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Abstract

The momentum, fermionic density, spin density, and interaction dependencies of the exponents that con-
trol the (k, w)-plane singular features of the one-fermion spectral functions of a one-dimensional gas of
spin-1/2 fermions with repulsive delta-function interaction both at zero and finite magnetic field are stud-
ied in detail. Our results refer to energy scales beyond the reach of the low-energy Tomonaga-Luttinger
liquid and rely on the pseudofermion dynamical theory for integrable models. The one-fermion spectral
weight distributions associated with the spectral functions studied in this paper may be observed in systems
of spin-1/2 ultra-cold fermionic atoms in optical lattices.
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1. Introduction

The one-dimensional (1D) continuous fermionic gas with repulsive delta-function interaction,
which in this paper we call 1D repulsive fermion model, was one of the first quantum problems
solved by the Bethe ansatz (BA) [1]. This was achieved by Yang [2] and by Gaudin [3]. Yang’s
solution of the 1D repulsive fermion model was actually the precursor of the BA solution of the
lattice 1D Hubbard model by Lieb and Wu [4—7]. That the latter is the simplest condensed-matter
toy model for the description of the role of correlations in the exotic properties of 1D and quasi-
1D lattice condensed matter systems [8,9] justifies why for several decades it had attracted more
attention than its continuous cousin, the fermionic gas with repulsive delta-function interaction.
This refers both to its metallic and Mott-Hubbard insulator phases [10], the latter not existing in
the case of the continuous 1D repulsive fermion model.

However, in the last years the interest in that Yang-Baxter integrable model has been renewed
by its new found impact on experiments in both condensed matter physics and ultra-cold atomic
gases [11]. The latter have provided new opportunities for studying 1D systems of spin-1/2
fermions with repulsive interaction [12,13]. The present model can indeed be implemented with
ultra-cold atoms [11-17]. Ultra-cold Fermi gases trapped inside a tight atomic waveguide offer
for instance the opportunity to measure the spin-drag relaxation rate that controls the broaden-
ing of a spin packet. It has been found that while the propagation of long-wavelength charge
excitations is essentially ballistic, spin propagation is intrinsically damped and diffusive [18,19].
A related interesting problem is the force applied to a spin-flipped fermion in a gas, which may
lead to Bloch oscillations of the fermion’s position and velocity. The existence of such oscilla-
tions has been found crucially to depend on the viscous friction force exerted by the rest of the
gas on the spin excitation [20].

The ground-state energy of the relative motion of a system of two fermions with spin up and
spin down interacting via a delta-function potential in a 1D harmonic trap has been calculated by
combining the BA with the variational principle [21]. Recently, related ground-state properties
of a 1D repulsive Fermi gas subjected to a commensurate periodic optical lattice of arbitrary
intensity have been investigated by the use of continuous-space quantum Monte-Carlo simula-
tions [22]. The thermodynamic properties of the model have also been recently studied using a
specific lattice embedding and the quantum transfer matrix. That allowed the derivation of an ex-
act system of only two nonlinear integral equations for the thermodynamics of the homogeneous
model, which is valid for all temperatures and values of the chemical potential, magnetic field,
and repulsive interaction [23].

Another issue that has contributed to the renewed interest in the 1D repulsive fermion model is
the relation of integrable Yang-Baxter equation fermionic models to topology and quantum com-
puting [24]. That equation can act as a parametric two-body quantum gate [25]. An experimental
realization of the Yang-Baxter equation through a Nuclear Magnetic Resonance interferometric
setup has actually verified its validity [26].

The model dynamical properties is another problem of scientific interest. The behavior of dy-
namic structure factors of fermionic models differs dramatically for integrable and non-integrable
models [27]. The mobile quantum impurity model (MQIM) has been used to derive dynamic re-
sponse functions of interacting one-dimensional spin-1/2 fermions [28,29]. An approximation
relying on the bosonization technique and diagonalizing the model to two Tomonaga-Luttinger
liquid (TLL) Hamiltonians, was used in Ref. [30] to obtain some general expressions for the
spectral function at zero spin density, expressed in terms of the Gauss hypergeometric function.
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The up-spin and down-spin one-fermion spectral functions of the present model in zero magnetic
field and in a finite field have not been detailed studied though.

In this paper a systematic and detailed study of the momentum dependent exponents and
energy spectra that control the line shape near the high-energy singularities of both (i) the one-
fermion removal and addition spectral functions at zero magnetic field and (ii) the up-spin and
down-spin one-fermion removal and addition spectral functions at finite magnetic field is con-
ducted. (Our designation high energy refers to energy scales beyond the reach of the low-energy
TLL [31-35].)

The 1D repulsive fermion model describes N = N4 4+ N spin-1/2 fermions, N4y with up-spin
projection and N with down-spin projection, which in real space have a repulsive delta-function
interaction. The model Hamiltonian in a chemical potential i and magnetic field 4 is in units of
A =1 and bare mass m = 1/2 given by,

AN

H=—
7 T
0xj

j=1

+2C Z 8(xj —xj) — N +2uph§* where §% = ——(NT —Np. (1)
J'>Jj
Here 8(x) denotes the Dirac delta-function distribution, x; is the position of the j-z& fermion,

C > 0 gives the strength of the repulsive interaction, u g is the Bohr magneton, and the fermion
number operator reads N = Za=¢, | No. Moreover, S is the diagonal generator of the Hamil-

tonian H global spin SU(2) symmetry algebra. The lowest-weight states (LWSs) and highest-
weight states (HWSs) of that SU(2) symmetry algebra have numbers S = —S% and S = 5%,
respectively, where S is the states spin and S is the corresponding projection. The latter is an
eigenvalue of the spin operator given in Eq. (1).

On the one hand, at zero magnetic field, 4 = 0, and thus zero spin density, m = 0, our study
focuses on the one-fermion spectral function,

By(k.w)= Y By, (k.w) for yw>0, )
o="m{
where,
y = —1 for fermion removal and y =+1 for fermion addition. 3)

On the other hand, for # # 0 and m > 0 it addresses the up-spin and down-spin one-fermion
removal and addition spectral functions By, (k, @) on the right-hand side of Eq. (2), which read,

Bo-i(k, @) = Y1007 |ekal GS)P @+ (E)T ™" = Eg)) for @ <0
v

By ik, @)=Y [(w¥cf [IGS)I8(w— (E); ™ — Eg3)) for @>0. (4)

vt

Here ¢, and cZ . are up-spin and down-spin fermion annihilation and creation operators, re-

spectively, of momentum k and |G S) denotes the initial N,-fermion ground state of energy £ gg
The v~ and v summations run over the N, — 1 and N,, + 1-fermion excited energy eigenstates,
respectively, and E ]])V_”*l and E ﬁ”“ are the corresponding energies.

Our main goal is deriving the (k, w)-plane line shape near the singularities of the spectral
functions in Eq. (2) at zero spin density, m = 0, and in Eq. (4) for m > 0. This includes the
detailed study of the dependence of the exponents that control that line shape on the excitation
momentum, repulsive interaction C, fermionic density n € [0, oo[, and spin-density m € [0, n].
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For such spin densities, the model ground states are LW Ss of the spin SU (2) symmetry algebra.
Hence we use the LWS formulation of the model BA solution.

The high-energy dynamical correlation functions of some integrable models [36—39] can be
studied by the form-factor approach. Form factors of the 1D repulsive fermion model up-spin and
down-spin fermion creation and annihilation operators involved in the spectral functions studied
here remains though an unsolved problem.

The present study of the momentum dependent exponents that control the line shape near
the singularities of the one-fermion spectral functions, Eqs. (2) and (4), relies on the pseud-
ofermion dynamical theory (PDT) introduced in Ref. [40] for the related lattice 1D Hubbard
model, which applies to other integrable systems as well [41-43], including the present 1D re-
pulsive fermion model. For the latter we use in our study an exact representation suitable to
the PDT in terms of pseudofermions of that model BA solution in the subspace spanned by the
ground state and one-fermion excited energy eigenstates. The pseudofermions are generated by a
unitary transformation from corresponding pseudoparticles [41,44]. For simplicity, in this article
the pseudofermions are called charge or spin particles, depending on the BA branch they refer
to.

The MQIM [29] applies both to integrable and non-integrable models. The previously intro-
duced PDT [40] applies only to integrable models. In the case of the latter models, the PDT and
MQIM lead to exactly the same momentum dependent exponents in the power-law expressions of
the spectral functions near their edges of support. Indeed, for integrable models the two methods
have been shown to describe exactly the same fractionalized particles microscopic mechanisms
[41,42].

The remainder of the paper is organized as follows. The related ¢ and s pseudoparticle and
¢ and s particle representations, respectively, and corresponding BA and PDT basic quantities
needed for the study of the up-spin and down-spin one-fermion spectral weights is the topic ad-
dressed in Section 2. In Section 3 the general types of one-fermion spectral singularities studied
in this paper are reported. The line shape near specific (k, w)-plane one-fermion removal and
addition branch and boundary lines singularities of the spectral functions, Egs. (2) and (4), is
then studied in Section 4. The low-energy TLL limit of the PDT one-fermion spectral function
expressions near their singularities is the issue addressed in Section 5. Finally, the discussion
of the relevance and consequences of the results and the concluding remarks are presented in
Section 6.

2. The c and s pseudoparticle and ¢ and s particle representations
2.1. The BA equations and quantum numbers

Let {|/;, Is, C)} be the complete set of energy eigenstates of the Hamiltonian H, Eq. (1), asso-
ciated with the BA solution for C > 0. We call a Bethe state an energy eigenstate that is a LWS of
the spin SU (2) symmetry algebra, which is here denoted by |/, l?, C). The C-independent label I,
in general energy eigenstates {|/r, [;, C)} is a short notation for the set of quantum numbers,

Iy =S,ns where ny, =5+ 5“=0,1,...,2S8. (5)

For a Bethe state one then has that ny; = 0, so that lg stands for §, 0. Furthermore, the label /;
refers to the set of all remaining C-independent quantum numbers needed to uniquely specify an
energy eigenstate |, [, C). This refers to occupancy configurations of BA momentum quantum
numbers g; = 2% 1 /ﬂ . Here I f are successive integers, / jﬂ =0, %1, £2, ..., or half-odd integers,
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1 ]5 ==+1/2,£3/2,£5/2, ..., according to well-defined boundary conditions. Their allowed oc-
cupancies are zero and one. The index 8 denotes several BA branches of quantum numbers.

In the case of the up-spin and down-spin one-fermion removal and addition spectral func-
tions, the line-shape near their singularities does not involve at finite magnetic field excited states
described by spin complex BA rapidities. Fortunately, the finite-field quantities lead to correct
zero-spin density results in the limit of zero spin density. Hence for our study only the charge
B = c band and spin 8 = s band momentum g; = 2Tﬂ 1 ]ﬂ branches described by real BA rapidities
are needed.

The general non-LWSs |I;, I;, C) for which ng > 0 can be generated from the corresponding
Bethe states |/, lg, C) as,

1
VG

ng
where C; = (n,) [ [(25+1—j) and ny=1,....25.
j=1

|lr7 lSa C) = < (S‘-F)l’l;) |lr, l?, C>

Here St = 8% +i87, §* and §¥ are usual spin component operators, and C; is a normalization
constant.

The BA equations of the 1D repulsive fermion model, Eq. (1), in the subspace spanned by the
ground state and the one-fermion excited energy eigenstates that contribute to the spectral weight
in the vicinity of the spectral functions singularities are of the form [2],

2 & 2k —2A o
ki=qj— 7 Z:l arctan (%) where q; = Tn 1]‘- and j=1,...,00, (6)
] =
and
N Ny
2 2N =2k 2 Aj—Aj
I ' arctan <T> =qj— 2 Z arctan (T
j'=1 j'=1
27 .
where qj:TIj and j=1,...,Ny. @)
The ¢ and s band discrete momentum values in those equations,
2r . 2 .
qj= A I where j=1,...,00 and g; = le where j=1,..., Ny, ®)

respectively, are directly related to the BA solution quantum numbers /¢ and ¢, respectively.
Those are such discrete momentum values in units of 277/L. They are integers or half-odd inte-
gers according to the following boundary conditions,

I;':O,:I:l,:l:2,... for Ny= N, even
==+1/2,4£3/2,5/2,... for Ny=N_ odd, 9
and
I; =0,%1,+£2,... for N. — Ny =Ny odd
==£1/2,£3/2,5/2, ... for N. — Ny = N4 even, (10)



50 T. Cade? et al. / Nuclear Physics B 942 (2019) 45-102

respectively. Hence under transitions from the ground state to one-fermion removal or addition
excited energy eigenstates there may occur shakeup effects involving overall 8 = ¢, s band dis-
crete momentum shifts, g; — q; + 2w CI>% /L. It follows directly from the boundary conditions,

Egs. (9) and (10), that the non-scattering phase shift 2w <I>g is given by,

2@ =0 for §N; =8N, even and 27 ®’ = +x for §N; =8N, odd
21®Y =0 for §N, —8N; =8Ny even and 27®% =47 for SN, — SN, =8Ny odd.
(1)

The complete set of the model energy eigenstates involves those whose spin rapidities A j in
Egs. (6) and (7) are complex numbers. Fortunately, as mentioned in Sec. 1, such states do not
contribute to the expressions of the up-spin and down-spin one-fermion spectral functions in the
vicinity of the singularities studied in this paper.

2.2. The c and s pseudoparticle representation

Within the pseudoparticle representation [41], the energy eigenstates are generated by
exclusion-principle occupancy configurations of N, = N charge ¢ pseudoparticles over j =
1,...,00 discrete ¢ band momentum values g; and Ny = N spin s pseudoparticles over
J =1,..., N; discrete s band momentum values g; in Eq. (8). Hence within that representation
each occupied B = ¢, s band discrete momentum g; corresponds to one 8 = c, s pseudoparti-
cle.

The B = ¢, s band momentum distribution function Ng(q;) reads Ng(q;) = 1and Ng(g;) =0
for occupied and unoccupied discrete momentum values g, respectively. The BA equations,
Egs. (6) and (7), can then be written in a corresponding functional form as,

Ny

2
kgj)=q; =7 D_ Ns(gy)arctan
j=1

<2k(qj) - 2A(f]j’)>
C

27
where qufnlf and j=1,...,00, (12)

and

% Z N¢(g ) arctan <M)
J'=1

Ny
2
=qj— I Z N;(g ) arctan
Jj'=l

<A(61j) _A(Qj/))
C

2T .
where qufl} and j=1,..., Ny, (13)

respectively.

For the excited energy eigenstates that contribute to the one-fermion spectral weights dis-
tributions near singularities studied below in Section 3 the numbers N, and N; of ¢ and s
pseudoparticles, respectively, and the number Nsh of s band holes are related to those of the
spin-1/2 fermions N = Ny + N, N4, and N as follows,
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Ne=N, Ny=N; and N' =N, —2N;=N; — N,
so that,
N=N,, Ny—N,=N" Ny=N;+N" and N, = N;.

The general energy spectrum of the one-fermion excited energy eigenstates generated by ¢
and s particle occupancy configurations reads,

Lp
SE= " ep(gj)dNp(q;)
B=c,s j=1
Lg L/S/

+% IS %fﬂﬁ’(qj’qj’)‘SNﬂ(‘]j)(SNﬁ’(C]j/)- (14)

B=c,s B'=c,s j=1j'=1

Here L. = L is the system length that is given by L — oo in the thermodynamic limit, Ly = Ny,
and the 8 = ¢, s momentum band distribution function deviations read,

8Ng(q;) = Np(q;) — Ng(g;) where j=1,...Lg and f=c,s. (15)

Ng(q;) is in this equation the 8 = ¢, s band pseudoparticle momentum distribution function for
excited states for which the deviation § Ng(g;) is small and thus in the thermodynamic limit
involve a vanishing density of 8 pseudoparticles. The ground-state 8 = ¢, s band pseudoparticle
momentum distribution functions Ng (g;) also appearing in Eq. (15) are given by,

N2(gj) =0(q; — q7.)0(qf. —q;) and N2(qj))=0(q; —qr,) 0s, —q;), (16)

where the distribution 0(x) reads 6(x) =1 for x > 0 and (x) =0 for x <0. The 8 =¢,s
Fermi points of the compact and symmetrical occupancy configurations, Eq. (16), are associated
with the Fermi momentum values qlfﬁ. If within the thermodynamic limit we ignore unimportant

1/L corrections, one may consider that qfﬁ = *qrp and thus that Ng(qj) =0(qrp — lg;l) for
B =c,s. Fordensities 0 <n < oo and 0 <m < n the 8 = ¢, s Fermi momenta g rg are given by,

b/ b/ T
QFczszZZ(N—l)%TL’n and gFy :kF¢:Z(N¢—1)%7rn¢:5(n—m). 17

Within the thermodynamic limit, the ¢ and s band discrete momentum values, Eq. (8), such that
qj+1 —¢qj =2m/L, may be replaced by ¢ and s band continuum momentum variables ¢ and ¢’,
respectively. (In some cases the s band momentum ¢’ may be denoted by ¢ yet in general is
called ¢’.) The ground-state rapidity functions ky(g) € [—00, oo] and Ag(q’) € [—0o0, oo] whose
domains are g € [—00, 0] and ¢’ € [—kF+, kp4], respectively, are defined in Egs. (A.1)-(A.8)
of Appendix A. In the case of the ground state, the BA equations, Egs. (12) and (13), and corre-
sponding BA distributions are given in Eqgs. (A.1)-(A.10) of that Appendix.
Moreover, the ¢ and s pseudoparticle energy dispersions in Eq. (14) are defined as follows,

ec(q) =&c(ko(g)) and &5(q") =&s(Ao(g")) where
k A

éc(k)=fdk/ ne(k") and Es(A)=/dA/ ns(A”). (13)
9] B
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The distributions 71.(A) and ns(A) appearing here are solutions of the integral equations given
in Egs. (A.11)-(A.14) of Appendix A. In the C — O limit the ¢ and s pseudoparticle energy
dispersions read,

2
q
ec(q) = 7 _k%T _k%w for |q| Esz¢
= (I — kry)* = kiy for |q| = 2kr
es(q) = (@) — ki, . (19)

whereas in the C — oo limit they are given by,

ec(q) = 4% — (2kr)?
es(qg)=0. (20)
The ¢ and s pseudoparticles have energy residual interactions associated with the f functions

in the second-order terms of the energy functional, Eq. (14). Such f functions expression given
below involves the ¢ and s bands group velocities,

dec(q) des(q")
dq dg"
associated with the energy dispersions, Eq. (18), respectively. They can be expressed in terms of

BA distributions, as given in Eq. (A.15) of Appendix A.
The ¢ and s band group velocities at the corresponding Fermi points,

ve(q) = and vs(q") = (1)

+v. = v(E£gre) =v(£2kr) and £ v = v(Eqrs) = vs(Ekry), (22)

play an important role, as they are the velocities of the low-energy particle-hole processes near
the ¢ and s bands Fermi points. Their expression in terms of BA distributions is provided in
Eq. (A.16) of Appendix A.

Moreover, the f functions expression involves the functions 27 ®g g/(q;, g ;) defined below
in Section 2.3. The latter are related to the residual interactions of the 8 pseudoparticle or pseu-
dohole of momentum ¢; with a 8’ pseudoparticle or pseudohole created at momentum ¢ ;- under
a transition from the ground state to an excited energy eigenstate. Those processes are behind the
momentum function deviations, Eq. (15), in the energy functional, Eq. (14). Specifically, the f
functions expression reads,

fﬁ ﬂ’(QJa qj/) = vﬂ(CIj)Zn Cblg’ﬂ/(ij q.,-/) -+ v/g/(qj/)zn cbﬂ’,ﬁ(q‘/u qj)
1
+ — Z Z Uﬁ” 2nq)ﬁ”,ﬂ(LqFﬁ”’qi)z”q)ﬁ”,ﬁ’(LQFﬂ“,qj/).

2
B'=c,s1==%1

The ¢ and s pseudoparticle energy dispersions, Eq. (18), can be written as,

ec(q) = e2(q) — e2(2kp) for g €] — 00, 00[ and
es(q) =e2(q") — e%(kpy) for q € [—kry, krpl, (23)

respectively. The energy dispersions sg(q) and sg(q) in this equation fully control the depen-
dence of the magnetic field & on the spin density m and chemical potential . on the fermionic
density n. Such dependencies are contained in the following expressions of the energy scales 2
and 2up h,
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21 =26002kp) — 9(kpy) and 2pph = —e2(kp)) = e5(kpp) (24)

where g is the Bohr magneton. (See also Egs. (A.17) Appendix A.)

For the present spin density interval, m € [0, n], the magnetic field varies in the domain & €
[0, ] where h, is the critical field for fully polarized ferromagnetism achieved in the m — n
and kr, — O limits. An analytical expression for the energy scale 2y g h. associated with the
critical field 4. can be derived from the use of the expressions of éso (A) and eso(q) inthem — n
limit given in Egs. (B.1) and (B.2) of Appendix B, respectively. It reads,

1 2mn
_ .0 _ Y (m 2 Lnny
2uphe = —&;(0) gy, =0 = 7 (C + (2mn) )arctan( C > Cn. (25)

Its limiting behaviors are given in Eqgs. (B.3) and (B.4) of Appendix B. (In that Appendix sim-
plified expressions in the fully polarized ferromagnetism limit of several physical quantities are
provided.)

2.3. The related c and s particle representation and corresponding phase shifts

For the 1D repulsive fermion model in the subspace populated only by ¢ and s pseudoparti-
cles considered here, the BA ¢ and s rapidity functions k(g;) and A(g;) of the excited energy
eigenstates, which are solutions of the BA equations, Eqs. (12) and (13), can be expressed in
terms of those of the corresponding initial ground state, ko(q) and Ag(q), respectively, defined
in Egs. (A.1)-(A.8) of Appendix A. Specifically, k(g;) = ko(g;) and A(g;) = Ao(g;).

The set of j =1, ..., Lg values g; = gq(g;) in such excited energy eigenstates rapidity ex-
pressions k(q;) = ko(g(q;)) and A(q;) = Ao(g(g;)) are the B = c, s band discrete canonical
momentum values. They read,

_ _ 2ndPg(q;) 2m
4j=4(q)) =q; + % =T (If + <I>ﬁ(q,/))
where j=1,..,Lg and B=c,s. (26)

Here gj+1 — q; =2n /L + h.o. where h.o. stands for contributions of second order in 1/L. The
function 2w ®4(g;) in Eq. (26) is defined below.

We call a B =c, s particle each of the Ng occupied B-band discrete canonical momentum
values g; [40,45]. We call a 8 hole the remaining N g unoccupied B-band discrete canonical mo-
mentum values g; of an excited energy eigenstate. (In the case of the related 1D Hubbard model
PDT, such particles were rather called pseudofermions [40,41,44].) There is a ¢ and s particle
representation for each initial ground state and its excited states. This holds for all fermionic and
spin densities.

The set of Lg discrete B = ¢, s bare momentum values {g;}, Eq. (8), and the correspond-
ing set of Lg discrete 8 = ¢, s canonical momentum values {g,}, Eq. (26), are equally ordered.
This is because 1]’.3+l - If =1 and ®p(g;+1) — Pp(g;) = O(1/L) in §; = 2%(1]’? + Dp(q))).
For simplicity, in the case of some g; dependent physical quantities one then often associates in
the thermodynamic limit the bare momentum g; to the 8 = c, s particle of canonical momen-
tum g; = 2T’T(I ]’3 + ®4(q;)). (This is in spite of g; being the discrete momentum value of the
B = c, s pseudoparticle which is transformed into the § = c, s particle under the 8 pseudopar-
ticle — B particle unitary transformation.) Moreover, if in the thermodynamic limit one replaces
the sets of discrete ¢ and s bare momentum values {g;} and {q;} by continuous momentum vari-
ables g € [—00, ool and ¢’ € [—kFy, kr4], respectively, the cdrresponding sets of discrete ¢ and



54 T. Cade? et al. / Nuclear Physics B 942 (2019) 45-102

s canonical momentum values {g;} and {c}}} are replaced by undistinguishable continuous mo-
mentum variables. For the excited states considered here, the exception is at the ¢ and s bands
Fermi points, which are slightly shifted under the g; — g; and q} — c}} unitary transformation,
respectively. (See Eq. (29) below.)

An example of such g; dependent physical quantities is 27 ®g(g;) in Eq. (26). It is a func-
tional that involves the deviations § Ng(q /) defined in Eq. (15) and reads,

L‘g/
rdplg))= Y Y 2P p(qj.q;)8Np(q;)
B'=c,s j'=1
where j=1,...,Lg and B=c,s, 27

and 27 ®g g (g, q)) is for B =c,s and B’ = c, s given by,
2A(q) 2A(q")

2Dy (q,q") =21 Dy <
- 2A 2k(
21D (q.q") =21 Dy ¢ (#, - )

2P (g.q9") =2nDe e

c ¢
20, (q,4") =27 P (@ ZAC(" )) : (28)

The quantities on the right-hand side of these equations are functions of the rapidity-related
variables r = 2k /C for the ¢ band and » =2 A /C for the s band. They are uniquely defined by the
integral equations given in Egs. (A.26)-(A.31) of Appendix A. (In such equations they appear in
units of 27r.)

In the ¢ and s particle representation, 2w ®g g/(q;, q,), Eq. (28), has a precise physical mean-
ing: 2w ®g g(qj,q;) (and =27 Pg g(q;, q ;7)) is the phase shift acquired by a B = ¢, s particle
or hole of canonical momentum g; = ¢ (g) upon scattering off a 8’ = c, s particle (and g’ =c, s
hole) of canonical momentum value g = ¢(g ) created under a transition from the ground state
to an excited energy eigenstate. For simplicity, in the thermodynamic limit one often says it to
be the phase shift acquired by a 8 = ¢, s particle or hole of momentum ¢; upon scattering off a
B’ = c, s particle (and B’ = c, s hole) of momentum g /. Indeed, 27 ®g g(g;, q;') is expressed
in terms of those bare momentum values.

Such a phase shift is thus imposed to the B = ¢, s particle or hole scatterer by the B’ =c, s
particle or hole created under such a transition, which plays the role of mobile scattering center.
Within the MQIM the latter is called a mobile quantum impurity.

It then follows that the functional 27 ®g(g;), Eq. (27), in the B = ¢, s canonical momentum
expression g; =¢q; + ZT” ®p(q;), Eq. (26), is the phase shift acquired by a B particle or hole of
canonical momentum value g; = g(g;) (or momentum value ¢ ;) upon scattering off the set of g’
particles and B’ holes created under such a transition. Hence the § particle phase shift 27 ®g(q ;)
has a specific value for each ground-state — excited-state transition.

The overall phase shift,

2w Dp (q;) =2 DY + 2w dp(q;) where j=1,...Lg and B=c,s,

involves both a non-scattering term 27 ®%, Eq. (11), and the scattering term 277 s(q;), Eq. 27).
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The scattering functional 2w ®g(g;), Eq. (27), and the overall functional 27T<I>g (gj) fully
determine the deviations of the 8 = ¢, s Fermi canonical momentum values under transitions
from the ground state to one-fermion excited states as follows,

_ 2
834 = (zaN‘g;f + Cbg(tqpﬂ)) =

2w
- (zaNgjl + q>ﬁ(quﬂ)) = where f=c.s and (=zI. (29)
Here such functionals appear in units of 27, gr. = 2k and gr, = kF as given in Eq. (17),
5N§:L = 8N§:LF +1 CD% is the deviation in the number of right (¢ = 1) and left (t = —1) B particles

at the corresponding B, ¢ Fermi point, and & Ng: [F is such a deviation without accounting for the
effects of the non-scattering phase shift 277 ®%, Eq. (11). Hence while & Ng: LF either vanishes or is
a positive or negative integer number, the deviation § N ; , may be a positive or negative half-odd
integer number. Indeed, 27 CD% has in units of 27 the values CD% =0,+£1/2.

The exponents in the one-fermion spectral functions power-law expressions given below in
Sections 3 and 5 have different expressions in the high-energy regime and in the low-energy
TLL regime, respectively. On the one hand, the TLL and the crossover to TLL regimes involve
processes in the ¢ and s bands whose continuum momentum absolute values are in the intervals
gl € 2kp — kY., 2kp + k%, 1 and |¢'| € [kpy — k%, kp) +k% ], respectively. Here k%, /2kp < 1
and kOFX /kry < 1. On the other hand, the high-energy regime involves processes in the comple-
mentary ¢ band momentum intervals g € [—2kFr + k(}c, 2kp — kOFc], q €] — o0, —2kp — k%c],
and g € [2kr + k%c, oo[ and s band momentum intervals ¢’ € [—kr, + k%s, kr, — k?ps],
q' €l—kpy, —kp, — k%1, and g € [kp| + KO, kp1].

The one-fermion spectral functions exponents expressions studied below in Section 3 involve
the following general functionals, which are merely the square of the Fermi canonical momentum
value deviations, Eq. (29), in units of 27 /L,

Al Sz \' (SNF + D ))2 here f di==+1 (30)
= = t where B =c,s and (==1.

Finally, expression of the energy functional, Eq. (14), in the ¢ and s particle representation
involves the B = ¢, s bands discrete canonical momentum values g; = ¢(q;), Eq. (26). One finds
after some algebra that in such a representation it reads up to O(1/L) order,

Lgp

SE=Y Y ep(G)dNp())- 31
B=c,s j=1
Here N3(G;) = Ng(q;) and the B = c, s particle energy dispersions eg(¢;) have exactly the
same form as those given in Eq. (18) with the bare momentum, ¢, replaced by the corresponding
canonical momentum, g; = g(q;).

In contrast to the equivalent pseudoparticle energy functional, Eq. (14), that in Eq. (31) has
no energy interaction terms of second-order in the deviations Ng(¢;). This has a deep physical
meaning: The B = c, s particles generated from corresponding 8 = c, s pseudoparticles by a
g;j — q; uniquely defined unitary transformation have no such interactions up to O(1/L) order.

Within the present thermodynamic limit, only finite-size corrections up to that order are rel-
evant for the spectral functions expressions. The property that the excitation energy spectrum,
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Eq. (31), has no ¢ and s particle energy interactions plays a key role in the derivation by the PDT
of the general one-fermion spectral functions used below in our studies of Section 3. Indeed it
allows them to be expressed in terms of a sum of convolutions of ¢ and s particle spectral func-
tions. Moreover, the spectral weights of the latter spectral functions can be expressed as Slater
determinants of ¢ and s particles operators.

Such spectral weights involve the functionals, Eq. (30), determined by the Fermi canonical
momentum value deviations, Eq. (29). Since the derivation within the PDT of the general one-
fermion spectral functions used below in Section 3 is similar to that of other integrable models
[41-43], it is not reported in this paper.

3. General types of one-fermion spectral singularities

3.1. The two-dimensional (k, w)-plane spectra where the one-fermion spectral singularities are
contained

The two-parametric excitation processes that are behind (k, w)-plane one-fermion spectral
weight distribution near the singularity branch lines and boundary lines defined below involve
both creation of one charge or hole particle and creation of one spin or hole particle.

In contrast to the related lattice 1D Hubbard model [41], all charge excitations of the present
continuous model only involve real BA rapidities. At finite magnetic field the same applies to spin
part of the one-fermion excitations studied in this paper whereas at zero magnetic field they in-
volve as well complex BA spin rapidities. Fortunately, due to both the spin SU (2) symmetry and
the lack of a spin energy gap at zero spin density, the same zero-spin-density spectral-function
expressions in the vicinity of the singularities are reached by taking the limit of zero magnetic
field in the corresponding suitable finite-field expressions or by their direct derivation at zero
magnetic field. The former method used in this paper has the advantage of only involving real
BA spin rapidities.

At zero spin density, m = 0, the transitions from the ground state under one-fermion removal
lead to excited energy eigenstates associated with the two-parametric processes whose number
deviations relative to those of the initial ground state read,

SNe=—1; 8JF =+1/2; sNy=—1; 87 =0. (32)
Both the B = ¢, s Fermi points current number deviations §J g in this equation and the 8 =

¢, s Fermi points number deviations § N g are defined in terms of B = c, s left (1 = —1) and right

(¢t =+1) Fermi points number deviations § N g , as follows,

1
SN = § 8Nj, and 8J5 = 3 § (W8N, for B=c,s. (33)
=21 1==+1

The number deviations SNCF and (SNSF are particular cases of those given in Eq. (32). The
latter refer to ¢ and s band momentum values, respectively, at and away of the Fermi points.
While the 8 = ¢, s Fermi points number deviations and current number deviations 6 N ; and
8J ; , respectively, defined in Eq. (33) correspond to number fluctuations at the 8 = ¢, s Fermi
points, one denotes by § N év F the B = ¢, s the number deviations that refer to creation of 8 =c¢, s
particles or holes away from those Fermi points.

The w < 0 energy spectrum of such excitations is of the form —w = wr (k) = —&.(q) —&5(q").
It has the following two branches,
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wr (k) = —e.(q) — &5(q") where k=42kp — g —q’ for

q € [—2kp,2kr] and g’ € [—kp, kr] with intervals

k=2kr —q—q' €[—kp,5kr] for branch A,

k=—2kr —q—q' €[—5kp,kp] for branch B. (34)
Here the two alternative contributions &2k to the excitation momentum k = +2kr — g — q’
result from ¢ band momentum shifts 27 <1>2 = =+ in Eq. (11), such that 2T”CI>8 X N =*nn =
+2kr where N, is the number of ¢ band Fermi sea occupied discrete momentum values ¢;,
Eq. (8). In contrast, 2w @? = 0 for the present one-fermion removal excitations.

At zero spin density, m = 0, the transitions under one-fermion addition lead to excited energy
eigenstates associated with the two-parametric processes whose number deviations relative to
those of the initial ground state are given by,

SN.=1; 8JF =0; 8N, =0; 8JF =+1/2. (35)

The w > 0 energy spectrum of such excitations is given by w = w4 (k) = e.(q) — &5(g’). It
has again two branches,

wa (k) =e.(q) —e5(q") where k=g —¢q’ and
k € [kg,00] for g € [2kp, 0] and g’ € [—kp, kr] for branch A
k € [—o0o, —kp] for q € [—0o0, —2kr] and ¢’ € [—kp, kr] for branch B.  (36)
The transitions under up-spin one-fermion removal at spin density m > 0 lead to excited en-

ergy eigenstates associated with the two-parametric processes whose number deviations relative
to those of the initial ground state read,

SN.=—1; 8JF=0; N;=0; 8JF =+1/2. (37)
Moreover, in general SNF = —1 and SN¥¥ = 1 with a limiting case being SN/ = SNNF =0.
The corresponding w < 0 energy spectrum of such excitations reads —w = cu]Te (k) =—ec(q)+

&5(q"). Tt has the following two branches,

a)je (k) = —e.(q) +&5(q") where k=—g +q’ and

—kry, 2kp +kp4)] for g € [-2kF,2kr] and

kr,,kry] for branch A

(2kp +kF4), kpy] for g € [-2kp, 2kp] and

kry, —kp,] for branch B. (38)

The transitions under up-spin one-fermion addition at spin density m > 0 give rise to ex-
cited energy eigenstates associated with the two-parametric processes whose number deviations
relative to those of the initial ground state are given in Eq. (35).

kel
q €l
kel
q €l

The w > 0 energy spectrum of such excitations spectrum is given by o = a)/T4 (k) =ec(q) —
&5(q’). Tt has again two branches,
wh (k) =ec(q) — £5(g") for k=g —q' and
k € [kpy,00] for g € [2kp,00] and ¢" € [—kpy, kpy] for branch A
k € [—00, —kp4] for g € [—00, —2kFr] and q € [—kFy,kpy] for branch B.
(39
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The transitions under down-spin one-fermion removal lead at spin density m > 0 to excited
energy eigenstates associated with the two-parametric processes whose number deviations rela-
tive to those of the initial ground state are given in Eq. (32).

The w < 0 energy spectrum of such excitations is of the form —w = a)}e (k) = —&.(q) —&5(q").
It has two branches corresponding to ¢« = %1,

a)}e(k) =—e.(q) —&5(q") for k=242kr —q — g’ where q € [2kr, 2kr] and
q' € [—kp,,kry] with intervals
k=2kr —q—q' €l—kF,, (4kr + kpy)] for branch A
k=—2kp —q—q' €[—(4kF +kF4),kp}] for branch B. (40)
Finally, the transitions under down-spin one-fermion addition give rise at spin density m > 0

to excited energy eigenstates associated with the two-parametric processes whose number devi-
ations relative to those of the initial ground state are given by,

SN.=1; 8JF ==+1/2; 6Ny=1; 8JF =0.

c

The w > 0 energy spectrum of such excitations reads w = wﬁ (k) = ec(q) + &5(q"). It has four
branches,
wh (k) =ec(q) + &5(q") for k=+2kr +q+4 and
sgn{q'} =+ for ¢’ #0 with intervals
k=2kp+q+q' €[(4kr +kpy),00] for branch A
where g € [2kp, 00] and ¢ € [kp |, kpt]
k=2kr+q+q' €[—00,kpy] for branch B
where g € [—00, —2kr] and ¢’ € [kF ), kp4]
k=—2krp+q+q' €[—00, —(4kF + kr4)] for branch A’
where g € [—00, —2kr] and ¢’ € [—kpy, —kF|]
k=—2kp+q+q' €[—kFs,00] for branch B’
where g € [2kp,00] and ¢’ € [—kpy, —kp,]. (41)
In the present case of the one-fermion spectral functions, Eq. (2), and of the up-spin and
down-spin one-fermion spectral functions, Eq. (4), the one-parametric branch lines that for some
momentum subdomains correspond to singularities are contained in the two-parametric spectra,
Egs. (32)-(36), and, Egs. (37)-(41), respectively. Spectra that do not contain singularities gener-

ated by higher-order ¢ and s particle processes and/or complex spin rapidities are not considered
in our present study.

3.2. The (k, w)-plane one-fermion spectral singularities on the ¢ and s branch lines

A branch line results from transitions to a well-defined subclass of the excited energy eigen-
states associated with such spectra. At zero spin density, m = 0, the one-parametric (k, w)-plane
B = c, s branch line spectrum has the general form,

wp(k) = Eepg(q) =0 where k=ko£q for 6Ng(g)==*1 and B=c,s. 42)
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Here g4(q) is the B = ¢, s band energy dispersion, Eq. (18), the momentum distribution function
deviation, Eq. (15), reads § Ng(q) = +1 and  Ng(g) = —1 for a particle and hole 8 branch line,
respectively. The momentum kg in Eq. (42) is given by,

ko =dkp 8JF +2kp8JF . (43)

At zero spin density the branch-line singularities are found below to occur at some k inter-
vals of two ¢ branch lines called ¢ and ¢~ branch lines, respectively, which refer to different
subdomains of g in k = kg £ g, and at some k intervals of one s branch line.

The one-parametric (k, w)-plane B = c, s branch line spectrum has for spin densities m > 0 a
similar general form,

f (k) =+ep(q) >0 where k=ko+q for 8Ns(q) =+1 and B=c,s, (44)

where now 0 =% and o =] refers to the up-spin and down-spin one-fermion spectral function,
respectively, and the momentum kg, Eq. (43), more generally reads,

k0=4kF5JCF+2kF¢5JSF. (45)

At finite spin density the branch-line singularities of the up-spin and down-spin one-fermion
spectral functions are found to occur at some k intervals of two ¢ branch lines called again
¢T and ¢~ branch lines, respectively, which correspond to different subdomains of the ¢ band
momentum ¢ in the excitation momentum expression k = ko = ¢, and at some k intervals of one
s branch line.

For one-fermion excitations at zero spin density, the use of the PDT leads in the case of the
present model to the following general high-energy behavior in the vicinity of a 8 = ¢, s branch
line,

)
B, (k.w)=Cy (ya)—a)ﬂ(k)) " for (yw—wp(k)) >0 and y =+1 where
gg(k)=—1+2A7" oAt oAl +2A]!

=1+ Y QAL Ig=t—ky) +2AY). (46)
1=%1
Here the momentum kg is provided in Eq. (43) and y = —1 for fermion removal and y = +1

for fermion addition, as given in Eq. (3). The simplified expressions of the functionals 2A.(g)
and 2A! appearing in Eq. (40) that are specific to a f = ¢, s branch line involve a summation
> j/=1 in the general phase-shift functional expression, Eq. (27), that refers to creation of a single
B’ = c, s particle or hole. Moreover, at zero spin density, m = 0, such functionals read,

L SNF 5JF 2
2AL(g) = (5_0 ZC + & |:5JCF + Zs :| +cpr @ pr (12kp, q)) and
1 2
28 =3 (% [25Nf —sNF + Cﬂ/f(—l)aﬁ”’”:l +<SJSF) . (47)

In this equation & is the parameter defined in Eq. (A.35) of Appendix A whose limiting values
are & = +/2 for C — 0 and & = 1 for C — oo.

On the one hand, the two ¢ = £1 functionals 2A!(g) depend on the excitation momentum
k = ko £ q, Eq. (42), through the ¢ band momentum g where the momentum ko is given in
Eq. (43). On the other hand, that the two ¢ = £1 functionals 2A! in Eq. (47) do not depend on
the s band momentum of the 8" particle or hole created under the one-fermion excitation follows
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from the spin SU(2) symmetry. Indeed, that symmetry is behind the very simple behavior of the
s particle phase shifts in units of 27 given in Eq. (A.25) of Appendix A whose use in the general
expression of the « = &1 functionals 2A, Eq. (30), leads to the present simple expressions.

For up-spin and down-spin one-fermion excitations at spin densities m > 0, the use of the
PDT leads to the following general high-energy behavior near a B = ¢, s branch line,

A0
By (k,w) =Cg .8 ()/ w— wg (k)) P for (yw— a)g (k)) >0 and y =41 where
£ (k) =—14+2A7" +2A7" + 247" 247"
=—14 Y Y 285 lg=t¢—ko) - (48)

B'=c,s1==%1

Atm > 0 all four 8 = ¢, s and ¢t = 1 functionals 2A% (g) in the exponent expression depend on
the excitation momentum k = kg + ¢, Eq. (44), through the 8 = ¢, s band momentum g where
ko is given in Eq. (45).

The four 8’ = ¢, s and « = %1 functionals ZA%, (g) in the exponent Eg (k) expression, Eq. (48),
specific to a B = ¢, s branch line are again such that the summation =1 in Eq. (27) corre-
sponds to creation of a single B’ = ¢, s particle or hole. Hence from the use of their general
expression in Eq. (30) one finds,

2
L 0 (SN/g 1 F
2AL(g) = Z ey — e8Iy | +cp e p (2kpq) | and
B'=c,s
2
Lyt 0 BN/;:’ 1 F l
205 = Y &y — & 8T |+ ep @uptkey g | (49)
B'=c,s
Here cgr = 1 and cgr = —1 for creation of one B” particle and of one 8" hole, respectively. The

band momenta ¢ and ¢’ belong to the intervals ¢ € [—2kg + k%c, 2kp — k(}c] for creation of one
" = chole, g €] — o0, —2kr —k% 1 and g € [2kp + kY. , oo[ for creation of one B” = ¢ particle,
Fc Fc p
q €l—kr, +k%s, kpy — k%s] for creation of one 8" = s hole and ¢’ € [—kFy, —kF| — kOFs] and
g €lkry + k%s, k4] for creation of one B” = s particle.

The definition of the phase shifts in Egs. (47) and (49) in units of 27 involves their expression
provided in Eq. (A.24) of Appendix A in terms of the corresponding phase-shift functions of
rapidity variables. The latter are uniquely defined by solution of the coupled integral equations,
Egs. (A.26)-(A.31) of that Appendjx.

Furthermore, the parameters & é Py appearing in Eq. (49) are the following phase-shift super-
positions,

sé'ﬂ, =855 + Z W) dpp (qrp.1qrp) where B=c,s, B'=c,s, and j=0,1.
1==*1
(50

(When g = g’ and « = 1 the second momentum grg in ®g g (qpﬁ, Lqpﬂ/) reads grpg — 27 /L.)
The behaviors of these parameters and their limiting values are given in Eqgs. (A.32)-(A.37) of
Appendix A.

Importantly, the one-electron spectral functions expressions in the vicinity of a § = ¢, s branch
line, Egs. (46) and (48), are valid provided that £g(k) > —1 and ég (k) > —1, respectively. That
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for a given B = c, s branch line k range that exponents read £5(k) = —1 and Sg (k) = —1, respec-
tively, means that the exact expression of the spectral function is not that given in those equations.
For these k ranges the four functionals 2Aj3 in Egs. (47) and (49) vanish. In this case the PDT also
provides the corresponding behavior of the one-electron spectral functions in Egs. (2) and (4),
which is §-function-like and given by,

B, (k, ) = 8<ya) - wﬁ(k)) and B, (k, ) = S(yw - wg(k)) , (51)

respectively.

On the one hand, the s branch line studied below corresponds to edges of support of the
one-fermion spectral functions, i.e. it separates two regions with finite and vanishing spectral
weight, respectively. The underlying physical mechanism behind the line shape near it follows
from the requirement of energy and momentum conservation. The excitation leads to creation
of the s hole or s particle on its energy dispersion and thus mass shell, which carries almost the
entire energy. The remaining momentum is absorbed by a dressing of low-energy particle-hole
processes near the Fermi points. The expression of the PDT s branch line momentum dependent
exponent is exact.

On the other hand, the ¢* branch lines also studied in the following run within the spectral-
weight distribution continuum. In non-integrable models their power-law singularities are broad-
ened or even progressively washed by relaxation processes of the ¢ band particle or ¢ band hole
created away from its band Fermi points [29]. However, in the present solvable model, its integra-
bility is associated with the occurrence of an infinite number of conservation laws. They ensure
that the ¢ band multi-particle scattering factorizes into two-particle scattering processes. This pre-
vents relaxation processes, so that the line shape near the ¢* branch lines remains power-law like.

Furthermore, in the present model there is very little continuum spectral weight just above
for fermion removal and just below for fermion addition the ¢* branch lines. For finite repulsive
interaction C the ¢* branch lines exponents in Eqs. (46) and (48) are the leading zero-order
term of an expansion whose very small parameter is the coupling to that small spectral weight.
Their expressions are exact for large values of C and their use leads to exact spectral-function
expressions in the C — 0 limit. At intermediate C values the higher-order terms are extremely
small and vanish when the exponents vanish. This means that the exact exponents are negative
and positive when their leading terms are negative and positive, respectively. Otherwise, the ¢*
branch lines exponents in Egs. (46) and (48) are a very good approximation.

3.3. The (k, w)-plane one-fermion removal spectral singularities on boundary lines

There is a second type of high-energy (k, )-plane feature in the vicinity of which the PDT
provides an analytical expression of the one-fermion spectral functions. It is called a bound-
ary line. In the case of the present repulsive fermion model, such boundary lines exist in the
one-fermion removal spectral function at zero magnetic field and in the up-spin and down-spin
one-fermion removal spectral functions at finite field. It is generated by a subclass of the general
processes behind the branch A or B of the m = 0 one-fermion removal two-parametric spec-
trum, Eq. (34), and m > 0 up-spin and down-spin one-fermion removal two-parametric spectra,
Egs. (38) and (40), respectively.

Specifically, the up-spin one-fermion removal boundary line is generated by processes where
one ¢ band hole is created at a momentum value ¢ and one s band particle is created at a mo-
mentum value ¢’ such that their group velocities, Eq. (21), obey the equality v.(q) = vs(g’).
Similarly, both the m = 0 one-fermion removal boundary line and the m > 0 down-spin one-



62 T. Cade? et al. / Nuclear Physics B 942 (2019) 45-102

fermion removal boundary line are generated by processes where one ¢ band hole is created at
a momentum value g and one s band hole is created at a momentum value ¢’ such that again
ve(q) = Us(q/)~

That such a feature is a (k, w)-plane line results from the ¢ band and s band momentum val-
ues g and ¢, respectively, not being independent of each other because of the boundary-line
velocity equality constraint, v.(g) = vs(g’). For the momentum k domains for which those one-
fermion removal boundary lines exist, they are part of the limiting line of the corresponding
two-dimensional (k, w) plane branches. However and as further discussed below in Sections 4.6
and 4.7, most of such a limiting line is not a boundary line and thus does not correspond to a
singularity.

At zero spin density, m = 0, the removal one-fermion boundary line (k, w)-plane spectrum
has the following general form,

a)BL(k) = (—Sc(q) — 83(q/)) ‘Svc(q),vs(q’) where k = :i:zkp —q — q/ . (52)

Near such a line at small energy deviation (w+ wpy (k)) values, the one-fermion removal spectral
function has the following behavior,

~12
B, (k, w) (a) n wBL(k)) : (53)

This expression is determined by the density of the two-parametric states generated upon varying
g and ¢’ within the corresponding ¢ and s band values, respectively.

The up-spin (o =1) and down-spin (¢ =] ) one-fermion removal boundary line (k, w)-plane
spectrum has at spin density m > 0 the following general form,

G (k) = (—c(@) + V5 £5(q")) Su.(g),v5(q) Where k=%[1 —yslkr —q+vsq', (54)

where,

yy=+1 and y, =—1. (55

In the vicinity of such lines at small energy deviation (@ + %, (k)) values the up-spin and
down-spin one-fermion removal spectral functions have the following behavior,

~1/2
By, (k. w) o (a) + oS L(k)) . (56)

Again, this expression is determined by the density of the two-parametric states generated upon
varying ¢ and ¢’ within the corresponding ¢ and s band values, respectively.

4. Specific one-fermion removal and addition spectral singularities on branch and
boundary lines

In the following, the line shape behavior of the one-fermion spectral function, Eq. (2), near
the branch lines and boundary lines at zero spin density and line shape behavior of the up-spin
and down-spin one-fermion spectral functions, Eq. (4), in the vicinity of the branch lines and
boundary lines is studied. Such lines are plotted in the (k, w)-plane in Figs. 1-3. The curves
refer to repulsive interactions C = 0.1, C = 1.0, C = 10.0, fermionic densities n = 0.7, n =
1.0, n = 2.0 and corresponding spin densities m = 0, m = 0.15, m = 0.65 such that m < n.
The ¢*, ¢™, s branch lines are the only branch lines whose exponent is negative for at least
some k interval and C, n, and m ranges. At those k intervals there are singularity cusps in the
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Fig. 1.The B = ct,em,s singular branch lines k intervals (solid lines) and other branch lines k intervals (dashed lines) in
units of 2k = 7 n for which the corresponding exponent &g (k), Eq. (46), is negative and positive, respectively, and the
singular boundary lines (dashed-dotted lines) of the weight distribution associated with the one-fermion spectral function
are plotted in the (k, w) plane. The curves refer to fermionic density n = 0.7 for interaction (a) C = 0.1, (b) C = 1.0,
and (c) C = 10.0 and fermionic density n = 2.0 for interaction (d) C = 0.1, (e) C = 1.0, and (f) C = 10.0. The branch
line spectra plotted here are defined in Section 3. (Online, the ¢t, ¢, and s branch lines appear blue, red, and green,
respectively.)

corresponding one-fermion spectral functions. Those branch lines are in Figs. 1-3 represented by
solid lines and dashed lines for the k ranges for which the corresponding momentum dependent
exponent is negative and positive, respectively. The one-fermion removal boundary lines also
refer to singularity cusps and are represented by dashed-dotted lines.

At zero spin density, m = 0, all C = 0 non-interacting §-function like one-fermion spectrum
k ranges are recovered from specific branch lines in the C — 0 limit. For m > 0 this applies to
most of the C = 0 non-interacting §-function like up-spin and down-spin one-fermion spectrum k
ranges. The exceptions refer to the C = 0 non-interacting up-spin one-fermion removal spectrum
for the momentum interval k € [—kp, kr ] and to the C = 0 non-interacting down-spin one-
fermion addition spectrum for the momentum intervals k € [—00, —kfr4] and k € [kpy, 00]. The
corresponding C = 0 non-interacting §-function like one-fermion spectra are in these k inter-
vals recovered in the C — 0 limit from well-defined C > 0 spectral features that are here called
non-branch lines. Those are represented for m > 0 in Figs. 2 and 3 by sets of diamond symbols.

4.1. The one-fermion removal and addition c¢* branch lines at zero magnetic field

At zero magnetic field and thus zero spin density, m = 0, the one-fermion removal and ad-
dition ¢* branch lines are generated by one-parametric processes that correspond to particular
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Fig. 2. The singular branch lines k ranges (solid lines) and other branch lines k ranges (dashed lines) in units of 2k = n
for which the corresponding exponent Sg (k), Eq. (48), is negative and positive, respectively, and the singular boundary
lines (dashed-dotted lines) of the weight distribution associated with the up-spin and down-spin one-fermion spectral
function are plotted in the (k, ) plane. The curves refer to fermionic density n = 1.0 and spin density m = 0.15 for up
spin and interaction (a) C = 0.1, (b) C = 1.0, and (c¢) C = 10.0 and for down spin and interaction (d) C = 0.1, (¢) C = 1.0,
and (f) C = 10.0. The branch line spectra plotted here are defined in Section 3. (Online, the ¢T, ¢, and s branch lines
appear blue, red, and green, respectively.) The lines represented by sets of diamond symbols contribute to the C — 0
one-fermion spectrum yet are not branch lines.

cases of the two-parametric processes that generate the spectra in Egs. (34) and (36), respec-
tively. These lines one-parametric spectra are plotted in Fig. | where they are contained within
such two-parametric spectra. (Online, the ¢ and ¢~ branch lines are blue and red, respectively,

in these figures.)
The one-parametric spectra w.+ (k) and the corresponding exponents &.+ (k) associated with

these branch lines are related by the following symmetry,

wet (k) = e~ (=k) and §+ (k) =&~ (—k). (57)

Considering both the ¢* and ¢~ branch lines for k € [0, oc] or only the ¢t branch line for
k € [—o0, oo] contains exactly the same information. Here we chose the latter option.

The one-fermion removal and addition ¢ branch line refers to excited energy eigenstates
with the following number deviations relative to those of the initial ground state,

SNS =05 818 =8,1/2; NN =y oN[ ==8, 15 84S =y/2.

The spectrum of general form, Eq. (42), that defines the (k, w)-plane shape of the one-fermion
removal and addition ¢T branch line is given by,
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Fig. 3. The same as Fig. 2 for spin density m = 0.65 and interaction C = 1.0 for up spin and fermionic densities (a) n =
0.7, (b) n = 1.0, and (c) n = 2.0 and for down spin and fermionic densities (d) n = 0.7, (e) n = 1.0, and (f) n = 2.0.

wq+ (k) =y ec(q) for y ==x1 where
q € [—2kp,2kp] for o branch A fermion y = —1 removal

q € [2kFp,00] for o branch A fermion y =41 addition
q € [—00, —2kp] for o branch B fermion y =41 addition. (58)
Here e.(g) is the ¢ band energy dispersion, Eq. (18) for 8 = c. The excitation momentum & is
expressed in terms of the ¢ band momentum ¢ as follows,
k =7y q + kr with intervals
k € [—kFp,3kFr] for branch A fermion y = —1 removal
k € [3kF, o0] for branch A fermion y =41 addition
(59

k € [—o0, —kp] for branch B fermion y = +1 addition.
As given in Eq. (57), the corresponding one-fermion removal and addition ¢~ branch line spec-

trum reads w - (k) = w+(—k).
At excitation momentum k = kr the removal spectrum is such that,

dewe+ (k)

wq+(kp) =—¢e-(0) and Py
where —e&.(0) > 0 is the energy bandwidth of the ¢ band occupied Fermi sea, Eq. (A.18) of

Appendix A at m = 0. The limiting behaviors for C — 0 and C — oo of the spectrum, Eqgs. (58)
and (59), are given in Egs. (C.1) and (C.2) of Appendix C, respectively.

lk=kp =0,
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Fig. 4. The exponent & 4 (k) = §.— (—k), Eq. (60), that controls the singularities in the vicinity of the ¢ branch line
whose (k, )-plane one-parametric spectrum is defined in Egs. (58) and (59) is plotted for the one-fermion removal and
addition spectral function, Eq. (61), as a function of the momentum k /2k . The soft grey region refers to the ground-state
occupied Fermi sea. The curves refer to several C = 0.10 — 30.00 values, fermionic densities n (a) 0.3, (b) 0.7, (¢) 1.0,
(d) 2.0 and spin density m = 0. The type of exponent line associated with each C value is for all figures the same. Dashed
horizontal and vertical lines denote specific momentum values between different subbranches and momentum values
where the C — 0 limiting value of the exponent changes, respectively.

The use within the PDT of the values of the functional, Eq. (47), specific to the excited energy
eigenstates that determine spectral weight distribution near the ¢ branch lines, allows accessing
the momentum dependence of the exponents of general form, Eq. (48), that control such a line
shape. The exponent &+ (k) = £.— (—k) is found to read,

2
b= (R =3+ Y (%0 Ty G cl2kr, q)) , (60)
==+1
where the parameter & is defined in Eq. (A.35) of Appendix A. The phase shift ®. .(£2kF, q)
is defined in Eq. (A.24) for m = 0. The exponents, Eq. (60), are plotted in Fig. 4 as a function
of the momentum k. The curves correspond to several C = 0.10 — 30.00 values and fermionic
densities n (a) 0.3, (b) 0.7, (c) 1.0, (d) 2.0.
The specific form of the general PDT expression, Eq. (48), of the one-fermion spectral func-
tion By, (k, w), Eq. (2), in the vicinity of the present ¢® branch lines is,

§.x(k)
B, (k@) =C,, =+ (ya) — g (k)) for (yw—we(k)>0and y=+1.  (61)
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Here C, .+ are constants that have a fixed value for the k and w ranges corresponding to small

values of the energy deviation (yw — w.+(k)) and the spectra w.+ (k) = w.- (—k) in that energy

deviation are given in Egs. (58) and (59). The exponent &+ (k) = £.- (—k) is defined in Eq. (60).
In the C — 0 limit the ¢™ branch line exponent for one-fermion removal (y = —1) reads,

lim &+ (k) =0 for k € [—kF,3kF] and y =—1.
C—0
For one-fermion addition (y = +41), one finds in that limit,
Clim0§C+(k) = —1 for k €[—o00, —kr] and y =+1
=1 for ke[3kp,o0] and y =+1.

Similar values for the exponent &.- (k) are obtained upon exchanging k by —k. The important ¢~
branch line subbranch is that of one-fermion addition for which,

éimos"_(k):_l for k € [kr,00] and y =+1.

For the k ranges for which lim¢g_, o €.+ (k) = —1 for one-fermion addition, the line shape has
not the form given in Eq. (69). It rather is 6-function like, Eq. (51). In the present case, this gives,

Jim By (k) = 8(a) — gt (k)) - S(a) e k%))
for k € [—o00, —kfr] and k € [kp, o0], (62)

where the expression of the ¢ band energy dispersion in the C — 0 limit, Eq. (19) for m =0, has
been used.

For the k ranges for which the exponents are for C — 0 given by 0 and/or 1, the one-fermion
spectral weight at and near the corresponding branch lines vanishes in the C — 0 limit.

In the C — oo limit the ¢* branch line exponent in Eq. (60) has the following values for its
whole k range,

3
li k)= lim lim £§% (k) =—=. 63
im o0 = Jim_lim 62,00 = 5 2
4.2. The up-spin and down-spin one-fermion removal and addition ¢* branch lines

The up-spin and down-spin one-fermion removal and addition ¢* branch lines are generated
by one-parametric processes that correspond to particular cases of the two-parametric processes
that generate the spectra, Eqgs. (38)-(41). Hence these lines one-parametric spectra plotted in
Figs. 2 and 3 are contained within such two-parametric spectra. Those occupy well defined re-
gions in the (k, ) plane.

As at zero spin density, Eq. (57), the one-parametric spectra ?.. (k) and the corresponding
exponents .s;:gi (k) associated with these branch lines are related by the symmetry, a)er k) =
?_ (—k) and &7, (k) = &7 (—k). And again, considering both the ¢t and ¢~ branch lines for
k € [0, 0o] or only the ¢T branch line for k € [—00, 0o] contains exactly the same information.
Here we chose the latter option.

The up-spin and down-spin one-fermion removal and addition ¢ branch line refers to excited
energy eigenstates with the following number deviations relative to those of the initial ground
state,
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SNE=0; 80F =6,/2; SNNF =y SNF =65,y; 8JF =v,/2.

The spectrum of general form, Eq. (44), that defines the (k, w)-plane shape of the up-spin and
down-spin one-fermion removal and addition ¢T branch line reads,

w?y (k) =y ec(q) for y ==%1 where
q € [—2kp,2kp] for o branch A fermion y = —1 removal
q € [2kFp,00] for o branch A fermion y =41 addition
q € [—00, —2kp] for o branch B fermion y =41 addition. (64)

Here ¢.(g) is the ¢ band energy dispersion, Eq. (18) for 8 = c¢. The expression of the excitation
momentum k in terms of the ¢ band momentum ¢ is given by,

k=vyq+krs where

k € [—krs, 2k +kFs)] for o branch A fermion y = —1 removal

k € [(2kr + kFs),00] for o branch A fermion y =41 addition

k € [—00, —kFs] for o branch B fermion y =41 addition. (65)

In this equation,

t={ and | =1, (66)
so that kpx = kp| and kp7 = kr4. The two-parametric spectra branches A and B where the ct
branch line is contained are defined in Eqs. (38)-(41). The corresponding k intervals of the ¢~
branch line subbranches are obtained from those provided here upon exchanging k by —«k.

Combined analysis of the momentum k intervals in Eq. (65) with the relation w‘C’+ (k) =
w?_(—k) reveals that the up-spin and down-spin one-fermion addition ¢* branch lines are the
natural continuation of the up-spin and down-spin one-fermion removal ¢* branch lines, respec-
tively.

The limiting behaviors for C — 0 and C — oo of the up-spin and down-spin one-fermion
¢t branch-line spectra, Egs. (64) and (65), are given in Egs. (C.3) and (C.4) of Appendix C,
respectively.

We use the values of the functional, Eq. (49), specific to the excited energy eigenstates that
determine spectral weight distribution near the ¢* branch lines, to access the momentum depen-
dence of the exponents of general form, Eq. (48), that control such a line shape. One finds,

g! ’
sht=gl (—-h=-1+) (7 +y O (2kr, q))
==+1
g ’
Yy (— +y <I>S,C(Lm,q)) , (67)

2
1==1
for the up-spin one-fermion ¢* branch lines and,
2

0 1 sl
gt =g (-h=-1+) (‘ Vf 4 Gee . o) 1y @ (2kr, q))
1==+1
2

0 1 _ &1
+ Z (Lyjss + (ssc 2€ss) +Vcbs,c(LkF¢,CI)> i (68)
1==1
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Fig. 5. The exponent 5; (k) = SCT, (—k), Eq. (67), that controls the singularities in the vicinity of the ¢t branch line
whose (k, w)-plane shape is defined by Eqs. (64) and (65) for o =1 is plotted for the up-spin one-fermion removal and
addition spectral function, Eq. (69) for o =%, as a function of the momentum k/2k . The soft grey region refers to the
ground-state occupied Fermi sea. The curves refer to several C = 0.03 — 30.00 values and spin density m = 0.15 and
fermionic densities n (a) 0.7 and (b) 2.0 and spin density m = 0.65 and fermionic densities (c) 0.7 and (d) 2.0.

for the down-spin one-fermion ¢* branch lines. The phase shifts &, .(+2kr,q) and
@, (£kry,q) in those exponents expressions are defined in Eq. (A.24) and the j =0, 1 pa-

rameters & é p are defined in Eq. (50).

The up-spin and down-spin one-fermion exponents are plotted in Figs. 5 and 6, respectively,
as a function of the momentum k. The curves correspond to several C = 0.03 — 30.00 values,
fermionic densities n = 0.7 and 2.0, and spin densities m = 0.15 and m = 0.65.

The specific form of the general expression, Eq. (48), of the up-spin and down-spin one-
fermion spectral function B, ), (k, w), Eq. (4), in the vicinity of the present ¢* branch lines is,

§7, (k)
By (k,0) =Cy ) o+ (yw -l (k)) = for (y —w?:(k)) >0 where y ==%1, (69)

and C, ,, .+ are constants that have a fixed value for the k and  ranges corresponding to small
values of the energy deviation (yw — % (k)). The spectra »?, (k) = @7_(—k) in that energy
deviation are given in Egs. (64) and (65) and the exponents E;L (k) = EC", (—k) are defined in
Egs. (67) and (68) for 0 =1 and o =], respectively.

In C — 0 limit the ¢* branch line exponents for up-spin one-fermion removal (y = —1)
read,
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Fig. 6. The exponent $j+ (k) = é}j, (—k), Eq. (68), that controls the singularities in the vicinity of the ¢t branch line
whose (k, w)-plane one-parametric spectrum is defined by Eqgs. (64) and (65) for o = is plotted for the one-fermion
removal and addition spectral function, Eq. (69) for o =|, as a function of the momentum k/2k . The soft grey region
refers to the ground-state occupied Fermi sea. The curves refer to several C = 0.03 — 30.00 values and spin density
m = 0.15 and fermionic densities n (a) 0.7 and (b) 2.0 and spin density m = 0.65 and fermionic densities (c) 0.7 and
(d) 2.0. The type of exponent line associated with each C value is for all figures the same. Dashed horizontal and vertical
lines denote specific momentum values between different subbranches and momentum values where the C — 0 limiting
value of the exponent changes, respectively.

éif%5:+(k) =—1 for ke[—kFpy, —kFpy] and y =—1
—

=0 for k€[—kp,,3kF,] and y =—1
=1 for ke[3kr, 2kr +kF,)] and y =—1. (70)

For one-fermion addition (y = +1), one finds,
lim £, (k) = —1 for k € [—o0, —kr4] and y = +1
C—0°¢
=1 for ke [(2kr +kF5),00] and y =+1. (71)

Similar values for the exponent éf, (k) are obtained upon exchanging k by —k. Important ¢~

branch line subbranches are those for which lim¢_, SCT, (k) = —1. They refer to the k ranges,

éimogj,(k)z—l for k € [kpy,krt] and y = —1

=—1 for k€ lkpy,00] and y =+1.
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As discussed previously, for the k ranges for which lim¢g_, g Sji (k) = —1, the line shape has
not the form given in Eq. (69). It rather is §-function like, Eq. (51). In the present case this gives,

lim By 1 (k) = 8<w +o, (k)) — S(a) K- k%T))
for k € [_kFTs —kp¢]
. 2 2
lim By (k. ) =3(w+wf_(k)) - 5(w e kFT))
for k € [kF¢, kFT]
lim By 1 (k) = 8<a) —o!, (k)) = 8(a) K- k%T))
for k € [—OO, _kFT]
lim By 1 (k) = 8(0) —o (k)) - 8(a) — K- k%T))
for k € [kry, 00], (72)
where the expression of the ¢ band energy dispersion in the C — 0 limit, Eq. (19), has been
used. The spectra wCTi (k) indeed become in the C — 0 limit the corresponding exact C = 0
non-interacting spectra. In the case of the up-spin one-fermion spectra this applies to all its
momentum intervals except for k € [—kp4, kpy].
For the excitation momentum k intervals for which the exponents are for C — 0 given by
0 and/or 1, the up-spin one-fermion spectral weight at and near the corresponding branch lines

vanishes in the C — 0 limit. Specifically, one finds that in the C — 0 limit the down-spin one-
fermion removal exponent, Eq. (68), has the following behaviors,

éig})écﬂ(k) =1 for ke[—kFy, (kpy —2kF))] and y =—1

éi_)rr})gj+(k) =0 for k € [(kry —2kr}), Rkp +kry)] and y = —1

éi_)m(ﬁi(k) =1 for ke [(2kr +kF}), 2kr +kpy)] and y =—1. (73)
The down-spin one-fermion addition exponent is found to behave in that limit as,

éi_)m(fﬁ(k) =1 for ke[—o0, —kF]; k €[(2kr +kFy),00] and y =+1. (74)

Hence the down-spin one-fermion spectral weight at and near these branch lines vanishes in the
C — 0 limit both for one-fermion removal and addition. Similar values for the exponent éj, (k)
are obtained upon exchanging k by —k.

In the C — oo limit the ¢* branch lines exponents in Egs. (67) and (68) have for m — n the
following values for their whole k intervals,

Jim &7 = —%" for m — n. (75)

On the one hand and as shown in Fig. 5, the main effect on the k dependence of the up-spin
one-fermion removal and addition exponent SCL k) = ff_ (—k), Eq. (67), of increasing the inter-
action C from C < 1 to C > 1 is to continuously changing its C — 0 values —1, 0, and 1 for
the k ranges given in Egs. (70) and (71) to a k independent value for k € [—00, 0o] as C — oo,
Eq. (63) and Eq. (75) for o =*. The latter smoothly changes from —3/8 for m — 0 to —1/2 for
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m — n. The general trend of such an exponent C dependence is the following: For the momen-
tum k ranges for which it reads 0 and 1 in the C — O limit, it decreases upon increasing C; For
the k intervals for which it is given by —1 in that limit, it rather increases for increasing C values.

On the other hand, the exponent $j+ k)= éj_ (k), Eq. (68), plotted in Fig. 6 becomes negative
only for large C and small spin density values. For C — 0 it reads 0 and 1 for the k intervals
provided in Eqgs. (73) and (74). As C — oo it continuously evolves to a k independent value for
k € [—00, 00]. Such a value smoothly changes from —3/8 for m — 0 to 1/2 for m — n. The
general trend of that exponent C dependence is different upon changing the densities. As shown
in Fig. 6, for some densities it always decreases upon increasing C. For other densities it first
decreases upon increasing C until reaching some minimum at a finite C value above which it
increases upon further increasing C.

4.3. The one-fermion removal and addition s branch line at zero magnetic field

The one-parametric spectrum of this branch line is an even function of k, ws(k) = ws(—k).
The corresponding exponent given below is also an even function of k, & (k) = &(—k). Hence
for simplicity we restrict our following analysis to & > 0. For such a momentum range the one-
fermion removal and addition parts of the s branch line refer to excited energy eigenstates with
the following number deviations relative to those of the initial ground state,

SNE =y 845 =8,11/2; SNF=6,41; 8JF =0; sNNF=—1.
The spectrum wy (k) of general form, Eq. (42), is for the present branch line at k¥ > 0 given by,

ws (k) = —es(q’) where
q' € [—kp,0] for branch A fermion removal y = —1

q' € [—kp,kr] for branch A fermion addition y =+1. (76)

The relation of the s band momentum g’ to the excitation momentum k is,
k=5y,+12kp—q/20. (77
The corresponding intervals of the excitation momentum k are,

k €[0,kF] for fermion removal y = —1

k € [kr,3kFr] for fermion addition y =+1. (78)

The limiting behavior for C — 0 of the spectrum, Eqgs. (76) and (77), is given in Eq. (C.5) of
Appendix C. For C — oo it reads wg (k) = 0 for its whole & intervals.

One finds from inspection of the momentum k intervals in Eq. (78) that the one-fermion
addition s branch line is the natural continuation of the one-fermion removal s branch line. The
momentum dependent exponent of general form, Eq. (46), that controls the line shape near the
one-fermion removal and addition s branch line is given by,

)

L , 2
UM =—1+) (% (U497 =y Pes(kr.q >> . (79)

=%1

As reported above, the parameter & is defined by Eq. (A.35) of Appendix A. The phase shift
D, (£2kF, ¢') is defined in Eq. (A.24) for m = 0.
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Fig. 7. The exponent & (k), Eq. (82) for y = 41, that controls the singularities in the vicinity of the s branch line whose
(k, w)-plane shape is defined by Eqgs. (76) and (78) for y = +1 is plotted for the one-fermion addition spectral function,
Eq. (80) for y = +1, as a function of the momentum k/2kr. The curves refer to several C = 0.10 — 30.00 values,
fermionic densities n (a) 0.3, (b) 0.7, (c) 1.0, (d) 2.0 and spin density m = 0. The type of exponent line associated with
each C value is for all figures the same.

The s branch line one-fermion exponents are plotted as a function of the momentum k in
Fig. 7 for one-fermion addition and in Fig. 8 for one-fermion removal. The curves correspond to
several C =0.10 — 30.00 values and fermionic densities #n (a) 0.3, (b) 0.7, (¢) 1.0, (d) 2.0.

The general expression, Eq. (46), of the one-fermion spectral function B, (k, ®), Eq. (2), near
the present s branch lines reads,

£ (K
By@;w)zc;JQm»—wdm) for (y  — wy(k)) >0 where y = +1, (80)

and C, ; is a constant that has a fixed value for the k and w ranges corresponding to small values
of the energy deviation (yw — ws(k)). The spectrum ws (k) in such an energy deviation is that in
Eq. (76).

The exponent & (k), Eq. (79), in the spectral function expression, Eq. (80), has in the C — 0
limit the following behavior for its whole momentum k intervals,

lim & (k) =1y .
CﬁO&() 14

Hence the y = +1 addition one-fermion spectral weight at and near these s branch lines vanishes
in the C — 0 limit.



74 T. Cade? et al. / Nuclear Physics B 942 (2019) 45-102

T
101 ——— =300 LOF b
— = 10.00
n=0.3 ==mm= =300 n=07
. — =100 _
0.51 m =0 - =030 | 051 4
€=0.10
& 0.0 0.0
- :-’-'y"; 1 |
e 2
EELELLLAIRt )
o - (a) " (b)
-0 74__-\_—-—\ I I ] _1'0—-—-——\-_747‘ I I ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
10 T T T T 10 T T T T
n=10 n=2.0
0.5 b 0.5F b
& 0.0 0.0
—0.5 B
(c) (d)
—10 I I | | 1

0.0 0.2 0.4 0.6 0.8

Fig. 8. The exponent & (k), Eq. (82) for y = —1, that controls the singularities in the vicinity of the s branch line whose
(k, w)-plane shape is defined by Eqgs. (76) and (78) for y = —1 is plotted for the one-fermion removal spectral function,
Eq. (80) for y = —1, as a function of the momentum k/2k . The soft grey region refers to the ground-state occupied
Fermi sea. The curves refer to several C = 0.10 — 30.00 values, fermionic densities n (a) 0.3, (b) 0.7, (¢) 1.0, (d) 2.0 and
spin density m = 0. The type of exponent line associated with each C value is for all figures the same.

As given generally in Eq. (51), for one-fermion removal for which lim¢g_, o &5 (k) = —1 the line
shape near the s branch line is not of the power-law form, Eq. (80), in the C — 0 limit. In that
limit it rather corresponds to the following §-function-like one-fermion removal spectral weight
distribution,

lim B (k. ) = 8(w+w,(0) =8(0— kD)) for kel—kr.krl, 81

where the expression of the s band energy dispersion for C — 0, Eq. (19) for m = 0, has been
used.

At zero spin density, m = 0, the importance of the s and ¢ branch lines is confirmed by
in the C — O limit they leading to the whole C = 0 non-interacting §-function-like one-fermion
removal and addition spectrum. Specifically, the s branch line gives rise in the C — 0 limit to
the C = 0 non-interacting one-fermion removal spectrum, Eq. (81), for its whole momentum
interval k € [—kr, kr]. Furthermore, the ¢ and ¢~ branch lines lead in the C — 0 limit to
the C = 0 non-interacting one-fermion addition spectrum for its whole momentum intervals k €
[—o0, —kF] and k € [kF, 00], respectively, as given in Eq. (62).

In the opposite C — oo limit the exponent, Eq. (79), in the spectral function expression,
Eq. (80), that controls the line shape near both the one-fermion removal and addition s branch
lines reads,
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1 k2
Es(k) = ) (1 - (5) )

for fermion removal at k € [0, kr]
for fermion addition at k € [kF, 3kF]. (82)

This implies that,
lim & (k) = L lim & (k) = 3. lim &(k)=0; lim &Gk )—5
k=0 T T hmky SN T TR koaky N T ok S TR

For C — oo and m = 0 the one-fermion addition exponent &(k), Eq. (79), continuously
changes from & (k) = —3/8 for k — kp to & (k) = 0 for k — 2k . For its other k ranges it is pos-
itive. In the case of one-fermion removal it continuously changes in that limit from &;(k) = —1/2
for k — 0 to & (k) = —3/8 for k — k.

4.4. The up-spin and down-spin one-fermion removal and addition spectral functions near the s
branch line

The up-spin and down-spin fermion removal and addition s branch line is generated by pro-
cesses that correspond to particular cases of the two-parametric processes that generate the
spectra, Eqgs. (38)-(41). For the up-spin and down-spin one-fermion spectral functions its one-
parametric spectrum plotted in Figs. 2 and 3 is thus contained within such two-parametric spectra.
(Online, the s branch lines are green in these figures.)

As at zero magnetic field, the one-parametric spectrum of this branch line is an even function
of k, w{ (k) = w7 (—k). The corresponding exponent given below is also an even function of &,
&2 (k) = &2 (—k). Hence for simplicity we restrict again our following analysis to k > 0. For
such a momentum range the up-spin and down-spin fermion removal and addition parts of the s
branch line refer to excited energy eigenstates with the following number deviations relative to
those of the initial ground state,

SNE=y; 80 =654/2; SNF =8o4y; 85F =0, NN =—y,p.
The spectrum w¢ (k) of general form, Eq. (44), is for the present branch line at k > 0 given
by,

7 (k) = —vo v £5(q') where
q' € [—kr4, —kp,] for 1 branch B fermion y = —1 removal
q' € [—kpy,kp,] for 1 branch A fermion y =+1 addition
q' € [—kF,,0] for | branches A and B fermion y = —1 removal
q € [—kFy,kFy] for | branch A fermion y =1 addition, (83)

and &;(g") is the s band energy dispersion, Eq. (18) for 8 = s. In the case of down-spin one-
fermion removal both the branches A and B of the spectrum, Eq. (40), contain the s branch
line.

The relation of the s band momentum ¢ to the excitation momentum k is,

k=8512kr —yovq >0. (84)
This gives,
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ke€lkpy,kpy] for 1 fermion removal y = —1,

kelkpy, 2kp +kp))] for 1 fermion addition y =+1, (85)
and

ke€[0,kpy] for | fermion removal y =—1,

kelkry, kry] for | fermion addition y =+1. (86)

The limiting behavior for C — 0 of the spectrum, Eqgs. (83) and (84), is given Eq. (C.6) of
Appendix C where the subdomains of the k intervals that correspond to one-fermion addition
(y = +1) and removal (y = —1) are provided in Egs. (85) and (86). For C — oo this spectrum
reads wg (k) = 0 for its whole k intervals.

As for zero spin density, the momentum k intervals in Eq. (86) reveal that the up-spin and
down-spin one-fermion addition s branch line is the natural continuation of the up-spin and
down-spin one-fermion removal s branch line. The momentum dependent exponent of general
form, Eq. (48), that controls the line shape near the up-spin one-fermion removal and addition s
branch lines is given by,

2
61 o) = 1+Z<‘V(g &) 5 ycbcs(czkm))
(=+1
0 1 2
Ly <Ly<s L +E0) +%—y¢s,sukm,q/>> | @

1==1

The exponent that controls it in the vicinity of the down-spin one-fermion removal and addition
s branch line reads,

2 2

g
Ey=-1+ ) ( €€+ O, (12kF, q)) > ( ¢+ D (thry,q))) . (88)
==+1 ==+1
This latter exponent has the same formal expression for y = —1 and y = +1, respectively.

The corresponding ¢’ ranges are though different, as given in Eq. (83). The phase shifts
D, (+2kp, q") and D, (Lkry, ¢’) in those exponents expressions are defined in Eq. (A.24)

and the j =0, 1 parameters & é p are defined in Eq. (50).

The s branch line one-fermion exponents are plotted as a function of the momentum & in Fig. 9
for up-spin one-fermion removal and addition and in Fig. 10 for down-spin one-fermion removal
and addition. The curves correspond to several C = 0.03 — 30.00 values, fermionic densities
n =0.7 and 2.0, and spin densities m = 0.15 and m = 0.65.

The general expression, Eq. (48), of the up-spin and down-spin one-fermion spectral function
Bs y (k, w), Eq. (4), is near the present s branch line given by,

o

C\E® i
By (k. ) = Cory.s (ya) — & (k)) for (y w— (k) >0 where y =+1,  (89)

and Cy,,, s is a constant that has a fixed value for the k and w ranges corresponding to small
values of the energy deviation (yw — @ (k)). The spectrum w (k) in such an energy deviation
is that in Eq. (83). The exponent £ (k) is given in Eqgs. (87) and (88).

The exponent £7 (k) has the following related behavior in the C — 0 limit for its whole &
intervals,
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Fig. 9. The exponent ’;‘ST (k), Eq. (87), that controls the singularities in the vicinity of the s branch line whose (k, w)-plane
shape is defined by Eqgs. (83) and (84) for ¢ =1 and Eq. (85) is plotted for the one-fermion removal and addition spectral
function, Eq. (89) for o =1, as a function of the momentum k/2kr. The soft grey region refers to the ground-state
occupied Fermi sea. The curves refer to several C = 0.03 — 30.00 values and spin density m = 0.15 and fermionic
densities n (a) 0.7 and (b) 2.0 and spin density m = 0.65 and fermionic densities (c) 0.7 and (d) 2.0. The type of
exponent line associated with each C value is for all figures the same.

lim £7() = s

Hence the up-spin one-fermion spectral weight at and near these s branch lines vanishes in the
C — 0 limit both for one-fermion removal and addition.

As given generally in Eq. (51), for the n, m, and k ranges for which lim¢_, ¢ ésl (k) = —1 the
line shape near the branch line is not of the power-law form, Eq. (89). As for zero spin density, in
that limit it rather corresponds to the following §-function-like down-spin one-fermion spectral
weight distribution,

: _ A _ (12 _ 12
éLrI})BL,,](k,w)—8<w+ws (k)) —S(a) (k k”))
for k€ [—kpy,kr,],
. _ N _ g2 g2
éTOB¢,+](k,w)—8<w ) (k)) 5(w (k k”))
for ke[—kFT,—k”] and kE[kF¢,kFT], (90)

where the expression of the s band energy dispersion for C — 0, Eq. (19), has been used. The
C — 0 limiting behavior reported in the latter equation for that energy dispersion appearing in
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Fig. 10. The exponent & sl (k), Eq. (88), that controls the singularities in the vicinity of the s branch line whose (k, w)-plane
one-parametric spectrum is defined by Eqs. (83) and (84) for o =] and Eq. (86) is plotted for the down-spin one-fermion
removal and addition spectral function, Eq. (89) for o =|, as a function of the momentum k/2k . The soft grey region
refers to the ground-state occupied Fermi sea. The curves refer to several C = 0.03 — 30.00 values and spin density
m = 0.15 and fermionic densities n (a) 0.7 and (b) 2.0 and spin density m = 0.65 and fermionic densities (c) 0.7 and
(d) 2.0. The type of exponent line associated with each C value is for all figures the same.

the spectrum a)si (k), Eq. (83), confirms that the latter spectrum becomes in the C — 0 limit the
corresponding C = 0 non-interacting spin-down fermionic spectrum, as given in Eq. (90). This
applies to its whole & interval except for down-spin fermion addition for k € [—00, —kF4] and
k € [kFy, 00], as further discussed in Section 4.5.

For the & interval for which lim¢g_, ¢ Ssi (k) = 0, the down-spin one-fermion addition spectral
weight at and near the present s branch line vanishes in the C — 0 limit.

For C — oo and m — n we find the following exponent expressions for the up-spin one-
fermion removal and down-spin one-fermion addition s branch line,

1/ k\> 2 1 k 2
My = = = il _ -
& (k) = 3 (nn) + = {arctan(zcot(zn))}

4 fermion removal for k € [0, 2kF],

£ L, k\? L2 an (L (X 2
=—|1-|— — larctan | —tan { —
s 2 n 72 2 2n
J fermion addition for k € [0, 2kF].

This then implies that,
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lim £ (k) L im el (k) 1 +2 ! arctan Y 0.16856; lim &1 (k) :
=—; 1 = = — = ~ 0. X ==
k—0° 27 k—kp S 8 T 2 k—2kp ¢ 2

lim £} (k) = Lo gd (k) = 3+2 L aretan (X . 0.33144;
oo T T (AR T Ty A\ ) T

lim &Y(k) = ! )
k—2kp * 2

Analysis of these expressions and values reveals that in the C — oo and m — n limits the
up-spin one-fermion removal exponent éﬁ (k) smoothly decreases from EST (k)=1/2fork — 0
until it reaches a minimum value at k = k. For k > kF it continuously increases to EST k)y=1/2
as k — 2kr. In the same limits, the down-spin one-fermion addition exponent éf (k) smoothly
varies from &} (k) = —1/2 for k — 0 to &} (k) = 1/2 for k — 2kp.

Moreover, analysis of Fig. 9 for other spin densities shows that the exponent EST (k) only
becomes negative for a part of the s branch line k interval. It starts at k = kr | and ends at a
k momentum that for smaller and larger spin density values refers to one-fermion addition and
removal, respectively. The C values for which it is negative depend on the densities.

For C > 0 the exponent Esi (k), whose k dependence is plotted in Fig. 10, is in general negative.
The exception refers to a small k region. It corresponds to the larger k values of its range. For the
k ranges for which it reads —1 for C — 0, it remains being an increasing function of C for the
whole C interval. However, for the £ domains for which it is given by 0 in the C — 0 limit, upon
increasing C it first decreases, goes through a minimum value, and then becomes an increasing
function of C, until reaching its C — oo limit k dependent values.

4.5. The up-spin one-fermion removal and down-spin one-fermion addition “non-branch lines”

On the one hand and as discussed in Section 4.3, at zero magnetic field the ¢* and s branch
lines lead in the C — O limit to the C = 0 non-interaction §-function-like one-fermion addition
and removal spectra for their whole & intervals, as given in Egs. (62) and (81).

On the other hand, at finite magnetic field and finite spin density the ¢* and s branch lines
lead in the C — O limit to most k intervals of the C = 0 non-interaction §-function-like up-spin
and down-spin one-fermion addition and removal spectra, respectively. This is confirmed from
analysis of the up-spin one-fermion spectral function expressions obtained from the ¢ branch
lines in Eq. (72) and of the expressions of the down-spin one-fermion spectral function obtained
from the s branch lines in Eq. (90).

However and as mentioned above, at finite magnetic field some k subintervals of the C =0
non-interacting removal up-spin and addition down-spin one-fermion spectra do not stem from
branch lines. This refers to the momentum interval k € [—kp, kF ] for up-spin one-fermion
removal and to the momentum intervals k € [—00, —kF4] and k € [kF4, 0o] for down-spin one-
fermion addition.

The C = 0 non-interacting up-spin one-fermion removal spectral weight missing for k €
[—kry,kry] stems in the C — O limit from a C > 0 s’ spectral feature that is generated by
transitions to excited energy eigenstates whose number deviations relative to those of the initial
ground state are given by,

SNF =8JF =0; NN =—1; sNF=1; s0F =+1; sNN =—1.

C N N
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The one-parametric spectrum of this line reads,

a)‘j,(k) = —&5(—k) — ec(£2kp|) = —&5(q") — ec(£2kp) where ¢’ € [—kp,,kp,] and
k=—q" €l—krpy. kry].
Here ¢.(g) and &;(gq’) are the ¢ and s band energy dispersions, Eq. (18). While the line shape
expression near the present s’ line involves within the PDT state summations difficult to be

performed analytically for C > 0, in the C — 0 limit its exact line shape becomes §-function-
like,

Jim By 1k, ) =5(w+wj,(k)) =8<a) e —k%T)) for k € [~k kr,].

Here the expression of the ¢ and s energy dispersions for C — 0, Eq. (19), have been
used.

The C = 0 non-interacting down-spin one-fermion addition spectral weight missing for k €
[—oo, —kp ] and k € [kF, o0] stems in the C — O limit froma C > 0 ¢’ spectral feature that is
generated by transitions to excited energy eigenstates whose number deviations relative to those
of the initial ground state read,

SNF=0; s7F =+1/2; 6NN =1; sNF=67F =0; sNNF=1.
The one-parametric spectrum of this line is given by,

wj, (k) =ec(k —kp,)+ &s(—kps) with interval
k=q+kp, €[—00,—kpy] for g € [—00, —2kF]
wj, (k) =ec(k+kp,)+es(kpy) with interval
k=q—kp| €lkpy,00] for g € [2kF, 00].
Again, the line shape expression in the vicinity of this ¢’ line involves within the PDT state

summations difficult to be performed analytically for C > 0. In the C — 0 limit that line shape
becomes §-function-like,

: _ _ 0 — (12 12
lim By 41 (k. ) _3(0) wc,(k)) 8(a) (k k”))
for k € [-o0, —kpy] and [kfp4, 00],

where the expressions of the ¢ and s energy dispersions for C — 0, Eq. (19), have again been
used.

4.6. The one-fermion removal boundary line at zero magnetic field

As given in Eq. (53), the line shape near a one-fermion removal boundary line singularity
is power law like, By, (k, w) « (w + wpL k)~ 2 with a negative momentum independent ex-
ponent, —1/2, and an energy spectrum wpy (k) whose details at zero spin density are further
studied in this section. Such one-fermion removal boundary lines emerge from the ¢* branch
lines of energy spectrum w, .+ (k), Egs. (58) and (59) for y = —1, at a well-defined momentum
kmin~

For simplicity, here we consider the boundary line emerging from the ¢+ branch line. The
spectrum of that emerging from the ¢~ branch line is generated from that considered here by
interchanging k and —k. We call ¢ = g5 and ¢’ = ¢B* a pair of ¢ band and s band momenta
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such that, v, (qf Ly = (qSB Ly which as given in Eq. (52) are those that contribute to a boundary
line. For the branch A of the two-parametric spectrum wg (k), Eq. (34), the one-fermion removal
boundary line spectrum reads,

wpL(k) = —eckr —k —q]") —e5(q7") = —ec(q’") — esQhkr —k+4¢7"])
for v.(2kr —k — qu) = vs(quL) and
equivalently vc(qu) =v;2kr —k+ qCBL])
with sgn{qfl‘} = sgn{qSBL} and k interval
k=2kp —qBt — qBL € [kin, kmax] where kpin =kr — q° € [—kr, kF]
and ¢° € [0, 2kr]. (91)

The excitation momentum interval, k € [kpin, kmax ], 1s that for which the boundary line exists.
Only for that interval is it a limiting line of the two-dimensional (k, w)-plane domain associated
with the branch A of the two-parametric spectrum wg(k), Eq. (34). The limiting values of the
interval k € [kin, kmax ] read,

kimin = kr — q° € [—kp, kp]
kmax = 4k — kimin = 3kr +q° € [3kF, Skr]. (92)

The reference ¢ band momentum value q? appearing here is defined by the following velocities
relation,

ve(qY) = vy (k) . (93)

Useful limiting values of the reference ¢ band momentum q? and of the momenta k,;,;;, and k4
defined in Eq. (92) are given in Eq. (D.3) of Appendix D.

The present one-fermion removal singular boundary line is at zero spin density represented in
the spectrum plotted in Fig. | by a dashed-dotted line. For momentum intervals different from k €
[kmin,s kmax] of the two-parametric spectrum wg (k), Eq. (34), its two-dimensional (k, w)-plane
domain is not limited by a boundary line as defined in Eq. (52). Indeed, for such k values one
has that |v.(g)| > vs(kr) and the condition v.(2kp — k — q’) = vs(q’) cannot be met, as v (kr)
is the maximum absolute value of the s band velocity for ¢’ € [—kp, kr].

Further information on the boundary line spectrum, Eq. (91), is given in Appendix D.

4.7. The up-spin and down-spin one-fermion removal boundary lines

As at zero spin density, the line shape near a up-spin and down-spin one-fermion boundary
line singularity given in Eq. (56) is power law like, B, ), (k, w) o (@ + w%L(k))’]/z, again with a
negative momentum independent exponent, —1/2, and an energy spectrum w%, (k) whose details
are further studied in this section. Such up-spin and down-spin one-fermion removal boundary
lines emerge from the ¢* branch line of energy spectrum 7 (k), Egs. (64) and (65) for y = —1,
at momentum k. .

As for zero spin density and for simplicity, here we consider the boundary lines emerging from
the ¢ branch line. The spectrum of those emerging from the ¢~ branch line is generated from
that considered here by replacing k by —k. For branches A of the two-parametric spectra w% (k),
Egs. (38) and (40), the up-spin (¢ =7) and down-spin (¢ =|) one-fermion removal boundary
lines spectrum reads,
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why () = —eclkp —k+qBL) +e,(qP") = —ec(qBh) + e5 (k — ¢F1)
for wv.(—k+ qBL) = vs(qSBL) and equivalently vc(qu) =vs(k — qu) with
k=—qB" +gBl e[k}, k]
wpy (k) = —ecQkp —k — qPL) — e,(qBL) = —ec(gP) — &, 2kp — k +¢51)
for v.Qkp —k— qu) =y (qBL) and
equivalently v, (qc Ly = vy (2kp — k4 ¢BL]) with
k=2kp —qPl —qPl ekt Kk} ]

min’ “max

where s.gn{qC }:sgn{qs Ly for both o =M. (94)

The o =%, | excitation momentum intervals k € [k ., k7, .| are those for which the cor-
responding boundary lines exist. For k € [kS ., kg ,.] the boundary lines are limiting lines of
the corresponding two-dimensional (k, w)-plane domains associated with the branches A of the
two-parametric spectra % (k), Egs. (38) and (40), respectively.

The limiting values of the o =1, | intervals k € [k, , k] are given in Eq. (D.4) of Ap-
pendix D. Also further information on the up-spin and down-spin boundary line spectra, Eq. (94),
is provided in that Appendix.

The up-spin and down-spin one-fermion removal singular boundary lines are at finite spin
density represented in the spectra plotted in Figs. 2 and 3 by dashed-dotted lines. As at zero
magnetic field, for momentum intervals different from k € (k7 , k] of the two-parametric
spectra w% (k), Egs. (38) and (40), such spectra two-dimensional (k, w)-plane domain is not
limited by a boundary line as defined in Eq. (54).

5. The spectral function power-law behaviors in the low-energy TLL regime

The expression of the one-fermion spectral functions near the branch lines, Eqgs. (46) and
(48), is valid for energy scales beyond the reach of the low-energy TLL [31-34]. However, as
for the related 1D Hubbard model [45], the PDT also applies to the TLL low-energy regime
whose spectral-function exponents near the ¢* and s branch lines are different from those of the
high-energy regime.

The processes that generate a branch line involve creation of a single ¢ or s particle or hole
away from the corresponding Fermi points. They also involve creation of a single s or ¢ parti-
cle or hole, respectively, at the corresponding Fermi points. Finally, such processes are dressed
by low-energy and small-momentum multiple particle-hole processes around the two branches
Fermi points.

As reported in Section 2.3, the single ¢ or s particle or hole created away from the correspond-
ing Fermi points within the high-energy regime is in the TLL regime and cross-over to it rather
created at bare c and s band momenta with absolute values |g| € [2kr — k(} o 2kp + k ] and
lg’| € [kry — F s kpy + k0 5], respectively. In the high energy regime, the group Ve1001ty of the
c or s particle or hole created away from its Fermi points is different from the ¢ or s band Fermi
velocity at any of the ¢ and s band Fermi points, respectively. In contrast, in the low-energy TLL
regime that ¢ or s particle or hole velocity becomes the ¢ or s band Fermi velocity, Eq. (22), of
the low-energy particle-hole excitations near one of the ¢ or s Fermi points. Hence the c or s
particle or hole under consideration loses its identity, in that it cannot be distinguished from the
c or s particles or holes in the particle-hole excitations.
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It turns out that, as a result, in the TLL regime the y = ¢, ¢/, s branch line exponents expres-
sion £ = —1 4+ 2AF" + 2471 +2AF +2A7", Eq. (46), at m =0 or £f = —1 +2A%" +
2A7 +2AF +2A 7, Eq. (48), for m > 0 loses one of its four 2As. Specifically, in the case of
the ¢ or s particle or hole it loses the 2A!. and 2A{ term, respectively, whose sign ¢ = %1 is that
of the Fermi point whose velocity is the same as its own velocity. The corresponding expressions
of the exponents in the high-energy spectral function expressions are thus different from those of
the TLL regime.

Specifically, in the low-energy TLL limit a branch-line energy reads %y vg (k — ko) where
B =cand B =s for the ¢* and s branch lines, respectively, and +vg is the corresponding Fermi
velocity, Eq. (22). Indeed, its group velocity equals in that limit the 8 band Fermi velocity. For
small excitation energy w ~ £y vg (k — ko) the behavior of the one-fermion spectral function
By, (k,w), Eq. (2) at m =0 and By, (k, w), Eq. (4), for m > 0 near such a branch line remain
power-law like. It reads,

;
B, (k. ) (ywzpv,g (k—ko)) * for (y @ F vp (k —ko)) >0 where

fe=—1-2AF"+ Z ZZA},, and (y w) ~ g (k —ko) for f=c,s,

p'=c,s1==%1
(95)
at m =0 and,
ZU
Bs oy (k, w) x (y o Fvg (k— ko)) * for (y o Fvg (k — ko)) = 0 where
(g =—1-2a%"+ Z Z 2AY, and (y @) ~ v (k — ko) for p=c.s,
B'=c,s1==%1
(96)

for m > 0.

The expression of the exponents ¢+ and ¢{ now only involves three 2As, as reported above.
Moreover, such 8 = ¢, s and ¢ = %1 functionals 2Ai3, Egs. (47) and (49), now do not involve
high-energy deviations away from the Fermi points. They read,

SNF SIF\\’
ZA‘C:(g_O 26 +§0(3Jf+ ;)) and

t 1 F 3Nf F ?
2AS=§ t| 8Ny - +68J; for « ==+1, o7
at m = 0 where & is the parameter defined in Eq. (A.35) of Appendix A and,
2
‘ 0 ‘Sng 1 F
204 = Z tfﬁﬂ/T+Eﬂﬂ/5Jﬂ/ for B=c,s and (= =£1, (98)

B'=c,s

at m > 0 where the j = 0, 1 parameters “g‘j , are defined in Eq. (50). The spectral function
expressions, Egs. (95) and (96), are valid at small energy (y w) and for small energy deviations

(y @ F vg (k — ko).



84 T. Cade? et al. / Nuclear Physics B 942 (2019) 45-102

In the case of a large finite system, there is a cross-over regime between the low-energy
TLL regime and the high energy regime within which the above quantity 2A. or 2A! gradu-
ally vanishes. Such a cross-over regime momentum and energy widths are very small or vanish
in the thermodynamic limit. Since our studies refer to the thermodynamic limit, such a cross-over
regime is not among the goals of this paper.

Finally, within the TLL regime at finite spectral-weight (k, w)-plane regions near a point
(ko, 0) in directions other than a branch line the spectral functions behave at small excitation
energy w as,

¢
By (k, w) x (y w) for (y w) >0 where

c=-2+ Z ZzAg, and (y ) # +vg (k — ko) for B=c,s, (99)
B'=c,s 1==%1

at m =0 and,

o

¢
Bs.y (k, w) x ()/ w) for (y w) >0 where

C=-2+ Z Z 2AY and (y w) # +vg (k —ko) for B=c,s, (100)

'=c,s 1==%1

for m > 0 where the ¢t = +1 functionals 2A%; in the exponent expression in Egs. (99) and (100)
are those given in Eqs. (97) and (98), respectively.

6. Discussion and concluding remarks

In this paper we have studied the high-energy one-fermion spectral properties of the 1D re-
pulsive fermion model, Eq. (1), and specifically the momentum and energy dependence of the
exponents and energy spectra that control the line shape of the one-fermion spectral function,
Eq. (2), at zero magnetic field and of the up-spin and down-spin one-fermion spectral functions,
Eq. (4), at finite magnetic field near those functions singularities.

That fermionic model is an interacting system characterized by a breakdown of the basic
Fermi liquid quasiparticle picture. Indeed, no quasiparticles and no quasi-holes with the same
quantum numbers as the corresponding free fermions occur when the interacting fermion range
of motion is restricted to a single spatial dimension [34,35]. In 1D, correlated fermions rather split
into the basic fractionalized charge-only and spin-only particles whose representation is used in
our study. That for finite repulsive interaction the generators of the exact energy eigenstates onto
the fermion vacuum are naturally expressed in terms of creation onto it of such fractionalized par-
ticles renders it the most suitable representation to study the up-spin and down-spin one-fermion
spectral functions.

The many-fermion system non-perturbative character is thus the reason why in this paper we
have used a language other than that of a Fermi liquid. Our analysis of the problem focused on
the vicinity of two types of singular features: The one-fermion removal and addition branch lines
whose (k, w)-plane spectra general form is given in Eq. (42) for zero spin density and in Eq. (44)
for finite spin density and the one-fermion removal boundary lines whose (k, w)-plane spectra
general form is provided in Eq. (52) for m =0 and in Eq. (54) form > 0. The B =c*,c™,s
branch lines are represented in Figs. 1-3 by solid lines and dashed lines for the k ranges for
which the corresponding exponent £g(k), Eq. (46), for m =0 in Fig. 1 and 5/‘3’ (k), Eq. (48), for
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m > 0 in Figs. 2 and 3 is negative and positive, respectively. The one-fermion removal boundary
lines are in these figures represented by dashed-dotted lines.

Which is the physics behind the occurrence of separate charge and branch lines beyond the
low-energy TLL regime where the one-fermion spectral singularities are located in the (k, )
plane? This follows from at all energy scales the exotic charge and spin fractionalized particles or
holes moving generally with different speeds and in different directions in the 1D many-fermion
system. The fermions degrees of freedom in the system have this ability because they behave
like separate waves. When excited upon fermion removal or addition, such waves can split into
multiple waves, each carrying different characteristics of the fermion.

This occurs because collective modes take over, so that the one-fermion removal and addi-
tion excitations studied in this paper indeed do not create single Fermi-liquid quasiparticles or
quasi-holes with the same quantum numbers as the free fermions. Such one-fermion excitations
rather originate an energy continuum of excitations that display non-Fermi-liquid singularities
on the charge and spin fractionalized particles branch lines and boundary lines. Consistent, the
(k, w)-plane line shape near such spectral features is not §-function like as in a Fermi liquid. It
rather is power-law like, controlled by negative exponents that for the charge and spin branch
lines are momentum, interaction, and fermionic and spin densities dependent.

On the one hand, the one-fermion removal excitations boundary lines refer to charge and spin
fractionalized holes moving with the same velocity whose energy spectrum has thus contributions
from both their charge and spin energy dispersions. On the other hand, the energy dispersions of
the charge and spin fractionalized particles and holes fully control the shape of the correspond-
ing charge and spin branch lines spectra, respectively, whose momentum slope corresponds to
their generally different velocities. The fractionalized charge-only and spin-only particles and
holes associated with such spectral features emerge within the 1D many-fermion system. They
cannot though exist independently, outside such a system. Moreover, they are not adiabatically
connected to free fermions.

To access the expressions of the one-fermion spectral functions near the branch lines and
boundary lines singularities, we have used the PDT, which applies to the present model and
other integrable models [40—44]. For the k ranges for which the (i) branch lines exponents &g (k)
at m =0 (ii) and o =%, | branch lines exponents Eg (k) for m > 0 (which are plotted in (i)
Figs. 4, 7, and 8 and (ii) in Figs. 5, 6, 9, and 10, respectively) are negative, there are singularity
cusps in the corresponding one-fermion spectral functions, Eqgs. (2) and (4). The same occurs in
the (k, w)-plane vicinity of the one-fermion removal boundary lines.

The C > 0 branch lines singularity cusps play an important role in the model physics. For
instance, at zero spin density the ¢* and s branch lines lead in the C — 0 limit to the C = 0
non-interacting §-function-like one-fermion addition and removal spectrum for their whole k in-
tervals, as given in Eqs. (62) and (81). At finite spin densities this applies to most of the momen-
tum k ranges of the up-spin and down-spin one-fermion spectrum. This can be confirmed from
a combined analysis of the up-spin one-fermion spectral function expressions obtained from the
¢ branch lines in Eq. (72) and of the expressions of the down-spin one-fermion spectral function
obtained from the s branch lines in Eq. (90).

The momentum subranges for which at m > 0 the C = 0 non-interacting §-function-like one-
fermion spectrum does not stem from branch lines are k € [k, kp ] for up-spin one-fermion
removal and k € [—00, —kpy] and k € [kf4, o0] for down-spin one-fermion addition. The PDT
also accounts for the processes that give rise in the C — 0 limit to the C = 0 one-fermion spec-
trum at such k intervals. However, the expression of the corresponding one-fermion spectral
functions near the spectral line features under consideration involve state summations difficult to
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analytically compute for C > 0. (Those C > 0 line features are represented in Figs. 2 and 3 by
sets of diamond symbols.)

The interacting spin-1/2 fermions described by 1D repulsive fermion model, Eq. (1), can
either be electrons or atoms. Which is the relevance and consequences for actual physical systems
of the theoretical results of this paper on the up-spin and down-spin one-fermion removal and
addition spectral functions, Egs. (2) and (4)? Can their spectral singularities be observed in actual
systems both at zero and finite magnetic fields?

In condensed matter materials at zero magnetic field, angle resolved photoemission spec-
troscopy (ARPES) directly measures the spectral function of the electrons [46]. ARPES removes
electrons via the photoelectric effect. This technique does not apply at finite magnetic fields
and can only measure occupied one-electron states. To measure the unoccupied states, there is
inverse photo-emission spectroscopy or as well as tunneling experiments [46]. Quasi-1D and
1D condensed matter systems are in general rather described by toy lattice correlated electronic
models the simplest of which is the 1D Hubbard model [8,9].

Concerning the relation of our theoretical results on the spectral functions of the 1D con-
tinuous fermionic gas with repulsive delta-function interaction to actual physical systems, that
model can be implemented with ultra-cold atoms [11-17]. The ability to study ultra-cold atomic
Fermi gases actually holds the promise of significant advances in testing fundamental theories of
the corresponding many-fermion quantum physics. This applies to the results presented in this
paper.

Momentum-resolved radio-frequency (RF) spectroscopy [14,15] and Bragg spectroscopy
[16,17] are techniques to measure the spectral functions in ultra-cold atomic gases. In partic-
ular, momentum-resolved RF is a tool to achieve an analogue of the photoemission spectroscopy
measurement for ultra-cold atomic gases. The spectroscopy takes advantage of the many spin
states of the atoms in these cold gases. Can our results about one-fermion singular spectral fea-
tures at magnetic field be used as theoretical predictions of ultra-cold spin-1/2 atomic gases
experiments?

In a magnetic field, the degeneracy of the spin states of the atoms is split by the Zeeman in-
teraction and at magnetic field strengths around the Feshbach resonance. This Zeeman splitting
is much larger than other energy scales in the system. Fortunately, all the spin-relaxation mecha-
nisms available to atoms in some of their spin-states are either forbidden or strongly suppressed,
so a gas of atoms in those spin states stays that way without relaxing.

Momentum-resolved RF spectroscopy, takes advantage of the fact that the RF photon has a
negligible momentum compared to the momentum of the atom. As a result, the spin-flip transition
does not change its momentum state. In the language of photoemission spectroscopy this is a
vertical transition. The momentum of the spin-flipped atom, and thus the momentum of the atom
inside the interacting system, can be measured in a time-of-flight experiment. Importantly, with
this information, one can indeed reconstruct the one-fermion spectral function and thus use the
present results as a theoretical prediction and check their relevance and consequences for actual
physical systems [14,15].

Finally, it is interesting to briefly discuss here some complications that momentum-resolved
RF spectroscopy removes compared to ARPES for condensed-matter systems as well as other
new complications that it though introduces. For example, ARPES suffers from ejected electrons
colliding with other electrons on their way out of the material [46]. This introduces a background
signal and limits ARPES to probing near the material surface. With ultra-cold atoms, the inter-
actions between the atoms in the out-coupled spin state and the rest of the atoms is so weak that
this is not a problem. Indeed, the mean free path of the out-coupled atom is much larger than the
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system size [15]. Furthermore, in ARPES there is a matrix element for the process of removing
an electron with a photon that depends on the angles and wave-vectors of the photon and elec-
tron [46]. This matrix element is not always known well enough to divide out. In the ultra-cold
atom case, the emission process is simply a Zeeman spin-flip transition and the matrix element is
constant [47]. Experimentally, the photon source in the atom case is a RF field. It is far easier to
produce than a synchrotron x-ray radiation ARPES source or even then a laser based ultra-violet
ARPES source. Moreover, the detection of atoms by time-of-flight absorption imaging is simpler
than the detection of electrons with an electron spectrometer. It requires only a low power laser,
charge-coupled device camera, and imaging optics. Another general advantage is the ability of
ultra-cold atom gas experiments to reproduce identical samples repeatedly. In contrast, this can
be a real challenge in ARPES for condensed-matter materials.

To acquire the full spectral function, in the case of the ultra-cold atoms a range of frequencies
are needed. On the contrary, with ARPES the entire spectral function can be measured with
a single photon frequency. This follows the non-conservation of momentum and energy in the
direction perpendicular to the material surface, as discussed in Ref. [46]. In ARPES, the energy
resolution of the measurements is typically set by the detector resolution. It can be made very
small compared to the Fermi energy, specifically, meV compared to eV [46]. In the ultra-cold
atom case, the energy resolution is Fourier limited by the duration of the RF pulse. It must be
kept much shorter than the oscillation period of the confinement potential. This is needed in order
to keep the momentum of the out-coupled atoms from changing.

In conclusion, the relevance and consequences for actual physical systems of our detailed
theoretical study on the up-spin and down-spin one-fermion removal and addition spectral func-
tions, Egs. (2) and (4), of the 1D repulsive fermion model, Eq. (1), at and near such functions
singularities where most of the spectral weight is located in the (k, w) plane, can be checked
by experimental studies of ultra-cold spin-1/2 atomic systems. Those can rely on momentum-
resolved RF spectroscopy [14,15] or Bragg spectroscopy [16,17]. An interesting program would
thus be the observation of the one-atom spectral weight distributions over the (k, w) plane associ-
ated with the spectral functions studied in this paper in systems of spin 1/2 ultra-cold fermionic
atoms on optical lattices, simulating both a vanishing and finite magnetic fields.
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Appendix A. Useful quantities and limiting behaviors and values

The 1D repulsive fermion model, Eq. (1), BA solution ground-state charge momentum rapid-
ity function k = ko(g) € [—00, oo] where g € [—o0, 00], whose inverse function ¢ = g (k) has
thus also domain k € [—00, 00], is defined by the equation,
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—2A

B
1 2k
qk)y=k+ — / dA2mo(A) arctan( ) for k € [—o0, 00]
b4

q(£0Q) = +£2kr where =+ Q = ko(£2kF)
q(£00) = o0 where =+ 0o =ko(d00), (A.1)

where C > 0. Moreover, the ground-state spin rapidity function A = Ag(g’) domain is g’ €
[—kF4, kFt], whose inverse function ¢ = g(A) domainis A € [—00, 00], is defined by the equa-
tion,

2A =2k
q(A) = dk2mp (k) arctan ( c >

1
T

/

dA 2wo(A') arctan < ) for A € [—o0, 00]

éﬁ\w flﬁ\m

q(£B) =*%kp, where £ B = Ao(£kr})

q(£00) = +kpy where £ o00=Ao(Lkpy) and kpy =2kp —kpy =mny. (A2)
(Here we distinguish the functions ¢ = g (k) € [-00, 00] and ¢ = g(A) € [—kF4, kpy] by their
variables reading k and A, respectively.)

The charge distribution 2w p (k) and the spin distribution 2w o (A) appearing in the above
equations are such that,

’ dq(k) =~ Ok(g) 1 dg(A) ~ 9A(q) 1
mp(k) = ; o (A) = ; = .
ok dq 27r,o(k( )) oA aq 2no(A(q))
(A.3)
They are solutions of the coupled integral equations,
2 ‘ 2o (A
i
s 1+( )y
and
2 i 2mp(k 2ro (A
T b4 ’
cp L (A kA (o ))

respectively. From the use of Eq. (A.4) in Eq. (A.5) one obtains the following single integral
equation for the spin distribution 2o (A),

B

2o (A) = C/ 2A 2k)2 /dA/G(A,A/)ZTL'O'(A/)’ (A.6)
—-B

where the kernel reads,
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0
G(A,N) = ! ! 4 / dk !
T onwc a-a\> wC 2A-2k)\2 2072k |2
() T ) (1 (o)
(A7)
The k integral in this expression can be solved analytically, with the result,
G(A,N) = %A 2A Z—A/ where
’ - C c’ cC
, 1 1 1 ,
Ar,ry=———| —— | x|{1—— Z (¢)yarctan F,(r) + arctan F,(r")
2w r—r' 2 2
1+ (T) 1==1
N In(1 + F2(r)) — 11/1(1 + F2(r')) }> ond
r—r
20
Fl(r)zr—l—t?. (AS)
As given in Eq. (A.3), the charge distribution 2w p (k) and the spin distribution 27 o (A) are

such that 2mp (k) = % and 2ro(A) = a%x\), respectively. Hence they are defined by the

equations,

ko(q) Ao(g")
q= / dk2mp(k) and ¢’ = / dA2mo(A),
0 0

respectively. The parameters Q and B are then self-consistently defined by the equations,

B
2kF:/dk2np(k) and kp, =/dA27m(A),
0 0
respectively.
It follows that,
B
1 20 —2A
2kp=Q + — / dA2mo(A) arctan —c )
T
-B

and

B
2B — 2k 1 B—A
kpy = dk2mp(k) arctan( c > - — / dA2mo(A) arctan (T) .
T

| =
|
IQ\(Q

Note that Egs. (A.1) and (A.2) are equivalent to the following equations,

kpi

q=ko(q) + % / dq’ arctan <w) for g €] — 00, o0, (A9)

_kF~L
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and
2kp

1 2A0(q") — 2ko(q”
q/ - _ / dq// arctan ( 0(q ) ; 0(61 ))
T

—2kp
kFL / "
— % / dq” arctan <M) for ¢’ € [—kpr, kpy], (A.10)
—kp)
respectively. Here the integrals run over the ground-state momentum occupancies q” €
[—kFy,kFy] of the s band and q" € [—2kp, 2kp] of the ¢ band whereas Egs. (A.9) and (A.10)
define the functions Ag(g") and ko(g) for their whole momentum ranges ¢’ € [—kFs,kFs] and
q €] — 0o, oo, respectively.
Each occupied ¢ band momentum ¢ is associated with one ¢ pseudoparticle and occupied
s band momentum ¢’ with one s pseudoparticle. The range of the corresponding ¢ band holes
and s band holes is thus |g| € [2kF, o0] and |¢'| € [kr 1> kF4], respectively. For the alternative
rapidity variables the ground-state momentum occupancy ranges refer to A € [—B, B] for the s
band and k € [—Q, Q] for the ¢ band whereas the corresponding full ranges are A € [—00, 0]
and k € [—o0, 0], respectively.
The distributions 7.(A) and ny(A) in Eq. (18) are solutions of the integral equations,

nv(A)
ne(k) = 2k+—/ 1+ v 2A) (A.11)
and
k) 1 ¢ (A)
77c / nS
ns(A) = —5 / ——— = | AN ———— (A.12)
7C 1+(2A 2k) nC_B 1+(A A,)>

From the use of Eq. (A.11) in Eq. (A.12) one obtains the following single integral equation
for the distribution ny(A),

B
2k

2 ! I /
ns<A>—n—C/de+/dA G(A, M) ns(A), (A13)
_ [¢ -B
where the kernel is that already given in Eq. (A.7).

On the one hand, the dispersion eg(q) in Eq. (23) reads sg(q) = éc(.)(ko (g)) where the related
dispersion éco (k) is given by,

B
-0 5 1 2k —2A
g. (k) =k ~|—; d A ng(A) arctan — )

On the other hand, £%(¢") = £%(Ao(q")) where £2(A) = f£ dA'2t n(A'), so that,

Q B
_0 1 2A — 2k 1 , , A—A
g, (A) = - dk n.(k) arctan — ) dA ng(A") arctan C .

-0 _B
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The distributions given in Eqgs. (A.11) and (A.12) are such that,
ddc(k) 38 (k) dEs(A)  3E2(A)
(k) = =—° d A) = =3 , A.l14
ne(k) ok 9k and n5(A) ETN EVN ( )
respectively.
The ¢ and s group velocities, Eq. (21), can be written as,
d&(k) dko(q) o 085(A) dA0(q)
ve(g) = and vs(q) = ——— .
ok dq A aq
One then finds from the use of Egs. (A.3) and (A.14) that,
ne(k) / ns(A)
(q) = —— k= d v = ——— | A=Ao(d)) » A.15
ve(q) 200 lk=ko(q) and vg(q’) o () [a=Ao(q") (A.15)

where the distributions 2 p (k) and 2o (A) are the solutions of Egs. (A.4)-(A.6) and the distri-

butions 7. (k) and n;(A) are the solutions of Egs. (A.11)-(A.13).
The ¢ and s Fermi velocities then read,

7:(0) L (B
379(0) and vg(Fkp)) = iZna(B) .

The expressions of the energy scales 2 and 2 p h given in Eq. (24) can be expressed as,

ve(£2kp) = £

(A.16)

B
0 0 5 2 20 —2A
2 =2e,(2kp) — g5 (kpy) =20 + o dA ng(A) arctan —
0
1 2k — 2B
+ — f dk n.(k) arctan
T C
-0
B
1 , , A —B
— — | dA"ng(A)arctan
T C
—-B
1 i 2k — 2B
2uph = —eg(kjw) =— / dk ne(k) arctan( >
b4 C
-0
B
1 , , A —B
— — [ dA ng(A)arctan . (A.17)
b4 C

The particle ¢ energy dispersion bandwidth of the occupied ¢ Fermi sea reads,

WE = —¢£.(0) = —2.(0)
B

, 1 2A 20 -2A
=0°+ - / dAng(A) <arctan <?> + arctan (T)) . (A.18)

—B
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The energy bandwidth of the s bands £?(¢’) and &;(g’) is given by,
Wy =& (krp) = £)(0) = e5(kpy) — £5(0)
=£(00) = £(0) = &(00) — (0. (A.19)
Here 82(ka) = Eso(oo) =0 so that,
Q B
0 1 2%\ 1 L A
Wy=—8;,0)=— | dknc(k)arctan | — | — — | dA"ns(ANarctan| — ).  (A.20)
T C bid C
-0 _B
The s energy bandwidth W, can be written as,
Wy =W? + W where W/ = —¢,(0) = —&,(0) and W/ =¢,(kpy) =2uph. (A21)

W? and WYh are here the energy bandwidths of the occupied and unoccupied s Fermi sea, re-
spectively. Hence,

0 B
p 1 2k 1 A
Wy =;/dk ne(k) arctan v —;/dA ns (A) arctan el —2uph. (A.22)

For all C > 0 values the energy scale Wf is an increasing function of the magnetic field & with
the following limiting behaviors,

Jim W' =0 and Jim W' =2uph,, (A.23)

where the 2 ph, expression is given in Eq. (25).
The phase shifts contributing to functionals in Eqgs. (47) and (49) can be expressed in terms of
the corresponding phase-shift functions of rapidity variables as,

_ 2B 2A¢(g") - 2B 2ko(q)
CDS,S (:I:kFi, 61/) = (Ds,s <:|:_ &l 5 ch,c (ikFL: Q) = CDS,C +—- 1

c' ¢ c’ C
20 2ko(q)> 20 2Ao(q’)>

D (£2kp,q) = ci)c,c <i7, C c C

7 Des (:l:szv q,) = q_Dc,s <:t
(A.24)

The latter phase-shift functions are uniquely defined by solution of the coupled integral equations
given below. At zero spin density the s particle phase shifts in Eq. (A.24) have the following
simple expressions due to the spin SU(2) symmetry,

L
(Ds,c(th’ C]):_m
4
@s,s(LkFy q/) = 2—\/5 for q/;étkl:
= [—(3—2\/5) fOI‘ q/:[kF atm:O andl::l:l (A25)
2V2

The phase shifts on the right-hand side of the equations, Eq. (28), are functions of the rapidity-
related variables r = 2k /C for the ¢ branch and » = 2A /C for the s branch. They are defined by
the following integral equations,
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20/C
. N r—r' 1 ,arctan (r”" — r’)
<I>H(r,r)=—arctan - — / dr' —————=
’ T 2 72 14+ — r”)2
-20/C
2B/C
+ / dr" A(r,r") @ (", 1), (A.26)
—2B/C
2B/C
- 1 -
D ¢ (r, l’/) = ——arctan(r —r’) + / dr”" A(r,r") @5 (r", 1), (A.27)
b4
—2B/C
2B/C _ L
- 1 O, (1)
/ 1 S§,C
De e (7’,’”)=; f dr m, (A.28)
—2B/C
and
2B/C _ y
- 1 1 D, (1)
(DC,S (r, r/) = —; arCtan(V — r/) + ; / dr”m . (A29)
—2B/C
The kernel A(r, ") appearing in Egs. (A.26) e_lnd (A.27)1s tha_lt given in Eq. (A.8).
Alternative equations for the phase shifts ®; g (r, r’ ) and &g . (r, r’ ) are,
20/C -
- N r—r 1 , @es (7))
(O (r, r ) = — arctan + — dr’' ————=
’ b4 2 T 14+ @ —r"?
-20/C
| 2B/C _ v
® b
_t / gy Dos ) (A.30)
27 = \2
Y Y (T)
20/C -
I / 1 1 1 " CDC,C (r//’ r/)
e (r,r') = - arctan(r —r’) + - dr N
-20/C
2B/C 1 1/
1 D (7,
_ / ar Lsc 1) (A31)
2

"_ 2
e 1+ (5F)
The parameters in Eq. (50) are the entries of two 2 x 2 matrices, one for each j =0, 1 value,
1 1 0 0
z'= SCIC Ecls and Z°=(zHH = 5006 scof . (A.32)
;y c Es Ky SS C SS N

From manipulations of the phase-shift integral equations, Eqs. (A.26)-(A.29), one finds that
the entries of the 2 x 2 matrix Z' are given by,

2 2 2B 2B
o=l (2) s eh=el (BB) s =l () ele=el () e
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where the functions on the right-hand side of these equations are the solutions of the integral
equations,

a £
1 _ - / sc\r
N
—2B/C
a £l
1 _ / ss\I
SN =1 / iy
—2B/C
2B/C
gl n=1+ / dr' A(r,r') €L (")
—2B/C
2B/C
gl = ! > (arctan (r +L2—Q> + f dr' A(r,r) gL (). (A.34)
T C
1==%1 —2B/C

Here A(r, r’) stands for the kernel whose expression is provided in Eq. (A.8).
For m — 0 the matrices in Eq. (A.32) are given by,

. 18 &0/2 . o_| 1/% 0
Jm, Z _[0 1/[2} and lim Z _[—1/fz \/5]

The dependence of the m — 0 parameter &y on the particle density n €]0, oo[ and C is given by
& =&0(2Q/C). The function &y (r) obeys the following integral equation,

20/C 0
, , , 1 cos(wr)
Eo(r)=1+ dr'D(r —r')Y& (") where D(r)=— | do———. (A.35)
T 14 e2e
-20/C 0

The parameter &y has limiting values &y = V2 for C — 0 and & = 1 for C — oo.
On the one hand, for n €]0, co[ and m > 0 such matrices read in the C — 0 limit,

. 1_ (1 0 . o_|1 -1
élg})z_l:l 1 and n£1_)ng— o 1 |- (A.36)

On the other hand, if one takes the m — 0 limit before C — 0 they rather read,
L V2 12 o /2 0
lim lim Z'= d lim lim Z°= . A.37
om0 [ 0o 1/v2] M oo V2 V2 (A-37)

The singular behavior of the phase-shift parameters, Eq. (50), reported in Eqgs. (A.36) and (A.37)
means that at m = 0 and for m — 0 they have different values in the C — 0 limit. This does not
affect though the values of the physical quantities that depend on them.

Appendix B. Simplified expressions for m — n

In the m — n limit for which B = 0 the quantities defined in Appendix A in terms of equations
have in general simple analytical expressions. Specifically,
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1 2A — 12
2rp(k) =1 and 2mro(A)=—— Z (¢) arctan (7L7m) ,
T 1==*1 ¢
2A 2A —27n
ne(k) =2k and ns(A) = —— Z (1) arctan (7>
b4 C
1==+1
C 2A — 277n\?
£ s (22,
1==+1
ko(g) =q and q(k) =k
, . 1 2A —2mn
Ao(g’) inverse of ¢q(A)=-ns(A)+n Z arctan (7) ,
2 1==+1 ¢
gdky=k* and & (k) =k* — (1 n)?
1 2A — 27n
-0 _ b 2 2 2
BN =0 (c + Qrn)? — 2A) )arctan <7c )

1==%1

2
20 (1 + <M> >+nc and  &(A)=50(A) —50(0),
2

(=%£1 ¢
(B.1)
ed(@)=q> and e.(q)=q>— (7n)*
1 2A0(g") — 12
edgh)=— Z 0 (C2 + 2nn)* — (2Ao(q’))2) arctan 28olg) — 12mn
4 C
1==1
Ao(g)C 2A0(q") — 2mn\?
+&Z(L)ln 1+ M +nC and
2w C
1==1
es(q) =¢)(q) —e)(0). (B.2)
The related limiting behaviors of the energy scale 2u g k., Eq. (25), are,
2uphe = 2rn? for n<1
=n%n® for n>1, (B.3)
for finite interaction C and,
2ugh, = 27n* for C>>1
=n’n® for C<k1, (B.4)

or finite density n.
The phase shifts expressed in terms of rapidities in Eqs. (A.26)-(A.29) of Appendix A simplify

to,

= 1 —r 1 arctan (r”" — r’/
®y. s (r,r') = — arctan U DN dr”(—) ’
’ T 2 2 14+ — r”)2

1
Dy (rr) = — arctan(r —r’),
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CIDC,C (r, r') =0,

1
e (r,r)= — arctan(r —r’).

Moreover, in the m — n limit the matrices in Eq. (A.32) of Appendix A read,

im z'=| ' O and 1im z0=|} "m0 |,
1o 0

1 m—>n 1

Appendix C. Limiting behaviors of the one-fermion branch lines spectra
In the C — 0 limit the spectrum, Egs. (58) and (59), is given by,

1
we+ (k) = —E(k —kp)? +2(kp)? for k € [—kp,3kp] and y = —1
= (k — 2kp)? — k% for k € [—00, —kp] and y = +1
=k? — k% for k € [3kp,o00] and y =+1. (C.1)
For C — oo it reads,
wer (k) =y <(k —kp)? — (2kp)2) for k € [—kp,3kr] and y = —1
and for k € [—oo, —kr]; ke€[3kp,00] and y =+1. (C.2)

To derive the expressions of the spectrum in Egs. (C.1) and (C.2) those of the ¢ energy dispersion
for C — 0 and C — oo in Egs. (19) and (20) for m = 0, respectively, have been used.

In the C — 0 limit the up-spin and down-spin one-fermion ¢* branch-line spectra, Eqgs. (64)
and (65), respectively, read,

(I —¥s)
2

2
(,z)ng(k):—(k— (kFT_kF¢)> +k%~T

(I —v)

for ke [—kpg, —kpy + (kpy — k;:¢)i| and y =—1

1 2 2 2
z—z(k—kpg) +kFT+kF¢
(1—-v0)

for k € [—km + (krpy —kry), krs + ka] and y =—1

=—(k—kps —kp|)* +kpy for k € [kps +2kp | krs +2kp] and y =—1
= (k—kps +kp))* —kpy for ke[—00, —kpo] and y =+1
= (k —kps —kp))* —kpy for k € [(2kp +kps),00] and y =+1. (C.3)
For C — oo they are given by,
of, (0 =y ((k = krs)? = (2kp)?) for k€ [~krq. ks +2kr] and y =1
and for k € [—o0, —kps]; k€[2kr +kFps),00] and y =+1. (C.4)
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To derive the expressions of the spectra in Eqgs. (C.3) and (C.4) those of the ¢ and s energy
dispersions for C — 0 and C — oo in Egs. (19) and (20), respectively, have been used.
In the C — 0 limit the spectrum, Egs. (76) and (77), is given by,

ws (k) = —k* + k% for k€[0,kr] and y = —1
= —(k — 2kp)? + k% for k € [kr,3kp) and y =+1. (C.5)

To derive the expressions of the spectrum in Eq. (C.5) and w;(k) = 0 for C — oo those of the
s energy dispersion for C — 0 and C — oo in Egs. (19) and (20) for m = 0, respectively, have
been used.

In the C — 0 limit the spectrum, Eqgs. (83) and (84), is given by,

ol (k) =—y ((k—2kp)2—k%¢) for k € [kpy. (2kp +kpy)] and y = %1

—y (k2 - k%w) for k €[0,kpy] and y = %1, (C.6)

where the subdomains of these k intervals that correspond to one-fermion addition (y = +1) and
removal (y = —1) are given in Eqs. (85) and (86). To derive the expressions of the spectrum in
Eq. (C.6) and wy (k) = 0 for C — oo those of the s energy dispersion for C — 0 and C — o0 in
Egs. (19) and (20), respectively, have again been used.

Appendix D. Additional information on the spectra of the one-fermion removal boundary
lines

The expansions of the boundary line spectra, Eqs. (91) and (94), given in this Appendix in-
volve the derivatives of the 8 = ¢, s band group velocities in Eq. (21),

dvg(q)
dq

Such quantities obey the following inequalities,

ag(q) = where S =c,s. (D.1)

ac(q) >0 for g € [—o0, 00]
as(¢) >0 for ¢’ €l —q7,q]1; as(+q)) =0;
as(q') <0 for |q'| €lq?, kr4] when m <0 and C >0
as(q") >0 for ¢’ € [—kp4,kry] when
(i) m=0 for C €[0,00] and (ii) C — 0 for m € [0, n]. (D.2)

Here ¢ is defined by the equation a,(¢?) = 0.
For excitation momentum k in the vicinity and just above k,;,, the small-(k — k,,,;,) expansion
of the boundary line spectrum, Eq. (91), reads,

as (k) ac(q?)
k) = —ec(q° ki) (k — Kmin) — —— < (k — kmin)*
wpgr (k) SC(qc) +vs(kp) ( min) 2(as (k) +ac(q9))( min)
0 0 as(kp) ac(q?) 0 5
=— kr) (k —kp) — k —kp)~.
ec(qe) +vskp) (k+q; —kr) k) +ac(q9))( +q; —kr)
Moreover, for k near and both just below and above 2k it has the following behavior,
as(0)a.(0)
wpL (k) = —£:(0) — £5(0) — —————(k — 2kp)*,

2(as(0) +ac(0)
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whereas for k near and just below k4, it is given by,

s k c (9
LK) = —ec(q) = v (6r) (k — knar) — 5 (a“ (; FF)) 5 f’(q)o)) (k = kmax)?
= —ec(q0) — vs(kp) (k — 2k — q° — kF)

_as(kp)ac(gd)
2(as(kr) +ac(g?)

Here a.(q) and as(q’) are the derivatives of the 8 = ¢, s band group velocities, Eq. (D.1), and
—&0(0) > 0 and —&4(0) > O are the energy bandwidths of the ¢ and s band occupied Fermi seas
defined in Eq. (A.18) and Eqgs. (A.21) and (A.22), respectively, of Appendix A for m = 0.

The reference ¢ band momentum q? and related momentum values k;;,;,, and k,,, defined
in Eq. (92) appearing in the above expressions have at zero spin density the following limiting
values,

(k = 2kp —q¢ — k).

lim ¢° =2kr and lim ¢°=0
Caoqc F C%ooqC

lim kmin = —kF and lim kmm = kF

C—0 C—o0

lim kg =5kp and  lim kg = 3kfF. (D.3)
C—0 C—o0

In the C — 0 limit the boundary line spectrum, Eq. (91), is given by,

1
wBL<k>=—§<k—2kF)2+3(kF>2 for k € [—kF, Skr],

where the expression of the ¢ and s energy dispersions for C — 0, Eq. (19) for m = 0, have been
used.
For C — oo such a boundary line spectrum reads,

wpr (k) = (2kp)? for k € [k, 3kF],

where the expression of the ¢ and s energy dispersions for C — oo, Eq. (20) for m = 0, have
been used.

The velocity relative to the physical excitation momentum k of the one-fermion removal
boundary line spectrum, Eq. (91), is given by,

dwpr (k)
% =v.(gP") = vs(gP").

Particular reference values of that velocity read,

3wBL(k)| — oy kp): awBL(k)l _o: dwpr (k)
8k k:kmin - vYs F) Bk kZZkF - I 8]{

The following expansions of the up-spin and down-spin boundary line spectra, Eq. (94), in-

volve both the 8 = ¢, s group velocities and their derivatives ag(q), Eq. (D.1). For excitation
0

min

lk=kpmar = —Vs(kF).

momentum k near and just above k;m the corresponding small-(k — k
up-spin boundary line spectrum, Eq. (94) for o =1, reads,

) expansion of the

as(kry) ac(qd)
2as(kpy) —ac(q?))

as(kry)ac(g?)
2as(kpy) —ac(q?))

(k—k'. )2

min

o, () = —£.q°) + vy(kp)) (k — k! ) —

(k+q° —kr))?,

= —£.(q0) + vs(kpy) (k+q° —kpy) —
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whereas for k near and just below k,La » 1t is given by,
as(kry)ac(0)
2(as(krp) — ac(0))

For excitation momentum k in the vicinity and just above k,t ;n, the expansion of the down-spin
boundary line spectrum, Eq. (94) for o =], reads,

wh, (k) = —(0) + &5 (kq) — (k —kpp)?.

as(kpy)ac(q?)

Lok kpy) (k—kb. ) — k—k'. )2

@ (k) = —ec(g?) + vskry) ( min) 2(as(kF¢)+ac(q¢))( min)
= —enlq)) 4 k) (4 ¥ — k) — o KEDAGD 0y
¢ ‘ ¢ z(as(kFL) + ac(qg))) ¢
Moreover, for k near and both just below and above 2k it has the following behavior,

J as(0) ac(0) 2
Wy (k) = —6.(0) —e,(0) — ——————(k — 2kp)~,

gL (0 ¢(0) —&5(0) 2(ax(0)+ac(0))( F)

whereas for k near and just below k,fmx the down-spin boundary line spectrum expansion is given
by,
as(kry) ac(qg)
 2ay(kry) + ac(q))
= —ec(qd) — vs(kpy) (k = 2kp — g —kr))
as(kpy) ac(q)
 2(a5(kpy) +ac(qd))
The limiting values of the o =1, | intervals k € [k?

2
max)

wp (k) = —ec(qd) — vk ) (k — ko) (k—k

(k —2kp —q° —kr})?.

o ine k.. ] read,

k;m =—q)+kpy €[—kpy, kpy]
k), =kpy when m <0 and C >0

max
k}Imx =—q"" +kry €[—kry, krs] when
(i) m=0 for C €[0,00] and (ii) C— 0 for m €[0,n].
Fonin = 2kr + km +q° € [2kF +kpy, 2kF +3kFy]
Kby = 4kp — k' =kpp —q° € [kpy — 2kpy, kryl. (D.4)

max

At finite spin density that ¢ band momentum qc and the related momentum values k. and
k. given in Eq. (D.4) appearing in the above expresswns have the following limiting values
where o is the projection that the interval k € [k© ] when specified and otherwise the

limiting values refer to both o =1, |,

min’ max

Jim q3=2km and  Jim quo
hm qm“x 2kr and hm qm“x =0 for o =1,

hm k! = —kp, and hm k! =kp,

min min

chmokmax =kpy when m <0 and C >0
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éin})kjmx =—kp, when (i) m=0 for C€[0,00] and (ii) C — 0 for m € [0, n]
—

Jim khar =kry

Chglokmm =kpy —2kpy and clingokmin = kpy
é’i_l)l})kytax =2kF + 3kF, and Clinéo kb =2kp +kpy . 03)

The reference ¢ band momentum values q? and g'** appearing in Eq. (D.4) are related to

reference s band momentum values ¢ and ¢!, the latter existing only for & =*. Those reference
¢ and s band reference momentum values are defined by the following velocities and s band
velocity derivative as(q’) = dvg(q’)/dq’ relations where o is projection that the interval k €

[kzlin ’ kgzax] refers to,

Uc(Q?) =v,(kpy) for o =1,
ve(@?) = vs(g)) and as(g!) <0 for 0 =t when m <0 and C>0
ve(g" ) = v3(¢¥) and as(¢%) =0 for 0 =t when m <0 and C >0
ve(gl' ™) = vs(kpy) for o =1 when
(i) m=0 for Ce[0,00] and (ii) C — 0 for m € [0, n]
V(g ™) = vs(kpy) for o =],
where kp| < qg < qsl <kps.
In the C — 0 limit the boundary line spectra, Eq. (94), read,
Wy () =K}y — k%, at k=—kp,
wy, (k) = —% (k = 2kp)* + kjy +2(kpy)? for k € [2kp —3kpy, 2kp +3kpy| . (D.6)

Note that the up-spin one-fermion removal boundary line collapses in the C — 0 limit to a single
(k, w)-plane point.
For C — oo such boundary line spectra are given by,

wh, (k)= 2kp)? for k € [kry, kry]
wp, (k) = 2kp)? for k € [kpr, 2kp +kr] - (D.7)

To obtain the expressions of the spectra in Egs. (D.6) and (D.7) those of the ¢ and s energy
dispersions for C — 0 and C — oo in Egs. (19) and (20), respectively, have been used.

The velocities relative to the physical excitation momentum k of the boundary lines spectra,
Eq. (94), read,

o
05L W _ g8ty = vy ().
ok
Specific reference values of those velocities are given by,
o )
awg—i(k)u:kgm = vy (kp ) awgi’];(k)u:m —0 when m <0 and C>0
dwk, (k) dooy, (k)
—ar =2k =00 — = Vs (kEy).



T. Cadez et al. / Nuclear Physics B 942 (2019) 45-102 101

Related energy scales read,

"’I;L(kFT) = —£.(0) + &5(kpy) = —£.(0) +2uph when m <0 and C >0
g (2kr) = —£c(0) — £,(0),

where —&.(0) > 0 and —&,(0) > O are the energy bandwidths of the ¢ and s band occupied
Fermi seas, respectively, and the magnetic energy 2uph = 5(kr4), Eq. (24), equals the en-
ergy bandwidth of the s band unoccupied Fermi sea. Such energy bandwidths are defined in
Egs. (A.18)-(A.23) of Appendix A.
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