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Abstract

Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and A
a transitive Lie algebroid on M. The Lie algebroid restriction of A to a simplex A of K is
denoted by A\. A piecewise smooth form of degree p on A is a family w = (wa)acx such
that wa € QP(AL; A) for each A € K, satisfying the compatibility condition concerning
the restrictions of wa to the faces of A, that is, if A’ is a face of A, the restriction of the
form wa to the simplex A" coincides with the form was. The set Q*(A; K) of all piecewise
smooth forms on A is a cochain algebra. One has a natural morphism

Q (A M) — Q' (A K)
of cochain algebras given by restriction of a smooth form defined on A to a smooth form
defined on A}, for all simplices A of K. In this paper, we prove that, for triangulated
compact manifolds, the cohomology of this construction is isomorphic to the Lie algebroid
cohomology of A, in which the isomorphism is induced by the restriction map.

Contents
Abstract
Introduction
1 Restrictions of transitive Lie algebroids

2 Smooth forms and cohomology

3 Piecewise smooth forms and cohomology

Bl Bl Bl @ = =

4 Main theorem


http://arxiv.org/abs/1709.07494v1

References |3__l|

Introduction

D. Sullivan considered in [I4] a new model for the underlying cochain complex of
classical cohomologies with rational coefficients for arbitrary simplicial spaces which gives
an isomorphism with classical rational cohomologies. This new model is determined by
the Rham complex of all rational polynomial forms defined on the simplicial complex
triangulating the space. H. Whitney also presented in [17] other cell-like constructions of
cochain complexes which induce isomorphisms in cohomology with classical cohomologies.

The present paper arose from efforts to extend those constructions to transitive Lie
algebroids and to apply Sullivan’s methods for studying formality of transitive Lie alge-
broids. Among the constructions presented in [14] and [I7], there is one which states that
de Rham cohomology of a smooth manifold smoothly triangulated by a simplicial complex
is isomorphic to piecewise smooth cohomology of the simplicial complex. This isomorphism
is given by restriction of smooth forms to all simplices.

The key ideas concerning class obstruction arising from non-abelian extensions of Lie
algebroids have inspired us and led to conjecture that, given a transitive Lie algebroid on
a triangulated compact smooth manifold, the morphism given by restriction, which takes
smooth forms on the Lie algebroid into piecewise smooth forms on the same Lie algebroid,
still remains an isomorphism in cohomology.

The aim of the present paper is to prove this conjecture. For this purpose, we use the
structure which commences by fixing a smooth triangulation of the base of a transitive
Lie algebroid by a simplicial complex and taking the restriction of the Lie algebroid to all
simplices of the triangulation. Since the Lie algebroid is transitive, the restriction of the Lie
algebroid to each simplex always exists. When this structure is given, we define the notion
of piecewise smooth form in a similar way to Whitney forms on a simplicial complex. The
set of all piecewise smooth forms defined on a transitive Lie algebroid over a triangulated
base is naturally equipped with a differential, yielding a commutative differential graded
algebra. Its cohomology is, by definition, the piecewise smooth cohomology of the Lie
algebroid. Each smooth form defined on the Lie algebroid gives a piecewise smooth form
defined by taking the restriction of the form to each simplex. This correspondence is a
natural map from the usual algebra of the smooth forms on the Lie algebroid to the algebra
of the piecewise smooth forms of the same Lie algebroid. Based on three crucial results,
namely the triviality of a transitive Lie algebroid over a contractible smooth manifold
(Mackenzie), the Kiinneth theorem for Lie algebroids (Kubarski) and the de Rham-Sullivan
theorem for smooth manifolds, we show that this map is an isomorphism in cohomology.

We have tried to make this paper as self-contained as possible. It is for this reason that
some parts of this paper include basic constructions of Lie algebroids and a treatment on
non-abelian extensions of Lie algebroids. Throughout the paper, all manifolds are smooth,
finite-dimensional and possibly with boundaries of different indices.
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1. Restrictions of transitive Lie algebroids

The restriction of a Lie algebroid to an open subset of the base coincide with the
restriction of the underlying vector bundle. For more general submanifolds of the base,
the restricted Lie algebroid may not coincide with the restriction of the underlying vector
bundle, but it will be a vector subbundle of the restriction of the underlying vector bundle.
Restrictions of Lie algebroids to submanifolds of the base are given by inverse image of Lie
algebroids through the inclusion of submanifolds. The transitivity of Lie algebroids plays
an important role on restrictions to general submanifolds. In order to have a coherent
notation and terminology throughout the paper, we shall summarize some definitions and
examples of Lie algebroids. A reasonably complete description of definitions and results
on Lie algebroids can be found in Mackenzie [4], [5] and [6] and Kubarski [3]. A short
introduction to the categorical point of view of Lie algebroids can be seen in the preprint
“Transitive Lie algebroids - categorical point of view” by Mishchenko [11].

Let M be a smooth manifold, possibly with boundary and corners, 7'M the tangent
bundle to M and I'(T'M) the Lie algebra of the vector fields on M. We recall that a Lie
algebroid on M is a vector bundle 7 : A — M on M equipped with a vector bundle
morphism v : A — T'M, called anchor of A, and a structure of real Lie algebra on the
vector space I'(A) of the sections of A such that the map ~r : I'(A)—T(T"M), induced by
7, is a Lie algebra homomorphism and the action of the algebra C*>°(M) on I'(A) satisfies
the natural condition:

(&, fnl = f&n]+ (w(&) - F)n

for each £, n € I'(A) and f € C*°(M). The Lie algebroid A is called transitive if the anchor
v is surjective. As usually, when there is no ambiguity, we drop the anchor map and the
Lie bracket in the notation of the Lie algebroid but, when it is needed to emphasize them,
we write (A, [+, -],7) for denoting this structure.

If (B,[,],0) is other Lie algebroid on a smooth manifold N, a morphism of Lie alge-
broids from (A, [-,-],v) to (B, [-, -], §) consists of a pair of mappings (¢, ¢), with ) : A — B
and ¢ : M — N, such that (¢, ) is a vector bundle morphism satisfying the equality
dot = T(p)ory, where T(p) : TM — TN means the tangential of ¢, and preserv-
ing the Lie bracket condition for i-decompositions, that is, for each £, € I'(A) with



decompositions
pol=> a;®¢ Yon=> b;®n
i=1 j=1

then

Yolen = ab; @& ]+ (vo&)b)@n — Y (von)(a) @
ij j=1 i=1

When M = N and ¢ is the identity map, the Lie algebroid morphism is called a strong
Lie algebroid morphism and denoted simply by 1. We notice that, in this case, a simple
characterization to ensure that a vector bundle morphism between two Lie algebroids is a
Lie algebroid morphism can be seen in [3] or [4]. Namely, if (A, [-,-],7) and (B, [-,-],0) are
Lie algebroids over the same smooth manifold M, then a vector bundle morphism ) from A
to B is a Lie algebroid morphism if, and only if, 7 = 900 and the map ¢r : I'(A) — T'(B),
induced by 1, is a Lie algebra morphism.

We give some examples of Lie algebroids. The first three examples are widely used in
this work.

Ezample 1 (Lie algebras). Any real finite dimensional Lie algebra g over a one-point
space M = {x} with anchor equal to zero is a Lie algebroid on M. Any Lie algebra
morphism between two Lie algebras is a Lie algebroid morphism for this structure of Lie
algebroid.

Ezample 2 (Tangent Lie algebroid). If M is a smooth manifold then T'M is a Lie
algebroid on M. The anchor map is the identity map of T'M, and the Lie bracket is the
usual Lie bracket of vector fields. This Lie algebroid is called the tangent Lie algebroid
of M. More generally, if F' is a regular foliation in M, then the tangent Lie algebroid of
I is the vector subbundle of T'M consisting of tangent spaces to F', with the usual Lie
bracket, and the inclusion map as the anchor. Any Lie algebroid whose anchor map is
injective is isomorphic to the tangent algebroid of some regular foliation (see Kubarski
[3]). Let (A,[-,-],7) be a Lie algebroid over a smooth manifold M. Then, the anchor map
v: A—TM is a Lie algebroid morphism from A to the tangent Lie algebroid of M.

Ezample 3 (Trivial Lie algebroid). Let g be a real finite dimensional Lie algebra and
M a smooth manifold. Consider the trivial vector bundle M x g of base M. On the fibre
product
TM& (M xg)=TM xp (M xg)

we define an anchor map v : TM @& (M x g) — T'M by taking v to be the projection of
TM & (M x g) on TM and a Lie bracket on I'(T'M @& (M x g)) by setting

[(Xv u)v (Yv U)] = ([Xv Y]TMvX(U) - Y(u) - [U,U])

for X, Y € I'(T'M) and w,v : M — g smooth maps. The vector bundle TM & (M x g),
equipped with this anchor and this Lie bracket on the set of the sections, is a Lie algebroid
on M and is called trivial Lie algebroid on M with fibre g.
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Ezample 4 (Lie algebroid product). Let M and N be two smooth manifolds and
(A, [, ]a,7) and (B, [-,-]5,7) Lie algebroids over M and N respectively. The product of
the Lie algebroids (A, [-,]4,7) and (B, [, ]s,7), denoted by A x B, is the vector bundle
product A x B over M x N, in which the anchor is v x 7 and the Lie bracket is defined in
the following way: for each £ = (£1,&) and n = (n1,1m2) € I'(A x B)

[gan]AXB = ([5)”]17 [5)”]2) € F(A X B)

where

(€1 (a) = [2(=9).m(=,yla(@) + (&, ) (@, =) = A0, (6 (2.-))

and

[gan]?x,y) = [52(—>?J)>772(—’y],4($) +7(fl(x,y))(772(55’ _)) (771@ y))(§2( ))

Consider now a real finite dimensional Lie algebra g and the tangent Lie algebroid T'M.
The Lie algebra g is a Lie algebroid over a one-point space N = {x}. We may take the
product of Lie algebroids T'"M x g. The Lie algebroid T'M x g is defined over M ~ M x N.
On the other hand, we can consider the trivial Lie algebroid TM & (M x g) over M and
we easily see that the map f:TM xg — TM @ (M x g) given by f(z,u,v) = (z,u,z,0v)
is an isomorphism of Lie algebroids. Henceforth, we will identify both Lie algebroids.

Ezxample 5 (Lie algebra bundle). A Lie algebra bundle over a smooth manifold M is
a vector bundle 7 : L — M equipped with a section [-,] of the vector bundle A*(L, L)
such that, for each x € M, (L., [-,].) is a real Lie algebra and L admits an atlas

{¢; Uy xg— 7Y (U),j€J} (gis a Lie algebra)

in which each 1;, is a Lie algebra isomorphism. Any Lie algebra bundle is a Lie algebroid,
in which its anchor is equal to zero and the Lie bracket is defined in natural way. We show
now two examples of Lie algebra bundles.

Let 7 : E — M be a vector bundle on a smooth manifold M. Then, the vector bundle
End(FE) = L(E; E), whose fibres, at each point = € M, are the vector spaces L(E,; E,),
is a Lie algebra bundle (see []).

Let A be a Lie algebroid on M, with anchor v : A — T'M, and consider the Atiyah
sequence

{0} —=Ker y L~ A—2TM ——~ {0}
Then, Ker v is a Lie algebra bundle on M.

Ezxample 6 (Lie algebroid of a Lie groupoid). Let G and M two smooth manifolds.
The manifold G is called a Lie groupoid on M if it is given two surjective submersion
a:G — M and §: G — M, called the source projection and the target projection
respectively, a smooth map 1 : M —— G called the object inclusion map, a smooth
multiplication in GxG = {(h,g) € GxG : a(h) = B(g)} and a map G — G called inverse
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map and denoted by ¢ — g7, satisfying certain identities (for the details, see Mackenzie
[4], definition 1.1.1 and definition 1.1.3). Denote by A(G) the vector bundle | |,.,, T1,G,
(disjoint union). Consider the map v : A(G) — T'M defined by v(a) = Df;,(a). Define a
Lie bracket on I'(A(G)) in the following way: for each £ and n € I'(A(G)), the Lie bracket
is defined by
[€.n]=1¢ne

in which £ and 1’ denote the unique a-right-invariant vector fields on G such that § =&,
and 1} = n,, Yo € M. Then, (A(G),[,],7) is a Lie algebroid on M and is called
the Lie algebroid of the Lie groupoid G. Lie groupoids and Lie algebroids enjoy some
of the properties of Lie groups and Lie algebras. We notice that not every Lie algebroid
is integrable to a Lie groupoid. The theorem 4.1 of the paper [I] shows necessary and
sufficient conditions so that a Lie algebroid is integrable to a Lie groupoid.

An example of a Lie algebroid constructed from a Lie groupoid is the Lie algebroid of
the covariant derivatives of a Lie algebra bundle. We describe this example now. Let M
be a smooth manifold and 7 : £ — M a vector bundle on M. Denote by ®(F) the Lie
groupoid on M made by all linear isomorphism ¢ : F, — E, for each z, y € M, in which
the source map « : ®(F) — M and the target projection 3 : ®(E) — M are defined by
a(é) =z and B(§) =y, the object inclusion map 1 : M — ®(FE) is defined by x — idg,
and the multiplication is the composition of maps (see example 1.1.12 of [4]). For each
n > 1,let 7 : L"(E; E) — M be the vector bundle whose fibre at z € M is the vector
space of all p-linear maps from E, x --- x E, to E,. The canonical action

O(E)* L"(E;E) — L"(E; FE)
of the Lie groupoid ®(FE) on the vector bundle 7 : L"(E; E) — M is defined by
E-p=Copo((Tix---x&) e LB, E,)

where z, y € M,  : E, — E, is a linear isomorphism and ¢ € L"(E,; E,) (see section
1.6 of [4] for more details on actions of Lie groupoids). A section n € I'(L"(E; E)) is stable
for this action if, for all z, y € M, there is a linear isomorphism ¢ : £, — E, such that
€ -n, =n,. For a stable section n € I'(L"(E; E)), the stabilizer of ®(E) at 1 is defined by

{Ee@(BE): &-n(a&))=n(B(&))}

The stabilizer of ®(E) at n is a Lie groupoid on M (see example 1.3.4 and theorem 1.6.23
of [4]). We notice that a section n € I'(L™(E; E)) need not be stable. Nevertheless, for a
Lie algebra bundle 7' : K —s M on M with bracket [-,-] € A*(K, K), the bracket [-,] is
a stable section for the action above restricted to the vector bundle A\*(K; K) (example
1.7.12 of [4]). Hence, the stabilizer of ®(K) at [-,-] is well defined (theorem 1.6.23 of
[4]). Its Lie algebroid is denoted by Dpe,.(K) and called the Lie algebroid of the covariant
derivatives of K. The Lie algebroid Dp,,(K) is transitive (see [4], [§], [9], [10]).

Ezample 7 (Adjoint Lie algebra bundle). Let M be a smooth manifold and 7 : K — M
a Lie algebra bundle on M with fibre type g. Consider the Lie subalgebra Der(g) of the
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Lie algebra gl(g) made by the derivations of g. By the proposition 3.3.9 from [], it can
be seen that the Lie subalgebra Der(g) corresponds to a unique Lie algebra subbundle of
the Lie algebra bundle End(K). This Lie algebra subbundle is denoted by Der(K') and
its elements are called derivations of K. Thus, the image ad(K) of K, by the Lie algebra
bundle morphism ad : K — Der(K) defined by ad, : K, — Der(K,) for each = € M,
is a Lie algebra subbundle of Der(K), in which the fibre ad(K), is an ideal of Der(K,).
Consequently, the Lie algebra bundle quotient Der(K)/ad(K) is well defined (see [4]).
The Lie algebra subbundle ad(K) is called the adjoint Lie algebra bundle of K. The Lie
algebra bundle quotient Der(K')/ad(K) usually is denoted by Out (K).

Assume now that A is a transitive Lie algebroid over M, with anchor v : A — TM
and Lie bracket [-,-] 4 on I'(A). Consider the Lie algebra bundle Ker . We recall that an
ideal of A is a Lie algebra subbundle K of Ker ~ such that, for all sections £ € I'(A) and
n e 'K, [£,n]ais asection of K. In these conditions, one defines the Lie algebroid quotient
of A by K as follows. Let A be the vector bundle quotient A/K and 5 : A — T M the
map induced by . The Lie bracket in the space of the sections of A is defined by

€ +THK,n+ K]z =[{na+TK

for each &, n € I'(A). The Lie algebroid A is transitive and usually denoted by A/K (see
proposition 6.5.8 of [4] or proposition IV - 1.11 of [5] for more details). A particular case of
Lie algebroid quotient is the following example. Let 7 : K — M be a Lie algebra bundle
on a smooth manifold M and consider the transitive Lie algebroid Dp.,.(K) of all covariant
derivatives of a Lie algebra bundle K. The adjoint Lie algebra bundle ad(K) is an ideal of
Dper(K). Hence, we can consider the transitive Lie algebroid quotient Dp.,.(K)/ad(K),
which is denoted by Out D(K). The sections of the Lie algebroid Out D(K) are called
outer derivations of K.

Let M be a smooth manifold and A a Lie algebroid over M, with anchor v : A — TM
and Lie bracket [-, -] on I'(A). We recall that the Lie bracket [-, -] enjoys the local property,
that is, if U is an open subset of M and £,n € I'(A) such that n vanishes on U then the
Lie bracket [£,n] vanishes on U. This makes the restricted vector bundle Ay into a Lie
algebroid on U (see Mackenzie [4], section 3.3). Under suitable conditions, we can find a
rather understandable and complete notion of restrictions of the Lie algebroid A to more
general submanifolds of M. Our definition of restriction is based on the construction of
inverse image of a Lie algebroid by a smooth map. The transitivity of the Lie algebroid
A will be needed for showing that inverse image always exists for any smooth map. We
notice now some brief considerations on the construction of image inverse.

Assume that A is transitive. Let N be other smooth manifold and ¢ : N — M a
smooth map. Let 7 : A — M denote the vector bundle underlying the Lie algebroid
A and 7ry : TM — M and npy : TN — N the canonical projections. The anchor
v : A — TM defines A as a vector bundle on TM. In order to complete the following



diagram

A
|7
Ty
TN — TM

consider the vector bundle 7 : (T'p)* A — T'N, which is the inverse image of the vector
bundle v : A — T'M by the smooth map T, where 7 denotes the canonical projection
5 : (Tp)*A — TN. We notice that the vector bundle 7 : (T'p)* A — T'N exists because
~v is surjective. Obviously, (Tp)*A is also a vector bundle over NV, in which its projection
is the composition of the projection 7 with the canonical projection mry. We obtain the
following commutative diagram

(Tp)(A) — A
1,
TN TM |«
WN\L . WNI\L

N M

Consider the Whitney sum T'N & ¢*(.A) of the tangent bundle TN on N with the vector
bundle 7* : p*(A) — N. The vector bundle 7y 075 : (T'¢)* A — N is N-isomorphic to
a vector subbundle of the Whitney sum T'N @ ¢*(.A) whose its sections are the sections

s=(X,§): N —TN & p*(A)

(X € I'(T'N) and ¢ € I'(¢p*A)) of the Whitney sum T'N & ¢*(A) characterized by the
equality T'(p)o X = yodo&, where ® stands for the canonical map from the vector bundle
7 ¢*(A) — N to the vector bundle 7 : A — M defined by ®(x,u) = u. The notable
fact is that the vector bundle mry 07 : (T'p)* A — N inherits a natural structure of

transitive Lie algebroid on N. We note this structure of Lie algebroid on next proposition.
The details of the proof can be found in [3] or [4].

PROPOSITION 1.1. (Inverse image of transitive Lie algebroids). If A is a transitive Lie
algebroid on M, the vector bundle mry o7 : (T'p)* A — N carries a natural structure
of transitive Lie algebroid on N, in which the canonical projection 7 : (T'¢)* A — TN
is the anchor map and the Lie bracket is defined in the following way: Fix a local frame
(s1,+,Sk) of the vector bundle m : A — M defined on an open subset U of M. Take
now two sections (X,€), (Y,n) € T((Tp)*A), where X,Y € I'(T'N) and &, € T(p*A).
Then, on the open subset V = ¢~ (U), we have the decompositions &y =Y, fi(sio ¢v)
and 1y =, 9;5(8j 0 pv) with fi,g; € C(V). Define a Lie bracket on D((Te)*A) by
setting

[(Xv 5)7 (Yv n)]/V =

= (X, Y], Y figilsinsl oo + Z(X “gj)(sjo o) — Z(Y - fi)(siowpv))

i,J J 4



Thus, the pair of mappings (¢, ), in which ©" : (Tp)* A — A is the smooth map defined
by ©'(X,a) = a, is a morphism of Lie algebroids.

Keeping the same hypothesis and notations as above, the vector bundle mpry o7 :
(Tp)* A — N, equipped with this structure of Lie algebroid, is called the Lie algebroid
inverse image of A by the map ¢ and denoted by (¢"A,7,[,],u4). From now on, we
write simply ¢"A instead of (¢"A,7, [-,],u4), dropping the anchor 7 and the Lie bracket
[, -]pra. The map ¢" : (T'p)*A — A is called the canonical map induced and the Lie
algebroid morphism (¢", ¢) is called the canonical Lie algebroid morphism of an induced
Lie algebroid.

Example. Let g be a finite dimensional Lie algebra. It is know that g is a Lie algebroid
over a one-point space M = {x}. Let N be a smooth manifold and ¢ : N — M the
constant map. Then, (T')*g is equal to TN @ (T'N x g) and we easily see that the anchor
and the Lie bracket of the Lie algebroid (T'(¢))*g coincides with the ones of the trivial Lie
algebroid TN @ (T'N x g).

We define now the restriction of a transitive Lie algebroid to any submanifold of the
base space.

DEFINITION 1.2. (Restriction of transitive Lie algebroids). Let M be a smooth manifold
and ¢ : N < M a submanifold, possibly with boundary and corners. Let A be a transitive
Lie algebroid on M. The Lie algebroid ¢" A, constructed as inverse image of A by the map
¢, is called the Lie algebroid restriction of A to the submanifold N and denoted by AY;.

It is evident that, in the case in which U is an open subset of M, the Lie algebroid
restriction A}, has the natural structure of the transitive Lie algebroid given on the re-
stricted vector bundle Ay, that is, the map ¢ : Ay — A}, defined by ¢ (a) = (y(a), a)
is an U-isomorphism of Lie algebroids. Therefore, the Lie algebra structure on the set
of the sections of A}, is defined by extending sections of A, to sections of A. Next two
propositions, we want to show that, if M is a smooth manifold, ¢ : N < M a submanifold
of M, which is a closed subset of M in the topological sense, and (A, [-,-],7) a transitive
Lie algebroid on M, the structure of Lie algebra on the set of the sections of AY; is also
defined by natural extension of sections of A%, to sections of A.

ProPOSITION 1.3. Let M be a smooth manifold and ¢ : N — M a submanifold,
possibly with boundary and corners. Let A be a transitive Lie algebroid on M, with anchor
v+ A— TM and Lie bracket [-,-], and 7 : A — M the vector bundle underlying the Lie
algebroid A. Denote by Ay the vector bundle restriction of A to N and " : Ay — A
the canonical map defined by ©"(X,a) = a. Then, the following assertions holds.

a) The bundle Tm ¢" is a vector subbundle of Ay and ¢" : A% — Im ¢" is an N-
isomorphism of vector bundles. Its inverse is the map (©")"'(a) = (y(a),a).
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b) Im " =y~ Y(TN) and so the anchor v : A — TM restricts to Im ¢" — TN.

¢) If &, n € T A are sections such that & and n;y € I'(Im @) then [£, ]/~ is a section
of Im ",

d) If &, n € DA such that &n € T(Im ") and n/n = 0, then [,1]/n = 0.

PROOF. a) Standard arguments.
b) Let a € Im ¢". Then, there exists (z,u) € TN such that

v(a) = (o(x), Dpy(u)) = (x,u) € TN

Hence, vy(a) € T'N.

c) Let &, € I'A such that {5, n/y € [(Im ©"). Then, there are vector fields X,Y €
T'N such that (X, &n), (Y,nn) € T(AY), and so, yo&/ny = X and yon,y =Y. Therefore,
we have [(X,&/n), (Y,nn)] € T(AY). We will calculate a local expression for this last
Lie bracket. Fix a local frame (sy,---,sg) of the vector bundle (A, 7, M) over an open
subset U of M and set V. = U N N. Writing {;p = >, fis; and ny = >, g;8;, with
fi,g; € C®(U), we also can write v = ), fi,ysipy and npy = Zj 9ivSi/y, and so,
(X, &n), Yonmw)l v = ([X, Y, (*)) where (*) means the following sum

Z fl/vgﬂ/v[su s;] /vt Z Xy gg/v)sg/v - Z(Y/v : fi/v)si/v
2,] i 7

On other side,
&0l = §uvmw] = v, E 9;8;] =
J

:Zgj 0. 5] +Z (Yo &) - g5)s5) =
:—zgjsj,wz Y o) 0)s) -
:Zf,.gj[si,sj]_z_gj zmos] ) + 2 (3 fre ) ai)si) =
:ifigj[si,st—Z(Z@MO% ) fi)s: *Z 2 fires)) - 9i)s) =

i J
Since Xyy = vo&yv = vo (X fiysiy) = ZZ fi,y (v 0 si,) and, analogously
Yyv =2>_,9j,,(v0sj,) we conclude that

ol = Fip i lsi sl v+

i7j

- Z (Z(EM]V(’Y © sj/v)) ' fi/v)si/v) + Z (Z fi/v(7 © Si/v)) 'gj/v)sj/v) =

i J
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= Z fi/vgj/v[8i> Sj]/v - Z (YV/V) ' fi/v)si/v) + Z (X/V ' gj/v)sj/v) - (*)
2¥} ? J

Therefore, [(X, €, (V. v = (IX. Y], [€.mlv) € D((A%)/v) and then [€,1]v is a
local section of the vector bundle Im ¢". Hence, [£,7)] is a section of the vector bundle
Im "

d) From part c) we have that 0 = yon,y =Y and so [X,Y] = 0. From the equality
nyw = Zj 9jvSjjv We also have that g;,, = 0 for each j. Hence, on the expression (x) of
the part ¢), all summands are equal to zero. Then, [£,n], = 0 and so [£,7n],xy=0 also. O

PROPOSITION 1.4. Keeping the same hypothesis and notations of the previous propo-
sition, if A is a transitive Lie algebroid on M and ¢ : N — M a submanifold, which is
a closed subset of M in the topological sense, then Im ¢" carries a natural structure of
transitive Lie algebroid on N, where the anchor of this structure is the restriction of v to
Im " — TN and the Lie bracket is defined by

€. n) = [, 7w

in which E and 7n are sections of A such that E/N = ¢ and )y = n. Thus, the map
o' ANV — Im " is an N-isomorphism of Lie algebroids whose its inverse is the map
U Im " — A% defined by ¥(a) = (y(a),a).

PROOF. Since N is a closed subset of M, it is always possible to extends sections of
Im ¢" to a sections of A. By using c¢) and d) of last proposition and similar arguments
given on the definition of Lie bracket of a restriction to an open subset, we can define a
Lie bracket on the sections of Im ¢". O

Remark. The Lie algebroid Im " constructed on last proposition can be identified
to the Lie algebroid A%, and so, the Lie algebroid Im ¢" is also called the Lie algebroid
restriction of A to N. Henceforth, the Lie algebroid Im " will also be denoted by AY.

We finalize this section with the following three propositions widely used in this paper.

PROPOSITION 1.5. (Transitivity of restrictions) Let M, N and P three smooth mani-
folds such that @ : N — M 1is a submanifold, which is a closed subset of M, and ) : P — N
s a submanifold, also closed in N in the topological sense. Consider a transitive Lie alge-
broid (A, [-,-],v) on M. Then,

A = A

PROOF.
AN ={(z,u,a) € TN x A: (z,u) = v(a)}

and
(AN)p = {((y,0), (x,u),a) € TP x (TN x A) : (y,v) = a1 ((x,u),a)}
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The map A from A% onto (AY)% given by A(y,v,a) = ((y,v), (y,v),a) is an isomorphism
of Lie algebroids over P. O

Given a smooth manifold M and N a submanifold of M, the vector bundle T'My,
restriction of TM to a N, does not coincide in general with the tangent bundle T'N.
However, in the context of restrictions of transitive Lie algebroids, the situation is different
and much better because they coincide. We note that property in the next proposition.

PROPOSITION 1.6. (Restriction of tangent Lie algebroids). Let M be a smooth manifold

and ¢ : N — M a compact embedded submanifold. Consider the tangent Lie algebroids
TM and TN. Then, (TM)% =TN.

Lastly, we have the following proposition.

PROPOSITION 1.7. (Restriction of trivial Lie algebroids). Let g be a real finite di-
mensional Lie algebra and M a smooth manifold. Consider the trivial Lie algebroid
TM @& (M x g) and let N be an embedded submanifold of M. Then,

(TM @& (M x g)) =TN @ (N x g)

PROOF. Let ¢ : N < M the inclusion. The Lie algebroid (TM @ (M x g))Y, seen as
the Lie algebroid Im ", is constituted by the elements ((x,u), (z,v)) € TM @& (M x g)
such that there exists (z,u) € T'N satisfying the equality T'(¢)(z,u) = v((x,u), (x,v)).
Then, (x,u) = (Z,u) € TN and so we have that (TM @ (M x g))% = TN & (N x g). O

2. Smooth forms and cohomology

We shall recall briefly the notion of Lie algebroid cohomology and collect some results
concerning Lie algebroid extensions. This section ends stating and proving the triviality
of a transitive Lie algebroid on a contractible manifold. This last result will be used in the
proof of the main theorem.

Let M be a smooth manifold and A a Lie algebroid on M. Let R,; denote the trivial
vector bundle M x R of base M. We recall that a smooth form of degree p on A is a
section of AP (A*; RM). The set of all smooth forms of degree p on A will be denoted by
OP(A; M). For p =0, we have Q°(A; M) = C(M). The set QP(A; M) is a C>(M )-module
for each p > 0. Clearly, the exterior product of alternated multi-linear maps induces an
exterior product in Q*(A; M) = @, @ (A; M). Thus, this product makes Q*(A; M) into
a commutative graded algebra in which the constant map 1 € C*°(M) is the unit. We
notice that Q*(A; M) vanishes for degrees > rank of A.

Next, we recall the definition of exterior derivative on A. We first consider the algebra
QO(A; M) = C>®(M). Let f € C(M) a smooth map. We can define the smooth 1-form

12



d(f) : M— N\ (D(TM),C*>(M)) by setting d(f)(X) = X - f, for each X € ['(T'M).
Hence, we define d(f) € \' (T(A),C>=(M)) by d(f)(X) = (yo X)- f, for each X € T'(A).
Now, for each p > 1 we define

&P QP(A; M) — QPFL(A; M)

p+1
Pu(X0, X, Xper) = S (=1 (70 X) - (X1, Koy X)) +
7=1
+Z )ik ([Xy, X, X1, - - ,)/5,~~-,5(7€,~~~,Xp+1)

i<k
forw e QP(A; M) and X3, Xo, - -+, X011 € T'(A).
The family of differential operators d* = (d?),>o defines, on the algebra Q*(A; M), a
structure of differential graded algebra, which is commutative. Hence, Q*(A; M) becomes
a commutative cochain algebra defined over R.

DEFINITION 2.1. The Lie algebroid cohomology space of A is the cohomology space of
the cochain algebra Q*(A; M) equipped with the structures defined above. This cohomol-
ogy space is denoted by H*(A; M).

In order to state a result concerned with extensions of smooth forms on Lie algebroids,
we recall the definition of inverse image of a smooth form. Let A and B be two Lie
algebroids defined respectively over the smooth manifolds M and N. Let A = (¢, ¢) be a
morphism of Lie algebroids defined by the smooth maps ¢ : A — Band ¢ : M — N. If
w € QP (B; N) is a smooth form on B of degree p, we can consider a smooth form of degree
p on A, denoted by \*w, and defined by

()\*W)x(vl,’Ug, s ','Up) = w@(w)(w(vl)>w(v2)a o '>¢(Up))

x € M and vy, vg, . . . v, € A,. The form A\w is called the pullback or inverse image of
w by the morphism A. Thus, for each p > 0, there is a map

NP QP(B; N) — QP(A; M)
w— A'w

The family \* = (A\*P),>o is a morphism of cochain algebras.

DEFINITION 2.2. (Restriction of smooth forms on Lie algebroids). Let M be a smooth
manifold and ¢ : N — M a submanifold. Let A be a Lie algebroid on M and consider
the canonical Lie algebroid morphism \ = (¢, ¢), in which ¢" : A%, — A is defined by
©"(X,a) = a. Consider the cochain algebras Q*(A; M) and Q* (.A']'V, N) and the morphism
N QF(A; M) — QF(AY; N) induced. For each smooth form w € Q*(A; M), the form
N (w) € QF(A%; N) is called the form restriction of w to N and denoted by wh, or simply
by w/y, if there is no danger of confusion with the restriction of w to the vector bundle
restriction of the underlying vector bundle of A to V. In subsequent sections, the morphism

N

A* will often be denoted by ¢ M“;‘v or simply by @7 VN
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It is obvious that the restriction of smooth forms on Lie algebroids enjoys the functorial
properties.

Let A be a transitive Lie algebroid on a smooth manifold M. If U an open subset of
M and ¢ : U — M the inclusion map then, for each p > 0, the spaces QP(Ay; U) and
OP(AY; U) are isomorphic. If ¢ : N < M a submanifold such that N is a closed subset
in M in the topological sense, then the map ¢" : A%y — Im ¢" is a N-isomorphism
of Lie algebroids and so it induces an isomorphism between the spaces QP(A%Y; N) and

QOP(Im ¢"; N). Let us now notice a proposition concerning extensions of smooth forms.

PROPOSITION 2.3. Let M be a smooth manifold and p : N — M a submanifold such
that N is a closed subset in M in the topological sense. Let A be a transitive Lie algebroid on
M and consider the canonical Lie algebroid morphism A = (", @) in which " : A%y — A
is defined by ©*(X,a) = a. Then, the morphism of cochain algebras

QN (A M) — QF(AY; N)
18 surjective.

PROOF. Let us denote the anchor of A by 7. Given a smooth form @ € QP(A%; N),
we can define a smooth form & € QP (Im ¢"; N) by

a(glv s 75;0) = a]((f}/ © 51751)7 tr (7 © 517510))

The result follows since any smooth extension w € Q*(A; M) of & satisfies the equality
M (w)=w. O

One of the properties listed in the introduction which is needed for the proof of our
main result is the triviality of a transitive Lie algebroid over a contractible manifold. This
property is a direct consequence of a deep result, due to Mackenzie, about actions from
a certain cohomology space on the set of operators extensions of Lie algebroids by Lie
algebra bundles. The notions of couplings corresponding extensions of Lie algebroids by
Lie algebras bundles and the affine space of operator extensions play a leading role in the
development of the matter in question. The heart of the theory is that the additive group
of the cohomology space in degree two of a special representation induced by a coupling
acts freely and transitively on the affine space of operator extensions (see Mackenzie [4]).
In order to state both results, we briefly summarize now some definitions and examples
used in the study of the subject concerned, following [3] and [4]. Teleman presents in the
paper [16] an approach to the theory of non-abelian Lie algebra extensions for the algebraic
version of Lie algebroids. The MacLane’s book [7] contains an algebraic introduction to
the theory of extensions.

Let M be a smooth manifold and 7w : £ — M a vector bundle on M. For each x € M,
denote by A(FE), the vector space of all linear maps ¢ : I'(E) — E, such that there exists
a vector u € T, M satisfying the equality

O(fE) = f(@)e(€) + (u- [abe
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for all f € C*°(M) and £ € I'(E). The vector u is unique and so we can define a map
vi | | AE). — TM

reM
We denote by A(FE) the disjoint union | |,.,, A(E),. We define a Lie bracket on the space
of the sections of A(F) locally as follows. Fix a local trivialization ¢ : 7= 4(U) — U x F
of the vector bundle E, in which U is an open subset of M and F' is the fibre type of E.
Let gl(F) be the Lie algebra of F' and, for each £ € I'(E), the map &, : U — F defined

by &,(2) = v2(&), in which ¢, : B, — F is the linear map induced by ¢. It can be seen
in the section 1.2 of [3] that the map @ : TU x gl(F') — A(F)y defined by

P, 9)(€) = (o) (u- & + (g0 &,)(x))

is bijective. Therefore, the anchor and the Lie bracket on the sections of the trivial Lie
algebroid TU x gl(F') can be carried to A(F)y and the space A(E) becomes a transitive
Lie algebroid on M, which is denoted by D(FE) and called the Lie algebroid of covariant
differential operators on E (see [3], [4] and [5]). Assume now that A is a Lie algebroid on M,
with anchor v : A — TM. A representation p of A on F is a morphism p: A — D(FE)
of Lie algebroids. Under these conditions, on the graded algebra Q*(A; M), an exterior
derivative can be defined in the same way as we have defined exterior derivative above,
but taking p(X;) instead of 7o X, (in our definition of exterior derivative given before, we
used the trivial representation p’ defined by p'(X) = 70 X). The cohomology space of this
cochain algebra is denoted by H (A, p, F).

Couplings. Let A be a Lie algebroid on a smooth manifold M and K a Lie algebra
bundle on M. A coupling of A with K is a morphism = : A — Out D(K) of Lie
algebroids. In [4] or [B], it can be seen that a coupling induces a representation of A,
denoted by p=, on the Lie algebra bundle Out D(ZK), in which ZK denotes the Lie
algebra subbundle center of K. The representation p= is called central representation of
the coupling =Z. A Lie derivation law covering the coupling = is a vector bundle morphism
V : A — Dp.(K) that preserves the anchor maps and satisfies the equality oV = =,
in which § : Dpe,(K) — Out D(K) = Dpe,(K)/ad(K) is the quotient map. Since the
map f is a surjective submersion, any coupling = admits Lie derivation laws covering it.
For transitive Lie algebroids, a Lie derivation law covering a couple = can be obtained by
taking the covariant derivative of a connection \ : TM — A.

Obstruction. Let A be a Lie algebroid on a smooth manifold M, K a Lie algebra
bundle on M and = : A — Out D(K) a coupling of A with K. For any Lie derivation
law V : A — Dp,,(K) covering the coupling =, the curvature map Ry of V is the map
Ry :T(A) x T'(A) — T'(Dpe,(K)) which is defined by

Ry (&,n) = [V(&), V(n)] = V([§,1])

for &, 7 € I'(A). Let A: A\*(A) — K be a lifting of Ry (see [8], [9] and [I0]). Then, the
cyclic sum of

V&(A(m 9)) - A([&v 7]]7 9)
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defines an element of Z3( A, p=, ZK). The notable fact is that, the cohomology class of this
element is independent of the choice of V and A, depending only on the coupling =. The

cohomology class of this element is called the obstruction class of the coupling =, and is
denoted by Obs(Z) (see [], theorem 7.2.12).

Extensions of Lie algebroids. In view of the definition of set of equivalence classes
of operator extensions, we recall that an exact sequence of Lie algebroids on a smooth
manifold M is a sequence

(0} —= A Lo A2 A" {0}

in which A", A and A” are Lie algebroids on M, j and A are morphisms of Lie algebroids
and the sequence is exact as a sequence of vector bundles. We are interested in sequences
in which A’ is a Lie algebra bundle. Given a Lie algebra bundle K, an extension of A by
K is an exact sequence

(0} — K Lo A 2o A—~ {0}

of Lie algebroids over M. The most important extension for our work is the Atiyah sequence

{0} —Ker vy 2> A—2>TM — {0}

of a transitive Lie algebroid A.

Equivalent extensions. Let M be a smooth manifold, A a Lie algebroid on M and K a
Lie algebra bundle on M. Two extensions

A1

{0} —= K 2= 4

A—{0}

and
A2

{0} K20 Ay 225 A— {0}

are equivalent if there is a Lie algebroid morphism ¢ : A; — A such that ¢ o j; = j
and Ay o o = A;. In these conditions, ¢ is an isomorphism of Lie algebroids.

Transversals. Let M be a smooth manifold, A a Lie algebroid on M and K a Lie
algebra bundle on M. Let

{0} K—1sA-2s A—— {0}

be an extension of A by K. A transversal in the extension is a vector bundle morphism
x : A —> A’ such that Aoy =idy. Since A is a surjective submersion and a morphism of
vector bundles, transversals always exist and they are anchor-preserving morphisms. Fix
now any transversal x : A — A’ in the extension above. We can define a coupling of A
with K as follows. Define the map VX : A — Dp,,.(K) such that

J(VXE(Y)) = x(€), 5 (YV)]
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for each £ € I'(A) and Y € I'(K'). The map VX is a morphism of vector bundles preserving
the anchor maps. The composition jo VX : A — Out D(K) is a coupling (see [], section
7.3). If ( : A — A’ is other transversal of the extension, then we obtain the same coupling
since the equality o VX = fo V¢ holds. The coupling of A with K constructed in this way
for any transversal is called the coupling induced by the extension. The map VX is a Lie
derivation law covering this coupling. Thus, in [4], it can be seen that, for any transversal
in the extension and any Lie derivation law V covering the coupling of A with K induced
by the extension, there is other transversal ¢ : A — A’ such that V = V¢.

Operator extensions. Let M be a smooth manifold, A a Lie algebroid on M and K
a Lie algebra bundle on M. Let Z: A — Out D(K) be a coupling of A with K such
that Obs(Z) = 0 € H3(A, p=, ZK), in which p= denotes the central representation of the
coupling. An operator extension of A with K is an extension

(0} —= K 2o A2~ A—— {0}

such that the coupling induced by this extension coincide with the coupling =. The set of
equivalence classes of operator extensions of A by K is denoted by O(A, Z, K).

The result, due to Mackenzie, is that H2(A, p=, ZK) acts freely and transitively on the
set O(A,Z, K). We begin by defining this action.

Action on operation extensions. Let M be a smooth manifold, A a Lie algebroid on M
and K a Lie algebra bundle on M. Let = : A — Out D(K) be a coupling of A with K
such that Obs(Z) = 0 € H3(A, p=, ZK), in which p= denotes the central representation of
the coupling. Consider an operator extension

(0} — K oA 2o A {0}

Let g € Z?(A; ZK). Then, the action of g on the extension yields the extension

(0} — K 1> 4 24— (0}

in which Aj = A’ as vector bundles, the maps j and A are the same in both extensions,
the anchors 7' : A" — T'M and v, : A, — T'M are the same too and the Lie bracket
[, :]g on T'(A}) is given by

[€,nlg = [&,n] + (joiog)(AE), A(n)
in which 7 : ZK — K denotes the inclusion.

We can now state the main result concerning actions of operators extensions. All details
of the (long) proof can be found in Mackenzie [4], section 7.3.
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PROPOSITION 2.4. (Mackenzie). Let A be a Lie algebroid on a smooth manifold M, K
a Lie algebra bundle on M and = : A — Out D(K) a coupling of A with K. Denote by p=
the central representation corresponding the coupling =Z. Suppose that the class obstruction
of Z is the zero of H3(A, p=, ZK). Then, the additive group of H%(A, p=, ZK) acts freely
and transitively on O(A, =, K).

There are several consequences from the previous proposition. For our work, the most
important consequence is the triviality of a transitive Lie algebroid on a contractible man-
ifold.

PROPOSITION 2.5. Let A be a transitive Lie algebroid on a contractible smooth manifold
M and g = Ker v, in which v denotes the anchor of A. Then, A is isomorphic to the
trivial Lie algebroid TM x g by a strong isomorphism of Lie algebroids.

PROOF. Since A is transitive, we can fix a connection a : TM — A (see [4] and [5]).
Let = : A — Out D(K) be the coupling defined by = =0 V*: A — Out D(K), in
which f is the quotient map f : © p.,g — Out D(K). Consider the extensions

{0} — K 2> A—2TM— {0}

and

{0} —= K 2~ TM x g—2=TM — {0}

Since M is contractible then H3*(T'M, p=, ZK) = {0} and, by transitivity of the action of
the previous proposition, there exists [g] € H*(T'M, p=, ZK) such that the extensions

{0} —>g L= A, —>TM — {0}

and ’
{0} —=g—L>TM xg—>TM {0}

are equivalent. Since M is contractible, we can take h € QY(T'M, p=, Z K) such that dh = g.
It is known that the extensions

{0} —= g—L= Ay —=TM —= {0}

and

{0} —= g A —=TM — {0}
are equivalent (see ([4]). The conclusion follows by transitivity. O

A proof of this result has been done by Mackenzie in [4], following the theory of non-
abelian Lie algebra extensions. Crainic and Fernandes proved the same result (see [1],
corollary 5.6) by using their theorem on integrability of Lie algebroids (see [I], corollary
5.4 and theorem 4.1).
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3. Piecewise smooth forms and cohomology

For each simplicial complex K, its polytope will be denoted by |K|. Simplex means
always closed simplex. A smooth manifold M is said to be smoothly triangulated by a
simplicial complex K if there is a homeomorphism ¢ from | K| onto M and, for each simplex
A of K, the map t/a : A — M is a smooth embedding. As usually is done, we shall not
make no notational distinction between the manifold and the complex triangulating it. In
what follows, all simplicial complexes considered are geometric and finite. Each simplex
can be represented as the convex body generated by its vertices and, if its vertices are
the points ag, a4, ..., a,, we eventually denote this simplex by [ag, a1, ..., a,]. We shall
write A" < A, if A’ is a face of the simplex A. The notation ¢ : A’ — A, where ¢ is the
inclusion map, also will be used when A’ is a face of A. The star of the simplex A in a
simplicial complex K, denoted St (A), is the union of the interiors of all (closed) simplices
of K having A as a face. The closed star of the simplex A in K is the union of all (closed)
simplices of K having A as a face. The star St (A) is an open subset in |K| for the weak
topology (which is the same as the topology of subspace induced by the topology of the
ambient space since the simplicial complex is finite).

There are several variants of piecewise smooth cohomology. What we consider here is
mainly the piecewise smooth cohomology of transitive Lie algebroids defined over smooth
manifolds which are smoothly triangulated by simplicial complexes. It is in this context
that our main result arises. Its proof goes beyond over this notion of piecewise smooth
cohomology. Precisely, in the course of the proof we will deal with the piecewise smooth
cohomology of Lie algebroids defined over bases which are unions of open stars in the
polytope of the simplicial complex. Unions of stars were called by Eilenberg-Steenrod
regular neighborhoods and we will follow this terminology (for general definition of regular
neighborhood, see Eilenberg-Steenrod [13], section 9 of the second chapter).

Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and
A a transitive Lie algebroid on M. Let A be a simplex of K. Since A is an embedded
submanifold of M, the Lie algebroid restriction A% is well defined. Suppose that A’
is other simplex of K such that paa @ A" — A is a face of A. By transitivity of
restrictions, we have that A%\, ~ (A%)%,. Consequently, the cochain algebras Q*(A%,; A')
and Q*((ALX)%\/; A') are isomorphic. We recall that the morphism of cochain algebras

generated by the inclusion pa s : A’ < A is denoted by
Py (AL A) — Q7 (AL A)

and, for each smooth form wa € QP(A%X; A), the smooth form gpﬁ;AA,(wA) is also denoted by
(wa)ys or (wa)/,,. Keeping this hypothesis and notations, we give below the definition of
piecewise smooth form. The idea of this definition is based in the Whitney’s book [17] or
in the Sullivan’s papers [14] and [15]. Morgan and Griffiths has also presented in [12] the
notion of piecewise smooth form on an ambient space made by a collection of manifolds
with transverse intersections.
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DEFINITION 3.1. (Piecewise smooth form). Let M be a smooth manifold, smoothly
triangulated by a simplicial complex K, and A a transitive Lie algebroid on M. A piecewise
smooth form of degree p (p > 0) on A is a family w = (wa)aex such that the following
conditions are satisfied.

e For each A € K, wa € QP(A; A) is a smooth form of degree p on A4.
e For each A, A" € K, if pa a1 A" — Ais a face of A,

SOA,AAf (wa) = war

Let (pan)' : AN — A% be the map induced by ¢a s (see the paragraph after
proposition 1.1). The Lie algebroid A4, can be identified to the Lie algebroid Im (¢ ar)"
(see remark after proposition 1.4) and so, for each & € A/, the fibre (A%,), is a vector
subspace of the fibre (A%}),. Besides, the spaces Q*(A%,;; A’) and Q*(Im (pa ar)"'; A') are
identified. Hence, the second condition of the definition given above can be stated in the

following form: for each # € A’ and vectors uy, . . . , u, € (AX).

war (@) (ug, - - - up) = wal@)(u, - - -, up)

Thus, a piecewise smooth form on A is a collection of smooth forms, each one defined
on the Lie algebroid restriction of A to each simplex of K, which are compatible under
restriction to faces. The set of all piecewise smooth forms of degree p on A will be denoted
by QP(A; K). When we need to emphasize the piecewise context, we write Q5 (A; M)
instead of QP(A; K). We have then

Qp(.A; K) = {(WA)AGK TWA € QP(AZ,A), AN <A = ((UA)/A, = MAI}

When p = 0, a piecewise smooth form of degree zero on A is a family (pa)aex €
[Irck CF(A) such that pn : A — R is smooth and the equality pa = PA,,, holds
for each face A’ of A. The compatibility condition of restrictions to faces gives a map
¢ : |K| — R which is continuous. The map ¢ may not be a differentiable map but it
is a piecewise smooth function. The set of all maps ¢ € C(|K|;R) which are compatible
with restrictions to the faces of |K| and with smooth restrictions to the faces of |K]| is
denoted by Cps(|K|;R). Obviously, Q°(A; K) has a natural structure of algebra over R
and is naturally identified to C,s(|K; R).

Since the restrictions of smooth forms are compatible with sums and products, various
operations on QP(A; K) can be defined by the corresponding operations on each simplex
of K. The set QP(A; K), equipped with these operations, becomes a real vector subspace
of [Tack 2°(Aa; A), for each natural p > 0. Thus, OP(A; K) is a module over the algebra
Cps(|K[;R). When p = 0, Q°(A; K) = Cs(|K|; R) has a structure of an unitary associative
algebra over R. Moreover, the direct sum

O(AK) = P XA K)

p=>0
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equipped with the exterior product defined by the corresponding exterior product on each
algebra Q*(Aa; A) = D5 P (Aa; A), is a commutative graded algebra over R.

In order to obtain a complex of cochains, especially important is the analogues of
exterior derivative. This operator also is obtained by the corresponding exterior derivative
on the restriction of A to each simplex of K. Such as in the case of smooth forms on a
Lie algebroid, the space Q*(A; K'), with the operations and differentiation above, becomes
a cochain algebra, which is defined over R.

DEFINITION 3.2. (Piecewise smooth cohomology). Keeping the same hypothesis and
notation as above, the piecewise smooth cohomology space of A is the cohomology space of
the cochain algebra Q*(A; K) equipped with the structures defined above. Its cohomology,
H(Q*(A; K)), will be denoted by H*(A; K) or H} (A; M).

We shall formulate now the main problem of this paper. Let M be a compact smooth
manifold, smoothly triangulated by a simplicial complex K and A a transitive Lie algebroid
on M. Let w € QF(A; M) be a smooth form on A of degree p. For each simplex A of K|
let ara : A — M be the inclusion map. We can restrict the form w to the smooth form
w/y = eralw) € Q*(AR; A). Tt is obvious that the family w = (w/,)aex 18 a piecewise
smooth form on A. Hence, we have a linear map

P P(A M) — QP(A K)

defined by
W — (W/A)AEK

Since the exterior derivative commutes with restrictions to any submanifold of M, the
family U = (U?),>( defines a morphism of cochain algebras from Q*(A; M) to Q*(A; K).
This map WV is called the restriction map. We claim that the restriction map ¥ induces
an isomorphism in cohomology. This is our main result and the paper is devoted to
the proof of this result.

The relationship between Lie algebroid and piecewise smooth cohomology of a transitive
Lie algebroid on a triangulated compact manifold will be made through this isomorphism.
There are some facts that we will need for the proof of this theorem such that the Mayer-
Vietoris sequences for regular open subsets in the smooth and piecewise smooth contexts,
the Kiinneth theorem in both contexts, the triviality of Lie algebroids over contractible
manifolds and the de Rham-Sullivan theorem for cell manifolds. It should be remarked
that, for the statement of the Mayer-Vietoris sequence in the piecewise smooth context, we
are going to deal with a complex of piecewise smooth forms which may not be defined over
a family of closed simplices of a simplicial complex but over a collection of submanifolds
obtained by the intersection of closed simplices with a regular open subset. Note that, the
definitions and constructions we have made within the context of simplicial complexes did
not require specific properties of the simplices. Indeed, these notions and properties can be
extended to more general context. To illustrate this idea, let us briefly look at some cases of
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these constructions. A first example of this generalization is take a simplicial complex and
to fix our attention on an open star of one its vertex. The family of submanifolds made by
those simplices without the faces opposite to the vertex will be used for our generalization
of the piecewise smooth setting. Another illustrative example consists of taking the family
defined by intersections of open stars with any open subset of the polytope of a simplicial
complex. In this case, the construction of the piecewise smooth setting is done in similar
way. The first example is obviously a particular case of this second example. These two
examples will be used in the proof of the main result.

We restrict now our attention to this generalization of the piecewise smooth setting.
We begin by providing some definitions and notations. Once these ideas are established,
we shall then turn towards to the statement of the Mayer-Vietoris sequences for regular
open subsets in the smooth and piecewise smooth cases.

Generalization of the piecewise setting. Let M be a smooth manifold, smoothly trian-
gulated by a simplicial complex K. Assume that s, ..., s, are simplices of K and consider
the open subsets

U1 =St (Sl),. . .,Ue =St (Se)

Let U =U;U---UU,. We can consider the family KY of all submanifolds Ay = ANU
such that A is a simplex of K provide that s; is a face of A for some j € {1,...,e}, that
is,

KU:{UOA:AGK,SJ-<A,j€{1,...,e}}

Suppose that A is a transitive Lie algebroid on U. A piecewise smooth form of degree p
on A is a family

w=(way)agexy € ] (AL, Av)

AUEKU
such that, if A and A’ are simplices of K, with s; < A" < A for some j € {1,...,e}, and
©ap.ay 2 Ay — Ap the inclusion map, one has

AX

U —
Pap,al (way) = way,
or simply (wa,)/a;, = way, -

The set (2 (A; U) of all piecewise smooth forms on A is a graded real vector space.
A wedge product and a differential can be defined on Q7 (A;U) by the corresponding
operations on each cochain algebra (AR ; Ay ), giving to 2 (A; U) a structure of cochain
algebra defined over R. The cohomology space of this cochain algebra is denoted by
H; (A;U). As before, we can define a restriction map

U (A U) — Q) (A U)
by

W — (w/AU)AUEKU
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This map V¥ is a morphism of cochain algebras.

Next, we are concerned with a piecewise variant of the Mayer-Vietoris sequence. As
in the smooth case, the Mayer-Vietoris sequence is the long sequence induced from the
canonical short exact sequence corresponding to two open subsets with union equal to the
space and maps given by restriction and difference of forms. We begin by stating this short
exact sequence in the piecewise context.

Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and
A a transitive Lie algebroid on M. Let sy, ..., s, be simplices of K and consider the
open subsets U; = St (s;), with j € {1,...,e}. For [ € {1,..., e} fixed, consider the open
subsets U = Uy U---UU;and V = Uy U---U U, of M and assume that M = U U V.
Consider the following sets of manifolds:

e KU is the set of all submanifolds Ay = U N A such that A € K and s; is a face of
A for some j € {1,...,1};

e KV is the set of all submanifolds Ay = V N A such that A € K and s; is a face of
A for some i € {l+1,...,¢e};

o KUV is the set of all submanifolds Ayny = (UNV) N A such that A € K and S;
and s; are faces of A for some 7 € {1,..., [} andie {l+1,..., ¢e}.

Define the following two maps 0 and 7,
0: PAK) — QF (Ay; U) x 8 (Av; V)

T (A U) x Q2 (Ay; V) — Q2 (Apev; UNY)

5((MA)AEK) = ((MA/AU)AUGKU, (MA/AV)AVEKV)
W((gAu)AUEKU, (UAV)AVEKV) = ((UAv)/AUmv - (gAU>/AUmV)AUnV€KUﬂV)

Keeping these hypothesis and notation, we present our next result.

ProPOSITION 3.3. The sequence

(0} — A K) - (A U) &0 (A V) 5 Q2 (Apa; UNV) — {0}

18 a short exact sequence.

PROOF. Let A be a simplex of K and v the barycenter of this simplex. Since M = UUV/,
the collection of the stars {U; : j € {1,...,e}} is an open covering of M. Then, there is
an index j € {1,...,e} and a simplex A’ of K such that s; is a face of A" and v belongs
to the interior of A’. Hence, the simplex s; is a face of A. Therefore, each simplex of K
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has some s; as a face. With this property, we easily can see that the map ¢ is injective
and that Im 6 = Ker m. We shall check now that the map 7 is surjective. Since the set
{U,V} is an open covering of M, we can fix two smooth maps ¢,9 : M — [0, 1] such
that supp ¢ C U, supp ¢ C V and ¢(x) + ¢ (z) = 1 for each = in M. Let

(VAUnv)AUmvegU“V S st(-AUmv; un V)

be a piecewise smooth form on Ayny. We shall define a differential form

(€an)apexy € Qy(Au; U)
as follows. For each Ay € KY, set

—h(2) Yag, () fze ANUNV

é-AU(x) =
OxG(AZU)x ifxe ANUN (M \ supp v)

The sets AyNV and Ay N (M \supp ¢) are open in Ay with union equal to Ay. Obviously,
the restrictions of {a, to Ay NV and to Ay N (M \ supp ¢) are smooth. Therefore, we
conclude that A, € (AZU; Ay). In order to obtain a piecewise smooth form belonging
to O (Ay; U), it remains to check that (§a,)a,exv is compatible with restrictions to faces.
Let A and A’ be two simplices of K such that s; < A’ < A for some j € {1,...,e}. Then,
Ay NV C Ay NV and, since 7 is piecewise smooth, we have

Vap () = (Yagay ) /ay,, ()

for each € A}y, Hence, if z € Ay,

Eay, () = =0 (@) 1ay,., (2) = =(@) (Vapey ) /8y, (1) = (ap)/ay, ()

If z € Ay N (M \ supp ) we have that a,, () = (§a;,)a, (z) = 0. Hence, the differential
form (a,)a,exv is a piecewise smooth form on Ap. Analogously, we define a piecewise
smooth form (nay )a,exv € B (Av; V) by

—0(x) Yapay (@) ifzeAynU

77Av(93) =
0, € (AX,). ifz€Ayn(M\supp )

and we have that, for each € Ayny € KV,

(nAv)/AUmv(x> - (é-AU)/AUﬁV(:C> = fYAUmv(x>

that is,

W((gAU)AUeﬁUv (UAV>AVEKV) = (VAUmv)AumVEKUQV
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Hence, the result is proved. O

The Mayer-Vietoris sequence in the piecewise context is the long sequence of cohomol-
ogy corresponding to the short sequence shown in the previous proposition. If we put this
short sequence together with the short exact sequence presented by Kubarski in the third
section of [2] (smooth case), we obtain a commutative diagram of short exact sequences,
in which the vertical maps are the restriction maps W above. This is our next proposition.

PROPOSITION 3.4. Keeping the same hypothesis and notation as above, the diagram

{0} — (AM) 2 @(AnD) e D(A:V) 5 @A UNV) — {0}
v v v

{0} — Q(AK) 2 Q8 (A U) & Q0 (Av; V) 5 Q8 (Au; UN V) — {0}

18 commutative.

We finalize this section with a proposition concerning the Kiinneth isomorphism in a
particular case of piecewise setting. Let M be a smooth manifold, smoothly triangulated
by a simplicial complex K, and s a simplex of K. Let U = St(s). Assume that g is a
real Lie algebra and consider the trivial Lie algebroid A = TU @& (M x g) on U, which is
identified to the Lie algebroid A = TU x g by a strong isomorphism of Lie algebroids over
U. For each p > 0, one has 0?(g) = A" g.

PROPOSITION 3.5. Keeping the same hypothesis and notations as abowve,

Hys(A;U) =~ Hys(U) © H(g)

PROOF. As done before, we denote by KY the set of all submanifolds Ay = U N A for
each simplex A € K such that s is a face of A. Consider the Lie algebroids morphisms

YAy - TAU X g —)TAU

and
Tay TAy xg— g

given by the projections on the first and second factors respectively (7 is a non strong Lie
algebroid morphism over a constant map). We divide the proof in three parts.

Part 1. We are going to check that
0L (U) @ @ (g) = (A1)

Let £ = (ay)ayexv € 2, (U) and n € Q*(g). If A" and A are two simplices of K such
that s < A" < A, denote by

(A" (TAy x g)a;, — TAy x g
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and
(paci)" - (TAv)a, — TAy

the canonical maps (see the paragraph after proposition 1.1) induced from the diagrams

TAU X g TAU
lf)/ lﬂ'TAU
AL 28 Ay AL 28 Ay
It is obvious that
Auxay! ! Ay xgy!
YAy © (@i,&xg)” = (Qoz,AAU/)” o fYA’U and TAy © (@i&xg)” = 7TA/U

so the equalities

(Vag$av)/ay, =7ar 8, and  (Tx,n)/ay, = ma M

hold too. These equalities show that the differential form

(fy*AUé-AU A Tr*AU n)AUEKU

belongs to €2 (A; U). Hence, we can consider a map
Fps - 2,(U) @ 0 (g) — (A U)

such that
kps(g ® /)7) - (V*AUgAU N W*AUTI)AUGKU

where § = (§a,)a exv € 454(U) and 1 € Q*(g). This map is well defined. Now, we shall
see that the map k,, is an isomorphism of differential graded algebras. Obviously, the map
k,s is a morphism of graded algebras. For each A € K such that s < A, let

kay = Q(Ay) @ Q(g) — Q(TAy x g; Ay)

be the Kiinneth isomorphism described by Kubarski in the sixth section of [2]. We have
that,

(Fps (€ ® 1)) ap = Yay€ay AN Tay1 = kay (Eay @ 1)
Therefore, if w =) ®@n € O (U) @ Q*(g) and kys(w) = 0, then (kys(w))a, = 0 and so

0= (k:pS(Z§® n))AU = k‘AU(Z(QU ®n))

Hence w =Y ({a, ® n) = 0 and, with this, we have checked that & is injective. Take now
A= (Aay)agert € L (A U). We want to find w € 5 (U) ® Q(g) such that ky,(w) = A.
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Since ka,, is surjective, we can consider smooth forms ;, ~€ Q*(Ay) and n € Q*(g) such

that
kAU ( Z(ngU ® 77)) - )\AU

J

Take then the form wa,, = >_;(§j4, ®n). If A" and A are simplices of K with s < A" < A,
we have the equalities

kAIU(Z(ngU>AIU ® 77) - Z kA'U((ngU)A’U ® 77) = Z (V*A’U (ngU)A/U A 7T*A/7]) = (*)

J

J

and
Fag (D2 &y, @) = Aoy = Oan)yay, = (hau Qs ©1) 5, =
= (20080 Giag ) ATAM) 1y, = D08, (&) ATAM)) 5 =
= Z(WZU((&'AU)/A'U)) ATaAm)) = Z (Vay, (€1ay ) oy, ATAm) = (%)
Hence,
kg, ( Z(@'AU)A'U ®n) = kay ( Z(&j% ®n))

and, since ka; is bijective, Zj (ngU)AIU ®n = Zj (&, ®@n). Therefore, we can conclude
U
that (&5, )/a;, = fjA,U. Then, the form w = (way)a exvs 0 which wa, = >:(&s, @),

belongs to (2 (U) @ Q*(g). Obviously, kys(w) = A and then it is checked that k,, is an
isomorphism of graded algebras.

Part 2. Next, we are going to check that k,, commutes with differential. For each
A € K such that s is a face of A, the differentials on the complexes Q5 (A; U), 2 (U) and
Q*(Ay) are denoted by d2t, d, and d®V respectively. Let & = (€a,)a, exv € 25,(U) and
n € Q*(g). We have

(dg © kps) (€ © 1) = dy (VA €00 A TAL M Apert) =
= do (Vapbar)apexy) ATN+ (=D)* (VA bap)apexy A dpy(mn) =
= (Vag (@% (€ap))) o crer AT 0+ (D)™ %7 E AT (dgn) =
= kps((dpe) @) + (=1)* k(€ @ dgin) = kips 0 6(§ @1)

This proves that k,, is an isomorphism of differential graded algebras.

Part 3. The isomorphism k,; above induces an isomorphism in cohomology. By applying
the Kiinneth theorem, we obtain

Hy (A;U) ~ H(,,(U) @ (g)) ~ H,,(U) © H"(g)

and the result is proved. O
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4. Main theorem

Whitney in [I7] and Sullivan in [I4] have shown that cohomologies obtained by using
the cell structure of a space are isomorphic to the singular cohomology of the polytope.
Therefore, those piecewise cohomologies also are isomorphic to the Rham cohomology, if
the space is a cell smooth manifold. Based both in their work and in the work developed
by Mackenzie (see [B] and [4]) as well by Kubarski (see [2] and [3]), we have claimed in the
previous section that the Lie algebroid cohomology and the piecewise smooth cohomology
of a transitive Lie algebroid over a triangulated compact manifold are isomorphic. We
proceed to the proof of this assertion for all Lie algebroids under these hypothesis.

Let M be a smooth manifold, smoothly triangulated by a finite simplicial complex K,
and A a transitive Lie algebroid on M. Consider the restriction map

V(A M) — (A K)

w — (w/a)aek

This section is then devoted to prove the following theorem.

THEOREM 4.1. The map ¥ induces an isomorphism in cohomology.

The proof of this theorem involves, beyond theorems already mentioned before, the
Steenrod lemma applied to the commutative diagram shown in the proposition 3.2 of the
previous section. In fact, we shall be able to apply the Steenrod lemma if we know that
the map WV is a quasi-isomorphism for trivial Lie algebroids over stars. Therefore, our first
step is to show that the main theorem holds for these trivial Lie algebroids.

PROPOSITION 4.2. Let M be a smooth manifold, smoothly triangulated by a simplicial
complex K, and s a simpler of K. Let U = St(s) and denote by KY the set of all
submanifolds Ay = U N A such that A € K and s is a face of A. Assume that g is a real
Lie algebra and consider the trivial Lie algebroid A =TU x g. Then, the restriction map

U (A U) — Q) (A U)
W — (w/AU)AUEKU
induces an 1somorphism in cohomology.

PROOF. By the Kiinneth theorem for trivial Lie algebroids stated by Kubarski in [2],
we have that
H(A;U) ~ Hyr(U) ® H(g)
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Next, we shall see that ¥ induces an isomorphism in cohomology. Take the diagram

O (A U) —2—= (A 1)

where k,, @ & (U) @ Q*(g) — Q5 (A;U) is the isomorphism defined in the proof of
the proposition 3.5 of the previous section, k is the Kiinneth isomorphism described by
Kubarski in the sixth section of [2] and A = ® ® Id, in which & is the restriction map
obtained from the Rham-Sullivan theorem for cell manifolds (see Sullivan [14] or Whitney
[T7]). Obviously, the diagram is commutative and, by the de Rham-Sullivan theorem (see
Sullivan [I4]), the map ® induces an isomorphism in cohomology. Therefore, in cohomology,
we have the commutative diagram

" w( oy HX)
HdR(U) ® H*(g) —=

zl :h

H*(A;U)

Hence, H(V) is an isomorphism. 0

Next, we want to show that U induces an isomorphism in cohomology not only for
trivial Lie algebroids defined over regular open subsets but for any arbitrary transitive Lie
algebroid defined over a regular open subset. For that, we begin with a basic result which
is a direct consequence from the functor homology.

PROPOSITION 4.3. Let M be a smooth manifold, smoothly triangulated by a simplicial
complex K, s a simplex of K and U = St (s). Let A and B be two transitive Lie algebroids
on M and suppose there is an isomorphism of Lie algebroids between them. Then, the
cohomology spaces H,s(A;U) and H,s(B;U) are isomorphic.

PROPOSITION 4.4. Let M be a smooth manifold, smoothly triangulated by a simplicial
complex K, s a simplex of K and U = St (s). Denote by KUY the set of all submanifolds
Ay =UNA such that A € K and s is a face of A. Let A be a transitive Lie algebroid on
U. Then, the morphism

U (A U) — Q) (A U)
W — (w/AU)AUEKU

induces an tsomorphism in cohomology.
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PROOF. Since U is contractible, A is isomorphic to the trivial Lie algebroid B = TU x g
on U, in which g is the fibre type Ker «. We conclude the result by the commutativity of

the diagram
PAU) — DB(AU)

WP(TU x g) —» 0 (TU x g)
and applying the proposition 4.3 to the vertical maps and the proposition 4.2 to the map
U displayed on the diagram. O

Proof of the theorem. We shall prove the result by induction on the number of vertices
of the simplicial complex K. Suppose then that vy, ..., v, is the family of all vertices of
K. If K has only one vertex, the result is trivial. Suppose we have established the result
for all I < n. It is well known that the family {St (v;) : 7 € {0,...,n}} is an open covering
of M. Consider the open subsets U = U;.L;Ol St (v;) and V = St (v,) of M. We have that

n—1 -
unv = USt v;)) NSt (v, :U )N St ( USt [V, vp])

Jj=0 Jj=0

where the union is taken over all indexes j such that the vertices v; and v, generates a
simplex of K (otherwise the intersection St (v;) NSt (v,) is empty) and [v},v,] denotes
the closed simplex generated by the vertices v; and v,. We have seen that

{0} — QP(A; M) 2 QA U) & @A V) L QP(Ap, UNV) — {0

! L !

{0} — PAK) 5 Q0 (AyU) @ 0 (Ay; V) 5 2 (Aprys UNV) — {0}

is a commutative diagram of short exact sequences. The map ¥ on the right side is quasi-
isomorphism by induction. The map ¥ on the middle is quasi-isomorphism by induction
and the previous proposition. By the Steenrod lemma, the map ¥ on the left side is also
a quasi-isomorphism. [

From the main theorem, we easily infer that the piecewise smooth cohomology of a
combinatorial compact manifold does not depend on the triangulation used, that is, for
any simplicial division of the simplicial complex, the piecewise smooth cohomology spaces
of both combinatorial manifolds remains isomorphic. Precisely, this statement is our next
proposition.

COROLLARY 4.5. Let M be a smooth manifold, smoothly triangulated by a simplicial
complexr K, and A a transitive Lie algebroid on M. Let L be other simplicial complex and
assume that L is a subdivision of K. Then, the piecewise smooth cohomology H(A; K)
is isomorphic to the piecewise smooth cohomology H(A; L). Thus, the morphism from
Q" (A; K) to Q*(A; L) which induces that isomorphism in cohomology is also given by re-
striction of forms.
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PRrROOF. The result follows from the commutativity of the following diagram

QO (A; M)

SN

Q" (A; K) ¢ Q*(A; L)

where @ is also given by restriction. [
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