,f,;), D = diag (1 —biT1,...,1 = bT), P = [—pijliy, with
= ~—1 — 3 — N ~ . N — — = 5 T = A
Dij = ('I"i +b; ) [(Cij-i-dij)Lj-i-eijGj], and P = [_pji]kxfc with Dji = (Tj —I—Qj 1) [(erl-dji)Li—i—ejiGi].
As an immediate consequence of Corollary 4.3, we obtain

Corollary 4.6. Assume (BAMI1)-(BAM/) and (4.20).
If the matriz B in (4.21) is a non-singular M-matriz, then model (4.19) is globally asymptotically
stable.

Finally, for the situation of BAM model (4.19) with finite delays, Theorem 4.4 allowed us to
obtain the next result.

Corollary 4.7. Assume (BAM1), (BAM3), (BAMY), (4.20), and, for eachi € {1,...,k} and j €
{1,...,k}, 6; >0, 0; > 0, and there is r* > 0 such that

’I”ij(t) S 7‘*, ’Iqji(t) S ’/‘*.
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If the matriz B in (4.21) is a non-singular M-matriz, then model

k k
() = —b;(t)zi(t — 7i(t)) + Z Cig ()1 (y; (1)) + Y iy ()L (; (¢ = r45(1)))
. j=1 t j=1
+ Zeij(t) /t_w Kij(t = 9)g5(y; (s — 055 (s)))ds + Li(t), i€ {L,....k},
s . (4.22)
yi(t) = b1yt —r5(8) + Y &®lilws(t)) + Y dja(@)li(wi(t — #5i(t)))
: =1 . =1
+Zéji(t) /ti | Kji(t — 8)gi(wi(s — 05i(s))ds + I;(t), j€{l,....k}

is globally exponentially stable.

Remark 4.3. We remark that Corollary 4.7 is an extension of the main global exponential stability
criterion in [30] to nonautonomous BAM neural network models with finite time-varying delays and
finite distributed delays.

Remark 4.4. Model (4.22) has the BAM neural network model [7, model (3.1)] as a particular situ-
ation. Thus, for continuous coefficient and activation functions, Corollary 4.7 improves and extends
the stability result given by [7, Theorem 3.4].

Remark 4.5. Using a suitable Lyapunov-Krasovskii functional, in [31] the authors established a
different global exponential stability criterion for model (4.22) with constant coefficients.

5 Numerical example

Now, we present a numerical example to illustrate the novelty of some new stability criteria given in
this work.

Example 5.1. The system

t

2'(t) = —(6 + sin(t))x (t - %) + csin(t)y(t) + dy(t — 10 — pt) + e/ e "sy(s)ds

— 00

y'(t) = —(4+ cos(t))y (t - “Lg(t)l) + ¢arctan(z(t)) 4+ darctan (z(t — 10 — glog(t +1))) (5.1)

t
—l—é/ e "S5x(s)ds

— 0o

where p € [0,1), ¢ > 0, and ¢,¢,d, d,e,é € R, is a particular situation of (4.19). Here k = k = 1,
31:7,51:5,51:5,b1:3,?1zﬂzé,andLl:f/l:Gl:Gl:l. In case |C‘+|d|+‘6|:%
and &) + |d| + |é| = 1, the matrix B in (4.21) reads as

2
9

_2 4
9

which is a non-singular M-matrix (the eigenvalues are 3+T‘ﬁ and S%ﬁ) Consequently, all hypotheses
of Corollary 4.6 are satisfied, hence system (5.1) is global asymptotically stable (see the numerical
simulation of three solutions (z(t),y(t)) of (5.1) with p = %, g=1¢c= 1—14, d=1,e=¢é¢=0, and
c=d= i in Figure 1. The blue graphs correspond to the first coordinate, z(t), of three solutions,
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while the brown graphs correspond to the second coordinate, y(t), of three solutions.). We should
say that the Mathlab software, [35], was used to plot the numerical simulations of solutions.

In case of p= ¢ =0 and e = é = 0, system (5.1) has finite delays. In this setting, if |c[+ |d| = 1
and |¢]4|d| = 1, then Corollary 4.7 (or Theorem 4.4) assures the global exponential stability of (5.1).

0.1 ; ; ; ; ; ; ; ; ;
0.08 |
0.06 |
ooal /|

0.021 |

solution {x{t),y(t)

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
time t

Figure 1: Numerical simulations of three solutions (z(t),y(t)) of system (5.1), where p = 3, ¢ = 1,
c= i, d=1l,e=é=0andé¢=d= i, with initial condition ¢(s) = (0.014sin(s), 0.01+40.01 cos(s)),
»(s) = (0.1 cos(s), —0.06e®), p(s) = (—0.02,0.02) for s < 0, respectively, at to = 0.

Remark 5.1. System (5.1) withp=¢=0,c=¢=e=¢é=0,d= %, and d = % reads as

2/(t) = —(6 + sin(t))z (t — ‘Si‘;“)') + 184t — 10)

y'(t) = —(4 4 cos(t))y (t — %) + 1 arctan (z(¢ — 10)) (5:2)

which is a particular case of (1.1). In this case, matrix A, defined by (4.9), and matrix A*, defined
by (4.18), are

2 _3 _4 _ 8
9 9 45 21
A= and A" = ,
_2 4 _ 2
9 9 27 27

respectively. Since A* is not a non-singular M-matrix, then it is not possible to apply [7, Theorem
2.5.] to obtain the global exponential stability of the zero solution of (5.2). This particular example
illustrate that Theorem 4.4 improves the main result in [7].

6 Conclusions

In this paper, we present a criterion for global asymptotic stability of a general family of functional
differential equations with infinite delays (Theorem 3.3). With the theoretical result, we give answers
to points 2, 3, and 5 of the list of open problems presented in [7] (Theorem 4.2). Moreover, considering
the particular model studied in [7], model (1.1), our exponential stability criterion is better (Theorem
4.4 and Remark 4.2).
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Regarding applications to neural network models, we obtained a global asymptotic stability cri-
terion for a BAM neural network model with infinite delays, which generalizes some models in recent
literature (Corollary 4.5). In the case of a model with finite delays, it is possible to obtain global
exponential stability (Corollary 4.7).

The proof method based on non-singular M-matrices is easier to apply than the usual Lyapunov
method and the hypotheses are normally easy to verify, as it is illustrated by the numerical example.
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