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Abstract. Very few publications address the analysis or design of reinforced masonry shells. 
In the paper, the usage of elastic and plastic approaches for the analysis and design of 
masonry arches is discussed, with respect to the application of a point load and a two-pinned 
arch. The results of a recent experimental program are also briefly reviewed and discussed in 
light of the results from numerical simulations using the finite element method. Finally, 
practical and conservative design recommendations are proposed. 
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1 INTRODUCTION 
Masonry vaults are one of the most common structural shapes present in the architectural 

heritage of almost all countries in the world. Still, renewed interest is arising recently with 
respect to this type of structures, for modern buildings and bridges. These structures are 
defined as structures in which the load bearing is clearly associated with the distribution of 
material in space. 

Vaulted structures are usually considered as an ideal system of arches. Clearly, barrel 
vaults can be understood as a set of parallel arches, but also vaults of more complex shape can 
be generally outlined in a similar way, with a system of main arches that support secondary 
arches. It is noted that, in some cases, simplifications using ideal arched schemes lead to 
difficulties in justifying equilibrium, especially when the loads are not uniformly distributedi. 
Therefore, true 3D analysis and behavior might be necessary for more complex cases. 

In this paper, a methodology for the analysis and design of reinforced arches is addressed. 
Since, in most cases, the analysis and design of vaults is possible using a subdivision into 
arches, the approach should be considered general. The standard techniques for simplified 
analysis and design criteria of arches include both elastic and plastic approaches. The 
proposed design criteria are compared with experimental values recently carried out in 
reinforced masonry vaults and numerical analysis using the finite element method, for 
validation purposes. The results are of interest both for the strengthening of existing masonry 
vaults and for the design of new reinforced masonry vaults. 

2 DESIGN CRITERIA FOR VAULTS (PARABOLIC AND CATENARY ARCHES) 
An engineering structure has to satisfy many functional requirements. Two of the most 

important requirements are that the structure is strong enough to resist the applied loading 
(including its own weight) without collapsing, and that the structure is stiff enough not to 
deflect unduly under such loading. To achieve this last functional requirement, the usual 
design procedures are based on the elastic behavior of the structure. On this basis, the strength 
of a structure is assessed from the observation or calculation of how close the structure is to 
yielding in any of its parts. 

For materials and structures exhibiting plastic behavior, which normally includes arched 
structures, there is an alternative method of design called plastic method of design, or ultimate 
strength design. This method is based on the fact that structural elements cannot deflect 
indefinitely or collapse until a mechanism if formed. In the case of arches, beams or rigid 
frames, the requirement of a mechanism indicates that the full plastic moment Mp has 
developed at each of several critical sections. If it is assumed that the plastic moment acts at 
each such section, then the problem becomes statically determinate and the load 
corresponding to the collapse condition can be readily calculated. 

Next, both elastic and plastic design approaches are addressed.  

2.1 Elastic formulation 

The adopted elastic formulation for curved members is based on the assumption that the 
cross-sectional dimensions of the member are small compared with the radius of curvature, so 
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that the stresses can be calculated by formulas applicable for straight members. Additionally, 
given the fact that elastic analysis is addressed, the effect of deformations on the bending 
moments may be neglected and the principle of superposition is applicable.  

The evaluation of the maximum normal stresses σ in a cross-section of an arch, subjected 
to combined axial loading N and bending moment M, is given by 
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where A and I are respectively the area and inertia of the cross-section, c is the distance of the 
extreme fiber to the center of mass of the cross-section, and the subscripts t and b indicate the 
top and bottom fibers, respectively. 

Figure 1 shows a two-pinned parabolic arch subjected to a single concentrated load P plus 
its own uniformly distributed weight q. The shape of the arch is assumed parabolic, due to the 
simplicity of the mathematical formulation, but the results can be adopted for catenary arches 
for design purposes, as the differences are only minorii. The expression of the parabolic arch 
with a span 2L and a rise f is given by 
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Figure 1: Two-pinned parabolic arch submitted to a single concentrated load P plus its own weight q 

From the strength of materialsiii, the unknown hyperstatic reaction H may be determined by 
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where MS is the bending moment at section S, y is the vertical coordinate of the arch axis, A is 
the area of the cross-section and E is the Young’s modulus of the material. In the present case, 
the value of H readsii 
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Once the horizontal reaction H is determined, it is possible to calculate the axial force N 
and the bending moment M at any section S of the arch, as 
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Here, VA is the vertical reaction at the left support, given by 

qLPVA +=
4
3

 (6) 

From the internal forces N and M given by Eqs. (5), the calculation of the maximum 
stresses in the cross-section σb,t is straightforward from Eq. (1) and dimensioning can be 
carried out using the standard ultimate limit state design procedures. 

2.2 Plastic formulation 
There are two methods of plastic design, namely the static and the kinematic method. Here, 

only the kinematic method is shown and the reader is referred to Palácio et al.ii for the 
elaboration of the static method, which can be particularly simple for this particular loading 
condition. The plastic formulation allows to determine the collapse load of a two-pinned 
parabolic arch subjected to a point load P. The self-weight of the arch will not be taken into 
account in order to simplify the analysis. It is stressed that this assumption does not affect the 
results significantly because the self-weight of the arch is usually much lower than the 
collapse load, for modern reinforced masonry arches. 

To apply the kinematic approach and apply the principle of virtual work, it is necessary to 
define an admissible collapse mechanism. Failure of the arch occurs once two plastic hinges 
are formed. Therefore, it is possible to construct the collapse mechanism shown in Figure 2. 
The virtual work principle states that the external work δWext produced in any virtual 
deformation must be equal to the internal work δWint, reading 

( ) ( ) ( )θαθβ +⋅++⋅=− 21 1 MpMpaLP  (7) 

Here, the rotation angles α, β and θ of the rigid parts of the arch are defined in Figure 2 and 
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the vertical displacement of force P is given by (L – a).β. The plastic moments at the left and 
right hinges are respectively Mp1 and Mp2. To define the virtual deformed configuration, and 
for the sake of simplicity, the angle β was assumed equal to the unit value. 

β=1
α

θ θ

L-a L-x

A

B

I

C

C'

B'

D

b

f-b
f-y

y

L

a

δyBδ

L

x

θ

d

P

y

x

 

Figure 2: Collapse mechanism for the arch carrying a point load P 

Angles α and θ can be expressed fromii 
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With these values, Eq. (7) can be recast as 
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The quantity d can be expressed fromii 
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Finally, introducing this value of d in Eq. (9), replacing a by L/2, and introducing the 
parabolic shape, from which the values of b and y can be calculated, it is possible to obtain the 
value of the collapse load Pu 
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The location of the second plastic hinge is given by the unknown distance x, which can be 
obtained by taking a derivative of P with respect to x and setting it equal to zero. Thus, 



Paulo B. Lourenço, Késio Palácio and Joaquim O. Barros 

6 

�= 0
dx
dP

  ( ) �
	

�

�
 +−+⋅= 2

22121
1

12128
8

MpMpMpMpMp
Mp
L

x  (12) 

Table 1 gives the values of x, obtained for selected values of Mp1 and Mp2. Once the location 
of the second hinge is known, Eq. (11) allows obtaining the value of the ultimate load Pu. 
 

Mp1 Mp2 x Pu 
Mp Mp 0.379L 15.70Mp/L 
Mp 0.5Mp 0.451L 8.73Mp/L 
Mp 0 L 3.56Mp/L 

Table 1 : Values of the location x for the second plastic hinge and of the ultimate load Pu, 
for given values of Mp1 and Mp2 

3 RESULTS FROM THE EXPERIMENTAL AND NUMERICAL PROGRAM 

In order to validate the design procedures addresses in the previous chapter, experimental 
resultsiv in reinforced arches are briefly introduced, compared with elastic and plastic analysis, 
and also compared with the results of an advanced analysis tool using non-linear finite 
elements.  

3.1 Test results 
Sarralboiv tested five reinforced masonry arches with catenary shape. Figure 3 illustrates 

the typical cross section of the arches, with a thickness h equal to 75 mm, a reinforcement 
depth d equal to 60 mm and a width b equal to 1.09 m. The span of the arches 2L is equal to 
4.0 m, the rise f is equal to 1.0 m and the self-weight q is equal to 1.58 N/m. 

b

h d
Mortar (0.4h)

Masonry (0.6h)
 

Figure 3: Cross-section of the arches 

Table 2 presents the material properties and the collapse loads of the five vaultsiv. Here ρ is 
the percentage of longitudinal reinforcement, fy is the yield strength of the reinforcement 
(assumed equal to the Steel Class, as no tests have been carried out), fc, cubes is the compressive 
strength of the mortar measured in cubes, fcm is the calculated actual compressive strength of 
the mortar and ftm is the tensile strength of the mortar.  

The calculated compressive strength of mortar fcm is equal to 0.8 fc, cubes, because the 
experimental values have been obtained in mortar cubic specimens according to EN 1015-11. 
In the case of vault 1 / 2, the tests to determine the tensile strength of the mortar ftm, were not 
carried out. Therefore, the tensile strength has been estimated from MC90v. In the case of 
vault 3, a very high value was reportediv and the value shown is extrapolated from vault 4. 
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Reinforcement Mortar  
Vault No. of 

bars 
ρ 

(%) 
fy 

(N/mm2) 
Strength 
(N/mm2) 

fc, cubes 
(N/mm2) 

fcm
* 

(N/mm2) 
ftm 

(N/mm2) 
Pu 

(kN) 
1 / 2 5 φ 8 0.31 500 Low 13.0 / 21.0 16.8 1.29* 21.0 

3 5 φ 8 0.31 500 High 56.3 45.0 2.20** 26.0 
4 5 φ 6 0.17 400 High 53.5 42.8 2.00 15.2 
5 5 φ 6 0.17 400 Low 38.6 22.6 1.70 14.2 

Table 2 : Material and geometry properties and collapse loads for the vaults (* calculated; ** estimated) 

With respect to the experimental values obtained for the distance x, which gives the 
location of formation of the second plastic hinge, no precise information exists even if it is 
reported that, for all the tested vaults, the second hinge is in a region symmetrical to the 
position of the application of load Piv. 

3.2 Elastic and plastic analysis 
Ultimate limit state design of reinforced masonry shells requires detailing of reinforcement 

to cover all zones where tensile stresses may appear. This calls for upper and lower 
reinforcement in the vaults for the combination of distributed loading and a point load. As 
there is no upper (extrados) reinforcement in the tested vaults, elastic analysis can only be 
used up to cracking of the upper layer of the vault. 

Table 3 presents the results of the internal forces N and M at sections S1 (left plastic hinge) 
and S2 (right plastic hinge) and the corresponding stresses at the extreme fibers. The results 
were obtained using Eq. (5)ii. The maximum tensile strength is reached at a position x, which 
indicates the most likely location of the “plastic” hinge for limit analysis. It is noted that the 
maximum tensile stresses occur in the cross-section under the load application (left hinge). 
Nevertheless, as this region includes bottom reinforcement, the critical section is, indeed, the 
right plastic hinge. 

 
Left plastic hinge Right plastic hinge 

N1 M1 N2 Vault 
(kN) (kN.m) (kN) 

M2 
(kN.m) 

1 / 2 -9.26 2.03 -7.66 -1.34 
3 -13.57 3.54 -10.86 -2.33 
4 -12.79 3.27 -10.27 -2.15 
5 -11.38 2.78 -9.23 -1.82 

Table 3 : Numerical results for elastic analysis 

Design of the masonry vaults, reinforced only at the bottom (intrados), is better carried out 
using plastic analysis. According to the formulas of plastic design presented to determinate 
the collapse load Pu, Eq. (11), it is necessary to know the values of the plastic moments at the 
left and right hinges, respectively Mp1 and Mp2. However, since the cross section of the arch 
is subjected to combined bending and compression, it is necessary to consider the interaction 
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of the bending moment M and the normal force N. This N-M interaction diagram can then be 
used for taking into account the internal forces acting in the cross-section. Thus, the N-M 
interaction diagram for each vault must be constructed and, because the axial loading depends 
on the point load Pu at ultimate stage, an iterative process should be adopted for the 
calculation of the plastic limit loadii.  

Table 4 shows the results for the ultimate loads obtained with elastic and plastic (limit) 
analysis. For the right hinge of plastic analysis, tensile strength has been taken into account. 

 
Elastic analysis Plastic analysis 

Vault 
Pu 

Testing 
(kN) 

x 
(mm) 

Pe
u 

(kN) 
u

e
u

P
P

 x 
(mm) 

Pp
u 

(kN) 
u

p
u

P
P

 

1 / 2 21.0 828 6.68 0.32 1147 17.96 0.86 
3 26.0 816 11.65 0.45 1029 21.00 0.81 
4 15.2 800 10.75 0.71 876 11.97 0.79 
5 14.2 812 9.13 0.64 910 11.27 0.79 

Table 4 : Comparisons between calculated and testing Pu 

As it is normal in concrete structures, cracking occurs before collapse (between 30% and 
70% of the maximum load). After cracking significant load redistributions occur, as mortar 
possesses a quasi-brittle behavior. The amount of bottom reinforcement necessary at the 
cracking stage, and the existing reinforcement can be comparedii. The ratio between loads is 
rather different from the ratio between reinforcements, meaning that elastic design cannot be 
used unless top and bottom reinforcement are considered. However, elastic analysis can be of 
interest as a tool to define the position of the second (right) hinge. 

Clearly, in terms of ultimate load, the results from plastic analysis are much better than 
those of elastic analysis. Nevertheless, the plastic analysis results still lay around 15% to 20% 
below the experimental load, even if the cracking moment at the right hinge Mp2 is assumed 
as fully plastic. It is believed that the main reason for the differences found are due to the lack 
of information on the constitutive behavior of the adopted steel. It is noted that the relation 
between the calculated ultimate load and the observed failure load does not vary significantly. 
Another interesting aspect is that the iterative process adoptedii allows for (moderate) 
variation of the location of the plastic hinge x. This procedure is also questionable because, 
once the crack occurs in the top surface, the location of the “hinge” is fixed. 

3.3 Finite Element Method analysis 
Eight-noded plane stress elements were in the finite element analysis. The adopted non-

linear material model is based on a smeared crack model (fixed cracked model), specified as a 
combination of tension cut-off (two orthogonal cracks), tension softening and shear retention, 
combined with a plasticity-based criterion in compression. The reader referred to Rotsvi for 
further reading. The reinforcement was modeled with embedded reinforcement superimposed 
elements, with a Von Mises yield criterion. Full details on the material properties are given in 
Palácio et alvii. 
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The numerical results are in reasonable agreement with the experimental results, in terms 
of collapse load and arch behavior. A typical four-hinged collapse mechanism was found in 
the analyses, as adopted above for limit analysis. The ductile response of the shell is due to 
yielding of reinforcement at the left hinge, previous to mortar crushing. As shown in Figure 4, 
the initial stiffness obtained in the numerical analysis is rather high, followed by a sharp drop 
of strength, associated with cracking of the right hinge. This is confirmed by Sarralboiv, who 
refers cracking of the right hinge as the first sign of inelastic behavior. It is noted that the first 
peak and high stiffness do not occur in the experimental tests, which is probably due to a very 
low tensile strength of the upper layer, related to the difficulties in placing the mortar. 

A sensitivity analysisvii indicated that the tensile strength and yield strength of the 
reinforcement affect the results. Limit analysis reproduces well the numerical results, with the 
exception of series 4, in which a sharp drop of load is obtained after the first crack. Provisions 
to ensure a ductile post-peak behavior are therefore required for design. 

4 DESIGN RECOMMENDATIONS 
In the previous chapter, the tensile strength was considered for the sake of assessment of 

plastic analysis. This hypothesis is questionable from the theoretical point of view but also 
from a practical point of view, as it constitutes a violation with respect to codes. In fact, the 
tensile strength of cement-based materials should be considered equal to zero for the 
verification of the ultimate limit states.  

In order to eliminate the drawback of the previous approach to solve engineering 
applications, one possibility is to use the location of the right hinge according to the elastic 
analysis. In the absence of upper reinforcement, this is the most likely location of the right 
hinge. Also, the influence of the axial force is usually negligible and can be ignored for 
practical purposes. With these assumption, it is possible to adopt Mp2 = 0 (the collapse 
mechanism is perfectly defined) and an iterative procedure for solution is no longer required. 
Eq. (11) is directly applicable as the location of the right hinge x is no longer resulting from a 
minimization process. This approach leads to results between 50% and 75% of the 
experimental failure loadsii, which are conservative values adequate for practical applications.  

5 CONCLUSIONS 

Elastic analysis is inadequate to analyze arches, unless upper and lower reinforcement are 
provided. In the case of placing both upper and lower reinforcement, the usage of elastic 
analysis does not allow load redistributions. An iterative procedure to calculate the ultimate 
load using plastic analysis is required. As tension appears in the extrados and intrados of an 
arch subjected to point loads, a minimum ratio of reinforcement is required in both sides. 
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Figure 4: Experimental vs. numerical load-displacement diagrams, at quarter span 
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