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RESUMO

Um modelo analitico foi desenvolvido para prever a relacdo forca-flecha de estruturas de concreto armado (CA)
estaticamente indeterminadas até o seu colapso e o seu desempenho foi avaliado usando os dados obtidos em
programas experimentais. Este modelo é baseado no método das forgas (flexibilidade), o qual estabelece uma
série de equacOes de compatibilidade de deslocamentos que podem fornecer variaveis desconhecidas. Para se
determinar a rigidez a flexdo de cada trecho da estrutura, as relacdes momento-curvatura das se¢fes transversais
representativas da estrutura foram obtidas. Este modelo pode ser facilmente implementado e é aplicavel a
estruturas de CA estaticamente determinadas ou indeterminadas reforcadas segundo a técnica NSM (Near
Surface Mounted technique, em lingua inglesa) ou pela colagem externa de compositos segundo a técnica EBR
(Externally Bonded Reinforcement technique, em lingua externa). Neste trabalho, o desempenho preditivo do
modelo foi avaliado por meio da simulacdo dos ensaios das faixas de laje da série SL30 reforcadas com
laminados de carbono aplicados segundo a técnica NSM.

Palavras chave: NSM; CFRP; Reforco a flexdo; Lajes; Modelo analitico.

ABSTRACT

To predict the load-deflection response up to the collapse of statically indeterminate reinforced concrete (RC)
structures, an analytical model was developed and its predictive performance was appraised by using the data
obtained in experimental programs. The proposed approach is based on the force method by establishing a
number of displacement compatibility equations that can provide the unknown variables. To determine the
tangential flexural stiffness making part of these equations, moment-curvature relationships are determined for
the cross sections representative of the structure. This model can be easily implemented and is applicable to
statically determinate or indeterminate RC structures strengthened according to the near surface mounted (NSM)
or externally bonded reinforcement (EBR) techniques. In this work, the predictive performance of the model was
appraised by simulating the SL30 series tests of RC slab strips strengthened with NSM carbon fiber reinforced
polymer (CFRP) laminates.

Keywords: NSM; CFRP; Flexural strengthening; Slabs; Analytical model.
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1. INTRODUCAO

The Externally Bonded Reinforcement, EBR [ACI 440 (2007); FIB - Bulletin 14 (2001)], and
the Near Surface Mounted, NSM [Barros and Kotynia (2008), Barros et al. (2007)], are the
most used techniques for the strengthening of RC elements. However, when compared to
EBR, the NSM technique is especially suitable to increase the negative bending moments (in
the intermediate supports, also designated by hogging regions) of continuous RC slabs, since
its strengthening process is simpler and faster to apply than other FRP-based techniques
[Barros and Kotynia (2008); Bonaldo (2008)]. The effectiveness of the NSM technique for the
flexural [Barros and Fortes (2005); De Lorenzis et al. (2000); Carolin (2003); El-Hacha and
Rizkalla (2004); Liu el al. (2006); Nordin (2003)] and shear [Barros et al. (2006); Dias and
Barros (2008); Dias and Barros (2010)] strengthening of RC members has already been
assessed. However, most of the tests were carried out with simply supported members.
Although many in situ RC elements are of continuous construction, there is a lack of
experimental and theoretical studies in the behavior of statically indeterminate RC members
strengthened with FRP materials, and limited information is available dealing with the
behavior of continuous structures strengthened according to the NSM technique [Bonaldo
(2008); Liu et al. (2006); Liu (2005)]. In this present paper, the effectiveness of an analytical
model and its predictive performance was appraised by using the data obtained in
experimental programs [Bonaldo (2008) and Dalfré (2013)].

2. MODEL IDEALISATION

Indeterminate structures are being widely used since they can be more economic, safer and
develop more ductile behaviour than statically determinate structures. In the case of
indeterminate structures either the reactions or the internal forces cannot be determined from
equations of statics alone. In such structures, the number of reactions or the number of
internal forces exceeds the number of static equilibrium equations. There are two methods of
analysis for statically indeterminate structure depending on the approach selected to establish
the system of equations that can derive the unknown variables (Ghali et al., 2003):

1. Force method (also known as flexibility method, method of consistent deformation,
flexibility matrix method), where a system of displacement compatibility equations is
established, whose number is equal to the unknown redundant supports (extra equations
corresponding to selected displacements can also be added).

2. Displacement method (also known as stiffness matrix method), where a system of
equilibrium equations is established, whose number is equal to the degrees of freedom of the
structure.

DALFRE G.}, BARROS J. 2 Pégina 2 - 14
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In this work, an analytical model based on the force method is proposed. In this method,
primary unknowns are forces corresponding to selected redundant supports. To determine
simultaneously, not only these forces but also the deflections at the loaded sections, extra
displacement compatibility equations are established solving these equations, the redundant
forces and the displacement at the loaded sections are determined. Once the redundant forces
are calculated, the remaining reactions are evaluated by equations of equilibrium, as well as
the internal forces in the elements forming the structure (Barros, 2004).

2.1 Force method applied to statically indeterminate slab strip of two spans

Figure 1 presents the slab strip used in the experimental program, which is statically
indeterminate of one degree, e.g., a displacement compatibility equation corresponding to a
reaction support should be established to determine the value of this reaction force. Assuming
the principle of superposition of effects can be applied for each relatively small load
increment, AF , the structure is decomposed into a number of equilibrium configurations. In
the present case, three compatibility equations will be established, corresponding to the
loaded sections and to the intermediate support, in order to obtain the incremental
displacements (Au, and Au, ) and the incremental reaction (AR ) due to AF (Figure 2).
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Figure 1: Actual continuous beam (Original)

AF AF
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Figure 2: Basic determinate beam (primary structure) , redundant displacements
Au,, Au, and the reaction AR .
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For each configuration it is determined the deflections corresponding to the applied forces
(fictitious AF, and AF, forces and unknown reaction AR, Figure 3). The terms of the
flexibility matrix, fuc e farar Tapar farar,+ farar,+ farar, farar: farag and
fAFZAR, is presented with a generic representation, fij, that means the displacement in

generalized X; force direction due to the application of an unit load in the Xj direction, is
obtained by applying the principle of virtual work to the external and internal forces of the
configuration of the X; forces in the external and internal displacements of the configuration
of the X; forces (Barros, 2004). The diagrams of bending moments (in the present work the
work due to axial and shear forces) is neglected for the three configurations of Figure 3 are
represented in Figure 4.

From Figure 3 the following three equations of displacements compatibility can be
established by applying the principle of superposition effects:

AU, = e i XAF + T X AR + e n XAR

Au, = fAFZAFl x AR, + fAFZAFZ x AF, + fAFZAR x AR (2)
0= fARAFI x AF, + fARAFZ xAF, + f . ,s XAR

or

fAFlAFl fAFlAFZ fAFlAR AF Au,
fAFZAFl fAFZAFZ fAFzAR AF, |=| Au, 3

f f f AR 0

ARAR ARAF, ARAR

that can get the following format:
[f][F]=[P] @)

where f is the flexibility matrix, F is the vector of applied forces (AF,, AF, and AR are
unknown, since the experimental tests were displacement controlled, therefore Au, and Au,

are the imposed displacements), and D is the vector of the displacements in the directions of
AR, AF, and AR (where the displacement corresponding to AR is null).

DALFRE G.}, BARROS J. 2 Pégina 4 - 14



A SEGURANCA DAS OBRAS 1° CONGRESSO BRASILEIRO DE
NO BRASIL DISCUTIDA

ONJ AT OB DIFERENTES PONTOS PATOLOGI A

co DE VISTA. TRAGA O SEU. =

BRASIL DAS CONSTRUCOES

21 a 23 de maio de 2014 - Foz do lguacu - PR

AFl X WAWW t i f i % AFl
AF AR ARAR AF, ARy
+
ll
AF, x K t : . AF,
- AF; AF, ARAF, AF, AF, -

+

ll
e K I I I 2

AF, AR ARAR AF; AR

Figure 3: Physical meaning of the terms of the flexibility matrix, based on the displacements for each equilibrium
configuration: a) AF, =1, b) AF, =1, and c) AR =1.

1/2 1/2

Figure 4: Diagrams of bending moments for the three equilibrium configurations of Figure 3.
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Figure 5: (a) Principle of Bonfim Barreiros’s method, and (b) moment-curvature relationship.

3. CASE STUDY - SL30-H

To assess the influence of CFRP NSM flexural strengthening technique, the experimental
programs carried out by Bonaldo (2008) and Dalfré (2013), composed of seventeen
120%x375x5875 mm?® RC two-span slabs, was simulated.

3.1 Brief description of the slab strip

The SL30-H is a statically indeterminate RC slab strip designed to assure a moment
redistribution percentage, », of 30% (Bonaldo, 2008). The arrangement of the positive and
negative longitudinal steel reinforcement is presented in Figure 6. To evaluate correctly the
flexural stiffness of this slab, it is necessary to determine the moment-curvature relationship,
M -y, for each cross section that has distinct reinforcement arrangement. Therefore, each

span of the slab strip was discretized in eight different cross-sections, as shown in Figures 7
and 8. The m -, of the cross sections was evaluated with the DOCROS computer program [Basto

and Barros (2008); VVarma (2013)].

According to the model implemented in DOCROS, a cross section is discretized in layers that can
have distinct constitutive laws for the characterization of the behaviour of the materials that
constitute these layers. It should be noted that the cross section can be composed of plain concrete
and can include steel and FRP laminates/bars. A detailed description of DOCROS can be found
elsewhere [Varma (2013)].
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Figure 6: Arrangement of the longitudinal steel reinforcement of the SL30-H slab strip.
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Figure 7: Discretization of the slab strip.
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Figure 8: Resume of the cross-section according to the longitudinal steel reinforcement.
ANALYTICAL AND EXPERIMENTAL STUDY OF RC SLAB STRIPS Pégina 7 - 14

STRENGTHENED WITH CFRP LAMINATES




1° CONGRESSO BRASILEIRO DE

PATOLOGIA

DAS CONSTRUCOES

21 a 23 de maio de 2014 - Foz do lguacu - PR

A SEGURANCA DAS OBRAS
& NO BRASIL DISCUTIDA
AT OB DIFERENTES PONTOS

ALCONPAT DE VISTA. TRAGA O SEU.
BRASIL

Table 1 presents a brief resume with the values of the material parameters adopted for the
assessment of the predictive performance of the developed formulation. The ultimate tensile strain,
as well as the modulus of elasticity of the CFRP laminates, is included in Table 2. It should be noted
that only the description of the slab strip SL30-H is shown in this work, but more details regarding
the other slabs can be found in Dalfré (2013). The values that define M — » relationship of the cross
sections of the SL15-H slab strip are presented in Table 3. The moment diagrams due to the unit loads
corresponding to AF,, AF, and AR are represented in Figure 9. Applying the principle of virtual

work it is obtained the terms of the flexibility matrix, whose equations are included in Table 4.

Table 1: Mechanical properties of the materials used in the analytical model.

Concrete Steel reinforcement
Compressive | M Steel bar | Modulus of | Yield stress
ID strength (fem) modulug(E ) | diameter elasticity (0.2 %)?
MPa GPa (9s) (kN/mm?) | (N/mm?)
SL15-H 40.07 33.36
SL15-HS 26.37 2043 8 mm 200.80 421.35
SL30-H 35.99 32.31
SL30-HS 28.40 30.09 10 mm 178.23 446.95
SL45-S 41.41 33.69
SL45-HS 42.38 33.93 12 mm 198.36 442 47

fom = mean cylinder compressive strength at 28 days;

recommendations of Eurocode 2 (2010).

Ec =

determined following the

Table 2: Mechanical properties of the CFRP laminates.

CFRP laminate Ultimate Ultimate Modulus of
Cross section Sample ID tensile stress tensile strain Elasticity a
height (N/mm?) (%0) (KN/mm?)
1 2879.13 18.45 156.100
2 2739.50 17.00 158.800
10 mm 3 2952.00 17.70 166.600
4 2942.32 17.81 153.620
5 2825.20 17.40 161.400
Average 2867.63 17.67 159.304
Std. Dev 88.10 0.54 5.01
' ' (3.07%) (3.04%) (3.15%)
1 2858.799 18.37303 155.5976
20 mm 2 2782.862 17.6256 157.8875
3 2706.926 17.28808 156.5775
Average 2782.86 17.76 156.69
75.94 0.56 1.15
Std. Dev. (2.73%) (3.13%) (0.73%)

aAccording to 1SO 527-1 and 1SO 527-5 (1993)
(value) Coefficient of Variation (COV) = (Standard deviation/Average) x 100
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Table 3: Relation M- of the cross sections of the SL30-H slab strip

Element 1 Element 2 Element 3 Element 4 Element 5/6 Element 5/6 Element 7 Element 7 Element 8

M z M Z M Z M z M z M Z M Z M Z M z

0.00 | 1.83E+12 | 0.00 | 1.87E+12 [ 0.00 | 1.90E+12 [ 0.00 | 1.90E+12| 0.00 [ 1.94E+12| 0.00 | 1.94E+12| 0.00 [ 1.92E+12 | 0.00 | 1.92E+12| 0.00 [ 1.87E+12
138 [ 1.73E+12 | 140 | 1.78E+12 [ 141 |18IE+12| 141 | 181E+12[ 146 | 1.85E+12 | 149 | 1.84E+12[ 145 | 1.82E+12 | 145 | 1.82E+12 [ 140 [ 1.78E+12

342 [ 1.52E+12 | 349 [ 1.59E+12 | 353 | 1.63E+12 | 3.53 | 1.63E+12 | 3.65 [ 1.66E+12| 3.68 | 1.63E+12 | 3.61 | 1.62E+12 | 3.61 | 161E+12 | 349 | 1.59E+12
440 | 7OIE+11| 529 [9.67E+11 | 5.64 [ 1.08E+12[ 5.64 | 1.08E+12| 5.71 | 1.06E+12 [ 5.25 | 8.87E+11[ 5.33 | 9.37E+11 [ 5.24 [ 9.06E+11 | 5.22 | 9.38E+11

470 [ 347E+11] 6.18 | 5.89E+11 | 6.84 | T.19E+11| 6.84 | T.19E+11[ 6.98 | T.1IE+11[ 6.19 | 5.50E+11 [ 628 | 5.81E+11| 6.13 | 5.53E+11 | 6.04 [ 5.61E+11

620 | 3.15E+11 | 7.92 | 521E+11 | 8.67 | 6.31E+11 [ 8.67 | 6.31E+11| 890 [ 6.31E+11| 8.00 | 496E+11| 8.09 [ 5.20E+11 | 7.92 [ 497E+11| 7.77 | 498E+11
7.75 | 3.05E+11[ 9.83 | 5.02E+11 [ 10.71 | 6.05E+11 | 10.71 | 6.05E+11 [ 11.00 | 6.07E+11 | 9.94 [ 480E+11] 10.04 [ 5.02E+11 | 9.84 | 480E+11 | 9.64 [ 4.80E+11

921 | 2.98E+11 [ 11.71 | 493E+11 | 12.74 [ 5.93E+11 [ 12.74 | 5.93E+11 | 13.10 [ 5.96E+11 | 11.86 [ 472E+11 | 11.97 [ 494E+11 | 11.74 [ 472E+11 | 11.50 | 4.71E+11

1046 | 2.83E+11 | 13.54 | 486E+11 | 14.72 [ 5.85E+11 | 14.72 | 5.85E+11| 15.14 | 5.89E+11 | 13.71 | 465E+11 | 13.85 | 487E+11 | 13.57 | 4.65E+11 [ 13.31 | 464E+11
1120 [ 247E+11| 1530 [ 4.79E+11 | 16.63 [ 5.79E+11 | 16.63 | 5.79E+11 | 17.11 | 5.82E+11 | 15.41 | 4535E+11 | 15.64 | 4.79E+11 | 15.28 | 4.55E+11 [ 15.00 | 4.56E+11
1140 [ 2.05E+11] 16.92 | 4.69E+11 [ 18.45 | 5.72E+11 | 1845 | 5.72E+11 [ 19.00 | 5.75E+11 [ 16.79 | 433E+11 [ 17.26 | 4.67E+11 | 16.70 | 435E+11 | 16.48 | 4.39E+11

1153 | 1.76E+11 | 18.28 | 448E+11 | 20.17 [ 5.64E+11 | 20.17 | 5.64E+11| 20.77 | 5.66E+11 | 17.61 | 3.96E+11 | 18.53 | 442E+11 | 17.58 | 3.99E+11 [ 17.49 | 406E+11

1165 | 1.54E+11| 19.17 [ 4.14E+11 | 21.74 [ 5.53E+11 | 21.74 | 5.53E+11 | 22.36 | 5.52E+11 | 17.98 | 3.52E+11 | 19.28 | 4.05E+11 | 17.97 | 3.56E+11 [ 17.95 | 3.63E+11
11.75 | 1.37E+11] 19.61 | 3.72E+11 [ 23.10 | 5.36E+11 | 23.10 | 5.36E+11 [ 23.67 | 5.29E+11 [ 18.15 | 3.09E+11 [ 19.64 | 3.64E+11 | 18.16 | 3.14E+11 | 18.18 [ 3.22E+11

11.85 | 1.23E+11| 19.83 | 3.34E+11 | 24.18 | 5.11E+11 | 24.18 | 5.11E+11 [ 24.57 | 4.93E+11 | 18.24 | 2.73E+11 [ 19.83 | 3.27E+11 | 18.26 | 2.75E+11 [ 18.29 | 2.83E+11
1193 | 1.1I2E+11] 19.96 [ 3.01E+11 | 24.89 [ 474E+11| 24.89 | 474E+11| 25.01 | 449E+11 | 18.33 | 246E+11 | 19.94 | 2.92E+11 | 18.33 | 2.46E+11 [ 18.34 | 2.48E+11

12.01 | 1.04E+11 | 20.04 | 2.70E+11 [ 25.19 | 420E+11 | 25.19 | 429E+11 [ 25.22 | 4.09E+11 | 18.42 | 2.25E+11 [ 20.00 | 2.62E+11 | 18.41 | 2.24E+11 | 18.40 | 2.22E+11

12.07 | 9.65E+10 | 20.07 | 2.42E+11 | 25.33 | 3.90E+11 | 25.33 | 3.90E+11 [ 25.34 | 3.75E+11 | 18.49 | 2.08E+11 [ 20.05 | 2.38E+11 | 18.48 | 2.06E+11 [ 18.45 | 2.03E+11
12.13 | 9.05E+10 | 20.10 [ 220E+11 | 25.42 [ 3.59E+11 | 25.42 | 3.59E+11 | 25.43 | 346E+11 | 18.55 | 1.94E+11 | 20.09 | 2.20E+11 | 18.53 | 1.92E+11 [ 18.50 | 1.88E+11

12.17 | 8.54E+10| 20.12 [ 2.03E+11 | 25.48 [ 3.32E+11 | 25.48 | 3.32E+11 | 25.49 [ 321E+11 | 18.60 | 1.82E+11 | 20.13 | 2.05E+11 | 18.58 | 1.79E+11 [ 18.54 | 1.75E+11

1221 | 8.10E+10 | 20.14 | 1.89E+11 | 25.52 | 3.10E+11 | 25.52 | 3.10E+11 [ 25.53 | 3.01E+11 | 18.63 | 1.71E+11 [ 20.16 | 1.92E+11 | 18.61 | 1.69E+11 [ 18.56 | 1.64E+11

1223 | 7.71E+10] 20.15 [ 1.78E+11 | 25.54 [ 2.91E+11| 25.54 | 2.91E+11] 25.56 | 2.83E+11 | 18.65 | 1.62E+11 | 20.17 | 1.81E+11 | 18.63 | 1.60E+11 [ 18.58 | 1.55E+11

1225 | 737E+10 25.35 | 2.75E+11 | 25.55 | 2.75E+11 18.66 | 1.54E+11 18.64 [ 1.51E+11| 18.58 | 1.47E+11

12.26 | 7.06E+10

M N.mm); 7 (I/mm); M~ (Positive bending moment); M~ (Negative bending moment)

Using Equation (6) and applying determined displacements (Au, and Au,, where Au, = Au,),
the AF,, AF, and AR are obtained, and, by equilibrium (or applying the principle of

superposition effects), the reactions in the other supports can be determined, as well as the
updated diagrams of resultant stresses in the statically indeterminate structure.
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Figure 9: Moment diagrams due to: (a) AR, =1, (b) AF,=1, and (c) AR =1.
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Table 4: Equations for the evaluation of the terms of the flexibility matrix of the structure.

j’MAFIMAFlds+jMAF1MAF1ds+j'MAFlMAFlds+j'MAF1MAF1ds+
2 (ED), b (El) (ED; s (El),
f
MAFMAF AF AF, AF AF MAFMAF
1 1 1 1 1 l 1 1ds+
¢ _Z!(El)se ! (El), j (Es { (EDs
AR AR T i
j-M(AEI)AFld I (IAEFI) AFld J‘ (EI)AFld IM(AE:\;IAFIdSJ"
i 7 5-6 k 4 1 3
]IMAEMAFldS+U MAFlMAFld
n (D), n (ED),
.b[MAFiMAFQ ds +Jc‘ MAFlMAFZ ds + J‘ AF AF2 ds + J‘ AF2 ds +
2 (El) > (ED), . (El)3 d (E|)4
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n (), » (Bl
b c d
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f i
AF AF AF AF AF AF
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! (EDs s ! (El)7 ! (El)a { (EDs
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i E|)7 (EDs 6 (Bl i (ED);,
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Table 4 (continued)

j"MARMAFldSJ’_.C[MARMAFld j‘ AR AF1 J‘ AR AFlds+
- (El), (EI)2 < (El), y
f
MARMAH AR AFl AR AFl AR AR
e, * " (E) o[ (E) o[ En,
fARAF :Z e 5-6 f 7 g 8 h 8
' j‘M MAFld .[ AR AFld '[ AR AFld J‘ AR AFlds+
(B, (EDs 6 o (BN, i (Bl
-r.lMARMAFlds+.U[MARMAF1d
» (ED, 4 (B
ji‘ AF, AR J‘ AF2 AR J‘ AFZ AR J‘ AF2 AR
a (EDy b (El)z (ED), 4 (El)4
M
AF, AR AF, AR AFZ AR AF, AR
¢ :z'!(El)ss ! (E), I (ED)g ! (ED),
e J]‘ AF2 R J‘ AFZ AR J‘ AFZ AR J‘ AF2 AR
i (BN, J(El)se o (Bl 1 (Bl
j AF, AR J‘ AF, AR
+ (ED), . (ED),
f[ AR Ade I AR AFQd J‘ AR AFZd .[ AR Ade
° (ED), . (El), + (El), < (El),
j‘MARMAFz J‘ AR AF2 J' AR AFZ J‘ R Ade
ok (Ese 1 (B, EDs 4
e jMARMAFZ tM AR AFQ AR AFZ AR AF,
J s+ ]2 o+ | s+ ds +
i (E|)7 j El)se k (E|)4 1 (El)z
j‘ AR AF2 J‘ AR AF2
+ (El), - (El),
J' ARd J' R AR(s + J' R AR Qs 4 '[ R AR{s +
" (EI)l . (ED), < (El), 5 (ED),
j‘ ARd j =M MRQg + J‘ AR ARd J‘ =M AR (g +
. _z <+ (EN)s ¢ + (El), s (El)g  (El)g
ARAR — "M
j'MARMAR J'MARMAR j’ R I R AR{s +
i (BN, EDss % (E|)4 i (Bl
j‘ =M AR (g + jMARMARdS
= (El), - (El),

3.2 Force-Deformation Response

Figures 10 compare the analytical and experimental load-deflection curves for the slabs of
SL30-H/HS series. According to the obtained results, a good predictive performance of the
adopted formulation is visible. Due to the limited space, only the results concerning to the
SL30-H/HS Series are represented, but similar behavior was obtained for all the Series. The
entire parametric study is treated in detail elsewhere (Dalfré, 2013).
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Figure 10: Relationship between applied load and deflections at spans of the
(a) SL30-H and (b) SL30-HS Series.
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4. CONCLUSIONS

In this work an analytical model based on the force method, and using the moment-curvature
relationship (M - ) to determine the actual flexural stiffness, was proposed to evaluate the

force deflection relationship of the statically indeterminate RC strips. To correctly evaluate
the actual flexural stiffness of a certain slab strip, by taking into account the different
arrangements of steel and CFRP reinforcements applied in the simulated slab strips, a slab
strip was discretized in several types of cross section according to its reinforcement
specificities. The software DOCROS was used to determine the m — , of these cross sections.

The predictive performance of the developed model was assessed by simulating seventeen
slab strips of the experimental programs. The results showed that the developed numerical
strategy fits with enough accuracy the registered experimental load-deflection curves of the
tested slab strips. Thus, the analytical model presented in this work can be used to predict
with high accuracy the behavior of RC continuous slabs strips flexurally strengthened with
NSM CFRP laminates.
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