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Abstract

A central issue in the theory of extreme values focuses on suitable conditions such that the well-
known results for the limiting distributions of the maximum of i.i.d. sequences can be applied to
stationary ones. In this context, the extremal index appears as a key parameter to capture the
effect of temporal dependence on the limiting distribution of the maxima. The multivariate extremal
index corresponds to a generalization of this concept to a multivariate context and affects the tail
dependence structure within the marginal sequences and between them. As it is a function, the
inference becomes more difficult, and it is therefore important to obtain characterizations, namely
bounds based on the marginal dependence that are easier to estimate. In this work we present two
decompositions that emphasize different types of information contained in the multivariate extremal
index, an upper limit better than those found in the literature and we analyze its role in dependence
on the limiting model of the componentwise maxima of a stationary sequence. We will illustrate the

results with examples of recognized interest in applications.
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1 Introduction

Let F be a multivariate distribution function (df), with continuous marginal dfs, in the max-domain
of attraction of a multivariate extreme values (MEV) df H having unit Fréchet marginals, H,(z;) =

D;(z;) = exp(—z}l), xz; >0,j=1,...,d. Therefore, we have

-~

F™(un1(z1), ..., una(za)) = H(z1,...,z4), (1)

where un;(2;) = anjx; for some sequence {an; >0}, j =1,...,d.

Consider {X,, = (Xn1,...,Xna)} a stationary sequence such that Fx, = F and let {M, =
(Mn1,..., Myq)} be the componentwise maxima sequence generated from X,...,X, and therefore
Moy =V, X, j=1,...,d. If

lim P(Mp1 < uni(z1),..., Mna < unda(za)) = H(z1,. .., 2z4), (2)

n—00

for some MEV df H, we can relate H(z1,...,2z4) and ﬁ(:}:l, ...,xq) through the so called mul-
tivariate extremal index of {X,}. This is possible, even if the marginals H j are not unit Fréchet
distributed, as considered for simplicity and without loss of generality. Indeed, to have (1) or mutatis
mutandis (2), it is sufficient that, as n — oo, the sequence of copulas Cg, with Cp(u1,...,uqd) =
F(F7 " (w1),..., F " (uq)), converges to Cj, as well as, F}'(un;j(z;)) — Hj(z;), j =1,...,d, which
can be reduced to the case of convergence to the Fréchet without affecting the convergence of Cp.
We recall the definition of multivariate extremal index of {X,} and its role in the relation

between H and H (Nandagopalan [18] 1994). The sequence {X,} has multivariate extremal in-

dex 0(t) € (0,1, T = (71,...,74) € R%, when for each T there is a sequence of real levels
u? = @iy, . ,uf;d))} satisfying

TLP(XU>u£;-j))—>Tj,j€D:{1,...,d}, (3)

P(M,, <u{") = 7(r) and (4)

P(M, <ufl’) = () = 3(1))"",

—

where M,, = (My1, ..., Mya), My; = Vi, Xij, j=1,...,d, and {X,,} is a sequence of independent

vectors such that Fg = Fx,.



Observe that

3(r) = exp (— lim nP(Xi £ un)) = exp (~I'(r),

with
d
L(r)= lim nP <U{Xij >l )
j=1
. (75)
= Z (—1)|J\+1 nli)r[;onp (m{X” > unjj }>
0£JCD jeJ
= Y V),
0#JCD
where

D3(r) = T*(ry, j € J) = lim P (ﬂ{xij > uf;-”})
jer
and, in particular, I'{;,(7;) = 75, § € D. So, to say that I'() exists is equivalent to say that 7(7)

exists and we have

Y1) = exp (=0(r)T(r)) =exp [ —0(r) > (=1)'T5(ry)
0#£JCD

In a one-dimensional setting, (3) and (4) are equivalent and {X,;} has extremal index 0; € [0,1]

if, for all 7; >, there exists w7 such that nP(X1; > u(T.j)) — 75 and P(Mp; < u<T?)) — exp(—0;7;).

ng nj nj
For the sake of simplicity, we will take wn;(z;) = nxj, j = 1,...,d. This assumption leads to
levels u:jj) with 7; = ;! and §(1) = H(rb om0 h.

If {X,} has multivariate extremal index 6(7) then any sequence of subvectors {(X,)a} with

indexes in A C {1,...,d} has multivariate extremal index 64 (74), with
Oa(ra) = lLim O(ri,...,7a), T4 € R/
7, —0
igA
In particular, for each j =1,...,d, {Xn;}n>1 has extremal index 6;.

If 6(7), T € RY, exists for {X,,} we have
H(zy,...,za) = H(z, ... zq)" ¢ Hi(z1),..,— log H(wq)) (5)

and Hj(l'j) = ﬁj(ﬁ?j)ej, je€ D.



From inequalities (Galambos [7] 1987; Marshall and Olkin[16] 1983)

[T (@) < Aoy, wa) O 7D < min ()",
n i=1,...,
=1

we obtain

d d
Vj:l 0;7; Zj:l 0;7;

fm == " “

Besides the relation between H and H , (1) also informs about the existence of clustering of
(75)

events “at least some exceedance of u, /" by Xpn;, for some j", since (Nandagopalan [17] 1990)

1 . Tn Tn
o) B <Z]l{xizu$$>}| 2 Lixgulny > 0) ’ Q)
=1 i=1

for sequences r, = [n/ky] and k,, = o(n) provided that {X,} satisfies condition strong-mixing.

The multivariate extremal index thus preserves, with the natural adaptations, the characteristics
that made famous the univariate extremal index. Additionally to these similar characteristics to the
univariate extremal index, it plays an unavoidable role in the tail dependence characterization of H.
If the tail dependence coefficients applied to F' remain unchanged when applied to H (Li [14] 2009),
we can not guarantee the same for H, as will be seen in Section 3. The presence of serial dependence
within each marginal sequence and between marginal sequences, makes it impossible to approximate
the dependence coefficients in the tail of M,, to those of F'.

The dependence modeling between the marginals of F' has received considerably more attention
in literature than the dependence between the marginals of Fw,, which differs from F; = F™ for
being affected by 6(7). The need to characterize this dependence appears, for instance, when we have
arandom field {X; ,,,i € Z?, n > 1} and we consider random vectors (X, n, - - - , Xi, n) corresponding
to locations (i1, ...,%s) at time instant n. The sequence {(Xi; n,..., Xi.,n)}n>1 presents in general
a multivariate extremal index 6;, ... ;, () encompassing information about dependence in the space
of locations i1, ...,is and when the time n varies (Pereira et al. [21] 2017). Relation (5) applied to
MEV distributions H and functions 0(x1,...,xq) compatible with the properties of a multivariate
extremal index, provide a means of constructing MEV distributions (Martins and Ferreira [15] 2005).

Notwithstanding all these challenges posed by and for the multivariate extremal index, the liter-
ature proves that it remained on the theoretical shelves of the study of extreme values.

The main difficulty of applying the multivariate extremal index lies in the fact that it is a func-
tion, unlike what happens with the marginal univariate extremal indexes, for which we have several
estimation methods in the literature (see, e.g., Hsing [9] 1993, Gomes et al. [8] 2008, Northrop [20]
2015, Ferreira and Ferreira [6] 2016 and references therein).

Since it remains present the need to estimate the tendency to form clusters in a context of



multivariate sequences, we propose in this work: (a) decompose it, highlighting different types of
information contained in it; (b) bound it in order to obtain a better upper limit than those available
in the literature; (c) enhance its role in the dependence of the tail of H; (d) apply it to models of

recognized interest in applications.

2 Co-movements point processes

Based on (7) the multivariate extremal index can be seen as the number of the limiting mean

dimension of clustering of events counted by the point process

Nn = Z L, zuy
1=1

We are going to consider two point processes of more restricted events, corresponding to joint
exceedances for various marginals of X; and enhance the contribution of the extremal indexes of
these events in the value of 6(7).

Let, foreach 0 £ J C D ={1,...,d},

Nio =Y 1, (Xm0 2 1,

=1

and

n
*ok
Nniy = Zﬂ{/\jeJ Xij>Vie unidr M2 1
=1

where notations A and V stand for minimum and maximum, respectively.

We denote the respective limiting mean number of occurrences by

I'%(ry) = lim nP (ﬂ{Xij > un]})
n—oo
jet
and
T (ry) = nlLH;O nP <ﬂ{X~L‘j > \/ Unj}) .
i€ jeJ

Observe that

n
Iy (ry) = lim nP Xii> —1— .
n—o0o ]Q] J /\jEJ Tj

Thus

Ly (ry) =7;" (/\ 7'j> :

jeJ



with 77" an increasing function in /\]. < 75 and homogeneous of order 1. Therefore, we have

’
S S

() 7 (Aer) ®)

for all s # 0, a relation that will be fundamental for the independence of 6** from 7.
In case J = D, we will omit the index J in notation.

For each of these processes, we can define an index of clustering of occurrences, which we will
also call extremal indexes, 675 (T7) and 05" (), being the latter a constant independent of 75, as we

will see.

Let us assume that sequence {X;, }»>1 satisfies the strong-mixing condition (Leadbetter et al. [12]

1983) and, as consequence, we have, as n — oo,

P (N, ;=0)—P* (Ny, k1.0 =0) =0,

P(N;;=0)—P" (Njk).0=0) =0
and
P (Ny%y =0) = P (N0 = 0) =0,

for any integers sequence {ky}, such that, k, — 0o, knan(ln) — 0 and k,l,/n — 0, as n — oo,

where ay(-) and [,, are the sequences of the strong-mixing condition. Thus

P (N ; =0) = exp (=0s(1s)Ts(1s)),

P (Ny 7 =0) = exp(=05(T,)L5(11))

and

P (N;7; =0) — exp (—9§*(TJ)T}* </\ T]-)) , 9)

jeJ

with

GJ(TJ) = lim k,P (N[n/kn],J > 0) /FJ(TJ),

n— 00

05(1y) = Jg{}o knP (Ni/kn,0 > 0) /T5(15),



9";*(7-‘]) = hm ]{JHP( 'n/kn]J >0) /TJ (/\ Tj>

JjEJ
and
93*(TJ)T;* </\ ) <0J(T])FJ T] \/97']<9J(T])FJ(T])
JjeJ JjeJ

In the following we present relations between 05" (1), 05(7s) and 6;(7s), which will allow us a
detailed interpretation of the information contained in 6(7) and an upper bound better than the one
in (6). But first, we start by proving that 65" (75) = 05", i.e., these extremal indexes are independent
of 7, which is already known for J = {j} (Leadbetter et al. [12] 1983), j = 1,...,d, since 07}, = 0;.

Indeed the proof runs along the same lines.

Proposition 2.1. For stationary sequences {X,} satisfying the strong-mizing condition, if there
exists the limit (9) for some T, then it exists for any T > 0 and there exists a constant 0% € [0,1]

such that

P (N4 =0) —>exp< 0% A" (/\ Tj)) .
jeA

Proof. From the strong-mixing condition, we have

P (Nika1.a > 0) > o

kn
hmlan( Nyia = O) = lim inf P*» (N[t:/k A= 0) = lim inf (1 - .

n— 00 n—oo n— 00

kn
P(/\.AX1j>V-Aunj)
> liminf [1— ’€ 7€ —|1-

Thus, if there exists U(74*) = limsup,,_,,, P (N;*s = 0), we have ¥ (T];* (/\jeA)) > exp (—7’2* (/\jEA))7

and so ¥(74%) is a strictly positive function.

We also have that function ¥(73*) would have to satisfy W(73*/k) = /¥ (73, for all 73* > 0
and k = 1,2,..., since, representing » 1, Lip cn Xig>m/ Ajear;y DY N}* (ug,:A (/\jEATj))> and

applying (9), it holds

ok A" (Njeas) ok TA (A 73)/kn
‘P (N[”/k"]’A (ug T )> - O) -r (Nln/kn]«“ < [(n/Akn] o )> - 0)'

_n M
P(Ar s ) e (A )

n icaTi jeaTilkn
- [7} /\Jn(1—}—0(1))—/\/(1-1-0(1))’:0(1)

IA
| — |
Fs
—_

[n/kn]




and thus we would have

N (;A ) = limsup P (N[:k/kn],A (u;;‘;ﬁ’;\)) = 0) = limsup P (N;:fA (uxg)) = 0) =W (7).

n—oo n—oo

On the other hand, ¥ (71*) would have to be a non increasing function because if, for some 79 =

(10,1, -.,70,d), we have
» 1 n * % . n
70,4 /\ 704 | = lim nP /\ X1y >5—— | >7a /\ 7; | = lim nP /\ X1 > —
3 n—oo /\ T0. 4 s 0o : /\ -
JjEA jEA jeA "0 jea fen ieaTi

and 73" (/\jEA Tj) is increasing in A, 4 75, then for all n large,

n n
X1 >——,C X1 > }
{Jéx Njea TJ} {7/6\A NjeaToi

and thus

s (459) o) (47)

and W (15%) < W (r4%). If W (r4") is a strictly positive function, non increasing and such that
W (15" /k) = U (r5)YF, then W (75) = exp (—60%'74"), with %" a non negative constant. Since
W (13%) > exp (—74"), it also comes 65" < 1. For the lower limit, we can make the same reasoning

to obtain the result. O

Let us start by emphasizing that, to 0(7)I'(T), we have the contribution of the clustering of the
joint exceedances of all levels by the respective marginals, including the particular case of the cluster-
ing of exceedances of the largest level by the lower marginal, as well as, the clustering of exceedances

of one or more levels by the respective marginals without joint exceedances of all levels.

Proposition 2.2. Let {X,} be a stationary sequence satisfying the strong-mizing condition and

{uEP = (UW, e ,uifd))} a sequence of normalized real levels for which there exists I'(T). Then

(a) 0)T(r) = 0777 (NLy 73 ) + 07 (DT 1)V () + Sy p(— 1)1 10 (1), where

BY(r) = lim P (N =0|N;, > 0)

n—oo
and

@J(TJ) = nh~>nclo kn P <ﬂ{Nrn7{j} > O}|Nrn = 0) ;

jeJ

(b) Zm¢Jcp(_1)‘J‘+leJ(TJ) < Z?:l 9]'7'.7'-



Proof. We have

knP (Ny, >0)= koP (N >0)+k,P(N;, >0,N."=0)+ knP (N, >0,N; =0)
= kyP(N:>0)4 kP (N;, >0)P (N =0|N;, >0)
P (Ule{Nm{j} >0}, Ny, = 0)
= kaP (N3] > 0) + kaP (N7, > 0) P (N = 0[N;, >0)
0£JCD jed
In what concerns the last term, observe that
d d d
D knP (No gy > 0, N5, =0) =D knP (N, 5y > 0) = > _knP (N, 1y > 0, N7, >0)
j=1 j=1 j=1
and since lim, o0 P (N, = 0) = 1, we have the result in (a). O

Observe that S () reduces 6* () from the joint exceedances of \/j=1 n/7; accounted for 0.
We can say that in the last term of representation of §(7)I'(T) we are accounting the tendency of

one or more marginals to form clusters, without joint exceedances of all the marginals.

We illustrate the previous result with a bivariate sequence with unit Fréchet marginals and such
that the joint tail is regularly varying at co with index n € (0,1] measuring a penultimate tail

dependence, as the (sub)model presented in Ledford and Tawn ([11] 1996).

Example 2.1. Suppose that d = 2 and {(Xn1, Xn2)}n>1 i a strong-mizing stationary sequence,

with unit Fréchet marginals and such that X,1 and X,2 are asymptotically independent, i.e.,
nP(Xn1 > nx, Xn2 > ny) — 0, (10)

as n — oo, for x,y positive. Then

Tn ) X n2

9" = l{:nP(]\/vM > 0) <nP (an >
1 N\ T2

—1/n
n n
> ~n L n — 0,
T1 N\ T2 T1 N\ T2 1 N\ T2
n
-

0*(T1,T2) <nP|Xn > E,an > — ) <nP | Xp > " s Xno > n — 0.
T1 2 T1 N\ T2 T1 N\ T2

Therefore, regardless of additional conditions on the serial dependence, the validity of (10) implies

o) = > (=D lim kP <ﬂ{Nrm{j} >0}, Ny, = 0>

0#JC{1,2} JjeJ



and I'(T) = 11 + 12. Since k, P (N, > 0) — 0 we can thus write in this model

1
0(7‘) = lim k., (P (N'rn,{l} > 0) + P (Nrn,{Q} > 0) - P (Nrn,{l} > 0, Nrm{g} > 0)) . (11)

T1 + T2 n—oo

We now consider several particular situations.

(a) In the case of independent vectors (Xn1, Xn2), n > 1, we have

1
o(t) = 0171 + 0210 — lim k,P U {{Xu > E7Xi2 < E,Xm < £7Xi'2 > 17}
n—oo T1 T2 T1

T+ T T
LT 1<i<i! <rp, 2

U{Xﬂ < E’Xﬂ > E,Xi’l > Ein,Q < ﬂ}})) _Tn + 7 —1
T1 T2 T T2 T1 + T2

1

It will then come P (Mn1 < n/7m1, Mp2 < n/m) — exp(—I[(7)) = exp(—71) exp(—72), that is, Mn1

and Myz are also asymptotically independent.

(b) Suppose that {(Xn1, Xn2)}n>1, satisfies condition D&g} defined by

[n/kn]
lim n > P(Xu>n/m, Xje >n/m) =0,
j=m+1

which extends DI{I’Q} of Davis ([2] 1982), satisfied by i.i.d. sequences. Then

1 ) i
o(t) = P (917—1 + Oo1o — nan;On;P(X11 >n/m, Xio > n/TQ)) ,

where the last part reflects the cross dependence.

(c) If we assume an analogous hypothesis of (10) for (X11, Xs2) with different n;, we will also
obtain asymptotic independence between Myp1 and Mz, since the last term has null limit. We have

P (Mn1 < /71, Mn2 <n/72) = exp(=D(7)0(T)) = exp(—0171) exp(—0272).

(d) If 0(1) = 0, V1 € R%, then 01 = 02 = 0 and, from (11),

0 =0— lim knP (N,, (1} > 0,N,, (23 >0),

n—r00

which implies that this limit is null and thus P (Mp1 < n/71, Mn2 < n/72) — exp(—0(m1 + 72)) =
exp(—071) exp(—072).

We present below a relation between 6() and the extremal indexes 07} 4, and 07; 5 (Tgdy)s
j=1,...,d, which discriminates different informations contained in function 6(7) and provides an
upper bound for 8(7) better than the one in (6). In Example 2.2 we show that the proposed upper

bound for the M4 processes, can be better than the one presented in Ehlert and Schlather ([3] 2008).

10



The new upper bound has also the advantage of depending only on constant extremal indexes which

can be estimated by known methods of literature.

Proposition 2.3. Let {X,} be a stationary sequence satisfying the strong-mizing condition and

{ug) = (u%ﬁ), . .,u&f‘”)} a sequence of normalized real levels for which there exists I'(T). Then

(a)

d—1 d
(r)I(r) = lim knP (N, >0) Ze T — ZGEJ,“.J}T&?”,@ (/\ n)
j=1 i

- > B, (rGios)
where BV (1, ay) = lmnooe PN oy =OINY, 5 gy > 0) and BZ); (Th00) =

limp, 00 kn P (ﬂze{]}uJ{NTm{ g > 0N o= 0), provided that the limiting constants ex-

5t.

(b) 6(r) < 5 (S5m0 — S921 07y iy (N 7))

Proof. We have

d
kEnP (N, >0)= k,P (U{Nw{j} > 0})
j=1

d—1 d
- knP (N%m >0, ﬂ {N,, iy 0}) + knP (N,, (a3 >0)
=541

d d—
= D> kP (N, 153 >0) Z ( oy > 05 U {Nm{}>0}>

i=j+1



Regarding the second term, we can also say that

< a
Il |
= =

o

3

e,
/N

d

Neiy >0 U ANe, .y > 0}>

i=j+1

d—1
= knP(Nrn{J}>0 U Ve > 01N, g d}>0>

.d} =0>

i=j+1

d

+Zk P< o {i} > 0, U {Nrm{l} > 0}, N”"m{ﬂﬁ

d—
= Z Ny tpdy > 0 NZT (G a

=1

<.

Zk P ’V‘n {7,--s d} > OaN::,{j

+zw( Ny >0, U

i=

i=

= Zk P 7‘77,,{.7, ,d} > O)

+Zk P rn {7,-s d} >0aN::,{j

Jj+1

Jj+1

yeen

} > 0)

ay =0)
o {i} > 0}
ay =0)

yeen

nv{%

4} =0>

d
+Zk P< ralit > 05 U {Nm,{z} >0}, N, n{ds--d} :0>'

1=j+1

Therefore,

d
0(m)I(1) = nan;Ok nP (N, >0) 20 T — ZG{J d}T{] d} </\ ’Tz>

d—1
2 0y (M) Thoay (Tay) M P(NZT gy = OINY, gy > 0)
=1

d—1 d
=2 Jim_ kP ( U Newty > 0N,y > 0N, gy = 0) ;
=1

i=j+1
since P (N ;g3 =0) = 1,as n — oco. O
The above result means that, for each j € {1,...,d}, the values 67; (‘r{jw’d}) only contribute

to O(t) if it is not asymptotically almost surely the local occurrence of some joint exceedances of the

12



largest level uiﬁ-j), i € {1,...,d}, among the joint exceedances of these levels. Otherwise, the joint
exceedances clustering is considered only through the clustering of the joint exceedances of the largest

level uni, @ € {j,...,d}, and measured by 07} ;, disappearing the third term. Therefore, the sec-

ond and third terms together account for the clustering of two situations of joint exceedances. The
fourth term measures the clustering of exceedances of u,; and of one or more uni, i € {j+1,...,d},

in the absence of joint exceedances of levels unq, 7 € {j,...,d}, not accounted within the second and

third terms. All these clustering situations were accounted by excess in the first term.

The function (1) is homogeneous of order zero and thus 6(7,...,7) = 0(1,...,1), V7 € R. The
constant 6(1, ..., 1) has been used as a dependence coefficient of the marginals of H (see, e.g., Martins
and Ferreira [15] 2005, Ehlert and Schlather [3] 2008, Ferreira and Ferreira [5] 2015, and references

therein).

We are going to analyze the consequences of the decompositions presented for (7) in the calcu-

lation of 6(1).
Ifr =...=7=r, then N;* = Ny, BV (1) = 0, 1" (1) = (1) and I'(1) = 3, p (= 1)1F175% (7).
The first decomposition
d
BD(L) = 07" (1) + lim k. P (U{Nw{j} >0}, N;, = 0) ,
j=1

separates once again the contribution of the clustering of exceedances across all marginals from the
contribution of the clustering of exceedances of one or more marginals without exceedances of all

marginals.

In the next section, we will give an important utility to the boundary of 8(7)['* (). It will serve

to delimitate the difference between the tail dependence coefficients of H and H.

The second decomposition allow us to obtain an upper bound for 6(1), which can be better than

the one presented in (6). From the previous result, we have

d d—1
OT(1) <> 0, —> 0 a7 ap(1). (12)

j=1 j=1
From the proof of Proposition 2.3 we found that, instead of following the order 1, ..., d to decompose

initially the event {U;.l:1 N.,...(;3 > 0} in a reunion of disjoint events {N,., ;3 > 0, ﬂf:j_,_l{Nrm{i} >
0}}, j=1,...,d—1and {N,, ;ay > 0}}, we can consider any other permutation (i1,...,%q) from
(1,...,d) and repeat the process. Therefore the previous upper limit can be improved in the following

sense:
id—1

d
orW) <> 0=\ D05 i (1),
j=1

(i1,---, iq)EPq I=11

13



where Pg denotes the set of all permutations of (1,...,d).

Example 2.2. Consider the M4 process,

Xn1 =072,V 0.3Z,_2
Xn2=072,-1V01Z,_2V0.57Z,_3,

with {Zn = Zi,n}, where {Z1»}, 1 > 1, n > 1, is an array of independent unit Fréchet random vari-
ables. We have 01 = 0.7, 62 = 0.5 and (1)I'(1) = 0.7. Since {Xn}n>1 is 4-dependent, representing
{Xi1>n/7,Xi2 >n/7} by Ain and 71 A T2 = T, we have that

0??2}7?1*72}(7') = lim nP (Ag,n N 24,71 N 257»,1 N Zﬁ,n)

n—o0

= lim nP ({0.1Z1 > n/7} N Asn N Asn N Agn) = lim nP ({0.1Z1 > n/7} N Asn)
n— o0

n—00

= lim nP ({0.1Zy > n/7,0.5Z1 <n/7}U{0.1Z; > n/7,0.5Z1 > n/T})

n—00

= 0.17 =0.1(11 A T2).

Therefore, Proposition 2.3 indicates that (1)I'(1) < 0.7 4+ 0.5 — 0.1 = 1.1. The upper limit in this
type of processes has no great interest since we have the theoretical expression for 6(t). However,
this example serves to show that our upper bound can be better than the one presented in Ehlert and

Schlather ([3] 2008) for M/ processes. Indeed, by applying their Corollary 3, we obtain

2 d
6(1)r(1) < (F(l) -\Va- 9]-)) A 0, =((0.7+04+03+05) - (0.3V0.5)) A1.2
j=1 j=1
= 14AN12=1.2
In the cases where the number of non null signatures our;, | > 1, —oo <k < o0, j=1,...,d, of

an M/ process (Smith and Weissman [23] 1996; Zhang [24] 2002) exceeds the number d of marginals,
examples are easily constructed in which the Ehlert and Schlather ([3] 2008) upper limit is reduced

to ijl 0;, being in these cases the lower limit of (12) below this. Our upper bound still has the

advantage of being applied to processes outside the mazx-stable class.
3 Effect of the extremal index in the tail of a bivariate

extreme values distribution

For each pair (j,5'), 7 < j' belonging to D, consider the bivariate (upper) tail dependence coefficient

ij, € [0,1] for random pair (Xnj, X,,;/) with df F};/, discussed in Sibuya ([22] 1960) and Joe ([10]
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1997), defined by

X550 = ulgﬁ P (Fj(Xi5) > ulFy (Xijr) > u)

and coefficient X}, € [~1,1] of Coles et al. ([1] 1999), defined by

—F

2log P (F;1 (X,
ij,=1im og P (Fyr (Xij) > u)

—1.
uttt log P (F;(Xiz) > u, Fy (Xy5) > u)

We can say that ij, corresponds to the probability of one variable being high given that the
other is high too. The case ij/ > 0 means asymptotic dependence between X,,; and X,,;; and when-
ever ij/ = 0 the variables are said to be asymptotically independent. Assuming ij/ > 0 within
asymptotically independent data may carry to an over-estimation of probabilities of extreme joint
events (see, e.g., Ledford and Tawn [11, 13] 1996, 1997). Asymptotically independent models, i.e.,
having ij, = 0, may exhibit a residual tail dependence rendering different degrees of dependence at
finite levels. Coefficient ij, is a suitable tail measure within this class. Thus the pair (ij,,yfj,)
is a useful tool in characterizing the extremal dependence: under asymptotic dependence we have
ij, =1land 0 < ij/ < 1 quantifies the strength of dependence between the variables (Xpnj, X,;)

and, within the class of asymptotic independence, we have ij, =0and -1 < ij, < 1 measures the

strength of dependence of the random pair.

Observe that, both measures can be calculated from the copula Cp.  (u,u) = Fj; (F; ' (u), F;, ' (u)),
73

with
.  10gCy ()
ST T ogn
and
_ 2log(1 — u)

-1

ij/ = Ilim

w1t Jog (1 —2u+C.  (u, u))
JJ

If F belongs to the max-domain of attraction of ﬁ, then ij/ = xf} and ij, = yﬁ/. This results
from the uniform convergence of C% to Uy and from O, (u,u) = (ijj/ (u””,u”")) . We will
J7
then have
(Cr,, @ uti)"
lim lim = lim lim LM =1,

utlt n—oo Cr , (u,u) n—oo upl+ Cp , (u,u)
73 73

which guarantees the constancy of ij, and ij, , as n — oo.

The presence of dependence among the variables of {X,, } expressed by a function 0(7) with values

15



less than one, may affect the limiting behavior of ijﬁ, but not the limiting behavior of ij?l,, where

F,, denotes the df of M,,.

Proposition 3.1. For stationary sequences {X,}, with multivariate extremal index 0(t), T € R%,

for any choice j < j' in D, we have, ij, = yﬁ/.

Proof. Based on the spectral representation of MEV copulas (see, e.g., Falk et al. [4] 2010) and

relation
. 9<_logu27_lo§u-/)
. 1 .y 5 "
Cu ) = (0 (/™)) (13)
JJ J]/

we have

_A . 2log(l —u

X]Hj/ = lim ( ) -1

2log(1 —
= lim og(1 = u)

utl® og (1 — 2u — exp (— fol (w(—=logu) V(1 —w)(—logu)) d/W(w))) !

—  m 2log(1 — u)

utl+ —logC (e*l,efl) -
log (1 —2u—u Hyjr )

where W is the spectral measure of H. On the other hand

-1

2log(1 —
Xﬁ/ = lim Og( U)

utlt 040 (%,93%) <— logCﬁ. , (exp(—egl),exp(—a;l))>

log|1—2u—u ! i
Therefore,
_H —H
(1- ij') =(1- ij')A

with

log (1 —2u — ur(l’l))
A= lim

g (12 (5 ()

log (1 — 2u — u®) . 24aut | 1-2u+udb

m-——————~ = lim m =
u71‘1+ log (1 —2u—ub) w1+ —2+ bub~! 11.11‘1‘*' 1—2u+ u®

with @ = I'(1,1) and b = 6,/ (QLGL)F(GLQL) O
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Proposition 3.2. For stationary sequences {X,}, with multivariate extremal index 0(T), T € ]R‘i,

we have, for any choice j < j' in D,
H
(a) X0 =2 — 05 (9%-5 #) Ly (%’ 0%)"

(b) ij’ — Xﬁ/ = Fjj’ (1, 1) — ij/ (Gi’ %’) Fjj’ (Gi’ QL,) .

Proof. Using the spectral representation of MEV copulas and relation (13), we have

1 log uw logu(l—w 17
(1 1) b (_ oV ge(j, ))dW(w)
i | —,— ] lim

w1+ —logu

where W is the spectral measure of H. O

The previous proposition can be rewritten in terms of the extremal coefficients s ;+ and E J» such

that, Cﬁjj, (u,u) =u <5 and CH_‘ (u,u) =u J'J", since these satisfy the relations ij, =2- efj, and

Xf‘;/ =2- EZ/. From (a) we conclude that 5 =05 (9 , 01/ ) |9 (0%-’ i) Consequently, for the

measure of asymptotic independence called madogram (Naveau et al. [19] 2009), defined by
F 1
Vijr = §E |F(Xng) = Fjr (X0l

and satisfying

F., 1531/ —1
7 25 , 41’
we have

o 1Ty (1)-1
2T, (L,D)+1°

~ @‘H

1
0.
J
1
7., +1

K

) 037 (57 )T
CEAS e

)
Jras (3537 )

!

Therefore, for large n, the madogram of (My;, M,;) can not be taken by the madogram of

—_—

(Mnj,Mnj’)~
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From relation (b) in Proposition 2.3, we conclude that

H k% Kok 1
ij/ 2 ijzrjj/ (W (14)

and we can establish the following consequence about the value of the difference between XJHJ-, and
"
Xj5'

Corollary 3.3. For stationary sequences {Xy,} satisfying the strong-mizing condition, with multi-
variate extremal index 0(T), T € R‘j_, we have, for any choice j < j' in D,

(a) O(T) = 0, Y1 € RL implies ij, = ij/;

(b)

H H
Xjj' = Xjs!

> max {057 (54 ) =2+ Doy (L), 1 - Ty (L 1)},

Proof. (a) If 6(7) is constant equal to 0, then 6; = 6;; = 6 and, since I is homogeneous of order 1,
from (b) of Proposition 3.2, we have XJ}';/ — X?j’ =T, (1,1) =Ty (%, %) =0;
(b) The inequality follows from (b) of Proposition 3.2 and from (14).

O

We emphasize that the quantity 67777 (ﬁ) that we find in (14) and in (b) of the previous
AR

proposition reflects a tendency to the appearance of clusters within X,; A X,,;s through the extremal
index 077, and

%* %k 1 .
Tii (W) = nan;O nP (Xn; >n(0; V1), Xpy >n(0; Vo).

From this discussion we conclude that:

—_

(i) The tail dependencies of (Mnl7 Mng) and of (Mn1, My2), for large n, evaluated through coef-
ficient x, can be considered equal when the multivariate extremal index is constant, otherwise
they differ in at least max {0;]’-‘,7';‘]-*/ (ﬁ) —24T;(1,1),1 - (1, 1)}, where the previ-
ous quantities can be estimated from the existing methods in literature.

(ii) If we estimate the dependence ij, on the tail of (Xn;, X,;/), we do not obtain the depen-

dence on the tail of (Mn1, Mn2), unless we correct the result with an estimate of I';;/ (1,1) —

0. (L L)F.,, (L L).
73"\ 85 65 33"\ 85 65

In cases where H has totally dependent marginals (ijl = 1) or has independent marginals
(XJHAJ-, = 0), the previous lower limit loses interest by triviality. We underline the expression of ij,

in these two cases in the next result, which is derived from (a) of Proposition 3.2.

Corollary 3.4. For stationary sequences {X,}, with multivariate extremal index 6(T), T € R%, we

have, for any choice j < j' in D,

(a) If H has independent marginals, then ij, =2- (9L —+ %) 0 (%, i);
3J 3’
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(b) If H has totally dependent marginals, then ij, =2— (% \% 9%/) ;5 (9%-’ 9%’)
Now we construct some examples that illustrate the cases ij/ > Xf‘;/ and Xﬁ/ < Xf‘;/.

Example 3.1. We first consider the following bivariate M4 process with one moving pattern,

an = %Zn—l \Y éZn \Y an+l

Xn2 == %Zn—l \4 %Zn Y %Zn-&-ly

where Zp = Zi,n, Y > 1. We have in this case
Cr(u1,uz) = (UVS /\ug/s) (UVS /\ué/s) (ufls/s Aug/s)

and

Otherwise

—1 —1
H(z1,x2) = exp (— (6% v 5%)) .

Therefore, Cr(u1,u2) = ur A uz and XH =1> Xﬁ.

Example 3.2. Now consider a modification in the above example through the introduction of one
more pattern,
Xn1 = éZLn \4 ng,n+1 4 %Z2,n
Xn2=3%Z1nV2iZ V2Z
n2 — géln g41,n+1 g&2,n -

We have the same Cr and xF = % as in the previous example, but here

-1 —1 -1 -1
H(z1,22) = exp (— (69:81 Vv 5%)) exp (— (% \% 251”82 ))

Cr(ui,u2) = (u(f/7 /\ug/7) (u}/7 /\ugﬁ) .

and therefore,

ThenXH:Qf(

~o
+
s
|
~o
N
=
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