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ON THE WAITING TIME TO ESCAPE
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Abstract

The mathematical model we consider here is a decomposable Galton-Watson
process with two types of individuals, 0 and 1. Individuals of type 0 are
supercritical and can only produce individuals of type 0, whereas individuals
of type 1 are subcritical and can produce individuals of both types. The aim
of this paper is to study the properties of the waiting time to escape, i.e. the
time it takes to produce a type 0 individual that escapes extinction when the
process starts with a type 1 individual. With a view towards applications, we
provide examples of populations in biological and medical contexts that can be
suitably modeled by such processes.
Keywords: Decomposable Galton-Watson branching processes; probability
generating functions
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1. Introduction

In many biological and medical contexts we find populations that, due to a small
reproductive ratio of the individuals, will get extinct after some time. Yet, some-
times changes occur during the reproduction process that lead to an increase of the
reproductive ratio, making it possible for the population to escape extinction. In this
work we use the theory of branching processes to model the evolution of this kind of
populations.

Cancer cells submitted to chemotherapy are an example of such populations. In
fact, when submitted to chemotherapy, the capacity of division of the cells is reduced,

hopefully leading to the extinction of tumour cells. Yet mutations may lead to another
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kind of cells that are resistant to the chemotherapy. Thus, the population of this new

type of cells has a larger reproductive ratio and can escape extinction.

Another example can be found in epidemics like HIV or SARS. Imagine a virus of one
host species that is transferred to another host species where it has a small reproductive
mean and, therefore, the extinction of its lineage is certain. Yet, mutations occurring
during the reproduction process can lead to a virus which is capable of initiating an

epidemic in the new host species.

The goal of this article is to use a two-type Galton-Watson branching processes
(G.W.B.P.) to study properties of the populations described above. We assume that
the process starts with just one subcritical individual that gives birth to individuals of
the same type but, through mutation, her descendents can become supercritical and
therefore capable of initiating a population that has a positive probability of escaping

extinction.

In Section 2 we introduce the model, the main reproduction parameters of the

process, and give some theoretical and applied references.

Section 3 contains the main results and proofs. Based on probability generating
functions, we derive properties of the distribution of the waiting time to produce an
individual that escapes extinction. We prove that it has a point mass at oo, compute
the tail probabilities and its expectation (conditioned on being finite). We also show
that, in the long run, the population size of this process grows as the one of a single-type

G.W.B.P., with a delay.

2. Description of the model

Consgider a two-type G.W.B.P. {(Z,(lo),Z,(ll)),n € Ny}, where Z,(lo) and Z,(ll) denote
the number of individuals of type 0 and of type 1, respectively, in the n'* genera-
tion. Suppose that individuals of type 1 are subcritical, i.e. have reproduction mean
0 < m < 1 and that each one of its descendents can mutate, independently of each
other, to type 0 with probability 0 < u < 1. Individuals of type 0 are supercritical,

i.e. have reproduction mean 1 < mg < oo and there is no backward mutation. For this
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particular two-type G.W.B.P., the first moment matrix is of the form

A:{mO 0 ]
| mu m(l—u) |

Unless stated otherwise, we assume that the process starts with just one individual of
type 1, i.e. Z(()O) =0, Z(()]) = 1. The probability generating function (p.g.f.) of the
reproduction law of type i individuals will be denoted by f;, i € {0,1}, and the joint
p.g.f. of (Z](O),Zl(l)) is given by

F(sg,s1) = E [SOZF]) slzil)}
o0 k
S E (et oo
k=0 j=o M
= filsou+ (1 —u)sy), (s0,s1) € [0,1]% (2.1)

where {pg), k € Ny } represents the reproduction law of type 1 individuals.

Branching processes have been intensively studied during the last decades; classical
references are the books of Harris (1963), Athreya and Ney (1972), Jagers (1975)
and Mode (1971). For recent books, with emphasis on applications, see Axelrod and
Kimmel (2002) and also Haccou, Jagers and Vatutin (2005). For a nice example on how
branching processes can be used to solve important problems in biology and medicine,

the reader should take a look at the papers of Iwasa, Michor and Nowak (2003, 2004).

3. Main results

3.1. Number of mutants and the probability of extinction

Consider the sequence of random variables {I,,,n € Ny}, with I,, being the total
number of mutants produced until generation n (included), and let I be the random
variable that represents the number of mutants in the whole process. By mutant we
mean an individual of type 0 whose mother is of type 1.

It is obvious that the sequence I,, converges pointwise to random variable I. The
first theorem of this paper uses this convergence to establish a functional equation for

the p.g.f. of I, denoted by f;.
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Theorem 3.1. The p.g.f. of I satisfies the following functional equation

f1(s) = frus + (1 = u)f1(s)), (3.1)
for all s € 0,1].

Proof. First we establish a recursive relation for the p.g.f.’s of the random variables

I,,, denoted by fr,.
() = B[] =BB[s" 2. 2]
© 571 i
= F [E |:Szl +30: 20 Inoy |Z1(0)7Z1(]):|j|
= F(s, fr,_.(s))
= filsu+ (1 —u)fr,_,(s), Vn>1, (3.2)

where the I _; arei.i.d. copies of the random variable I,, 1, the function F' was defined
in (2.1) and fy,(s) = 1.
Taking the limit in relation (3.2) we obtain the functional equation (3.1). O

We now proceed to determine the probability of extinction. Using the following
notation:

ZWM =0, for some n > 12" =1, Z§") = 0]

=)
o
I
R
N
2
I

and
G = P[Z(O) = Zr(ll) = 0, for some n > 1|Zéo) =0, Zél) =1],
it follows, from the classical result on extinction of branching processes, that qq is the

smallest root of equation
90 = fo(qo) (3.3)

in the interval [0,1]. To determine g;, notice that extinction of the process occurs if
and only if all the supercritical single-type G.W.B.P. starting from the mutants die

out. Since there are I such processes, then

q1 = E[Qé] = f1(qo)- (3.4)

Obtaining explicit expressions for ¢; is not always possible and therefore approxi-

mations are necessary for application purposes. Assuming small mutation rate u, the
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authors of [6] and [7] provide these approximations for particular reproduction laws,
namely Poisson and geometric distribution. Their results extend to an even more
complex scheme of mutations leading to branching processes with more than two types

of individuals.

3.2. Waiting time to produce a successful mutant

Consider the random variable T that represents the time to escape, i.e. the first
generation where a successful mutant was produced. By successful mutant we mean a
mutant that was able to start a single-type G.W.B.P. that escaped extinction. This
variable assumes values in the set {1,2,..., 00}, with T' = oo if no successful mutant

was produced.

Theorem 3.2. The distribution of T satisfies the following:
(i) P[T > k] = fr.(qo), for all k >0,
(ii) P[T = oo] = ¢1,

(iii) E[T|T < co] = Y37, L2l 0

Proof. To prove (i), observe that T' > k means that all I; mutants were unsucces-
sful. Therefore
P[T > K] = Elgg*] = fr,(a0)-

To prove (ii), observe that (T' > k)>o is a non-increasing sequence of events and

PIT = oo] = P | 5 (7> 1)] = fim PIT'> K= i fi () = fi(an) = .

To prove (iii), observe that T' > 0 and therefore

o0

ZP[T>k7T<oo]

E[T|T < o] BT < o]

k=0
%]

_ P[T < 0] — P|T < k]
B Z 1-—q

k=0

= fr.(q) = frqo)
B kX:;) 1-—aq

with the fr, defined recursively by (3.2) in the proof of Theorem 3.1. O

A similar problem was considered in [3] where a single-type G.W.B.P. with immi-

gration in the state 0 is used to model the re-population of an environment. The idea
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is the following. Consider a population starting with a supercritical individual and let
it grow according to a G.W.B.P.. If extinction occurs at time ¢ then immigration takes
place immediately after, i.e., one individual of the same kind is introduced and a new
process, i.i.d. with the first one, restarts. Among others results, the authors derive
properties of the last instant of immigration, i.e. of the generation where an immigrant
that started a process that escaped extinction was introduced.

In the applications we consider, the mutants appear at random times as descendents

of the subcritical individuals and therefore the model described above does not apply.

3.3. Comparison with a single-type supercritical G.W.B.P.

In this section we prove a result that will allow us to compare the limit behavior of
the sequence Zr(,,o) with the limit behavior of a single-type supercritical G.W.B.P..
First we recall a result on single-type G.W.B.P.. The proof can be found in any of

the classical books referred in Section 2.

Theorem 3.3. Let {Y,,,n € Ny} be a single-type supercritical G.W.B.P. with repro-
duction law {pg)), k € Ng} and suppose Yo = 1. If

Zk logkpgﬁo) < o0 (3.5)
k=0

then

Y,
— = W a.s. and in L

]
where p = Y k pzo) and E[W] = 1. Furthermore, the Laplace transform of W, ¢w,

k=0
satisfies

dw (us) = folow(s)), s>0.

Our result is the following.

Theorem 3.4. If the reproduction law of type 0 individuals satisfies condition (3.5),

then
A
— = U as. and in L'
Mg
with E[U] = —*—— < 1. Furthermore, the Laplace transform of U, ¢y, satisfies

mo—m(1—u)

the functional equation

¢u(mos) = fr(ugw(s) + (1 —u)du(s))
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where ¢w is as in Theorem 3.3.

Proof. Consider the sequence of random variables {.J,,,n > 1}, where .J,, represents
the number of mutants in generation n, i.e. J, = I,, — I,,_1. Using these variables,
Z,(LO),n > 1, can be decomposed in the following way:

z = j,
n—1 J ' (36)
S DI
k=1 i=1
where the random variable erik represents the number of individuals in generation
n—k of the supercritical single-type G.W.B.P. initiated by the i-th mutant of generation
k. These processes are independent of each other and have the same reproduction law,
0
P ke
Dividing (3.6) by m{ and taking expectations we get

(0) n—1 Jk 7
Iy, 1 Yn k
E = —
] - ez
n—1
1
= ZmE[fk]
k=10
n—1
= —pum[m(1 — u)]*
k=10
B — (3.7)

n—co g — m(l — u)
The expectation of Ji is obtained by differentiation of the recursive relation (3.2).
Since {mE”Zr(LO),n > O} is a submartingale with respect to the o-algebra
F, = (T(Zr(no),Zr(nl), 0 < m < n) and, from (3.7),
A

sup B [—
mg

< oo,

the martingale convergence theorem ensures that the sequence converges a.s. to a
random variable, U, and E[U] < oo.

To prove L! convergence, it remains to show that

E[U] = am (3.8)

mo — m(l —u)’

Observe that, given (Z](O)7 Z](]))7 the following decomposition holds:
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70 . 7z (0
Zf,go) . 1 Yn/fl 1 X'fzjl,j
R OE SRR as
Mo Mo 527 Mo Mo 525 ™Mo

where the Y,! | are as described in decomposition (3.6) and the Xr@u are the random

variables that represent the number of type 0 individuals in generation n — 1 of the 5"

two-type G.W.B.P. initiated in generation 1. There are Z1(]) such processes and they

are independent of each other. Taking the limit in (3.9), (the existence of the limits of

3

the sequences involved was already proved) gives

7(0) Y
LS w13 o (3.10)
mo ; mo = J

where W; are i.i.d. copies of W, as defined in Theorem 3.3, and U; are i.i.d. copies of
U. It is now a matter of taking expectation in (3.10) to obtain the desired (3.8).
Finally, to prove the functional equation for the Laplace transform of U, is just a

matter of using (3.10). In fact,

du(s) = EleV]=E[EBleV |2, 2]
= E|E|e ™ =7 w 7 7MW E e 7 A, | 7\, 7z
0 0
= o (2] oo (2
= fi (U¢W (;0) + (1 —u)du (%O)) (3.11)
0

Taking 7 = ‘logmo (#M) , we can conclude that there exists a random

variable U* such that
A%

n—r

0

- U* as. andin L'

with E[U*] = 1. This indicates that the sequence 79 exhibits, with a delay 7, the
same limit behavior as a single-type supercritical G.W.B.P.. It remains to investigate
the relation between the constant 7 and the random variable that represents the delay

between the two processes.
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In the applications, it is not only important to study the time to produce a successful

mutant, but also the time it takes for the number of type 0 individuals to reach high

levels is relevant. Theorem 3.4 provides a first step to answer this question.
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