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Abstract

This thesis presents results of theoretical consideration of three distinct problems of light interaction
with solid-state nanostructures. Each of these problems is related to the concept of polaritons, mixed
excitations resulting from coupling of photons to certain quasiparticles in the condensed matter. This
concept is described in the Introduction and each of the specific problems considered is presented in a
separate chapter.

In the first of these chapters, polaritonic effects in a structure containing an antiferromagnet (MnF5)
and a graphene sheet are studied. The dispersion relations are studied both for TE and TM polarizations.
Comparisons are made between the system with only antiferromagnet, only graphene sheet and the full
system, in order to study the effect of each part of the system on the dispersion relation. The variations
of the absorbance, reflectance and transmittance with the angle of incidence of a plane wave are also
studied. A perfect metal is added to the system in order to study the effect of the extra confinement on
the dispersion relations.

In the following chapter, a system consisting of a 2D transition metal dichalcogenide (TMD) layer,
namely a monolayer of MOS,, embedded in a cylindrical microcavity made of SigNy, is studied. The
focus is on studying the formation of exciton-polariton modes and their effect on the dispersion relation,
as well as on the local density of states. A study of the enhancement of the total and local density of
states is conducted with respect to both the frequency and the position in the cylinder. A point-emitter
can then be placed at the spots of maximum intensity to take advantage of the distribution of energy
inside the cavity.

In the last part of this work, the eigenmodes of a microsphere are studied in order to predict the
distribution of energy from external excitation of these modes by incidence of plane waves on the micro-
sphere. For this, the effect of the local density of states is combined with the distribution of the incident
rays as their travel inside the sphere in order to estimate the distribution of light on the microcavity.
As in the previous chapter, a point-emitter can be placed in the position of higher enhancement to take
advantage of the distribution of energy inside the cavity.

The last chapter of the thesis is devoted to discussion of some physical aspects and potential applica-

tions of the solved problems.
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Resumo

Esta tese apresenta resultados tedricos de trés problemas distintos de interagao de luz com nanoestru-
turas de matéria condensada. Cada um deste problemas esta relacionado com o conceito de polaritoes,
excitacoes mistas resultantes do acoplamento de fotoes a determinadas quasi-particulas na matéria con-
densada, e este conceito é abordado na introducao e cada um dos problemas estudado tem um capitulo
dedicado ao mesmo.

No primeiro destes capitulos, sao estudados os efeitos polariténicos numa estrutura que contém um
antiferromagnete (MnF2) e uma folha de grafeno. As relagoes de dispersio sao estudadas para ambas as
polarizagbes possiveis, 'transverse magnetic’ (TM) e ’transverse electric’ (TE). Comparam-se os sistemas
com apenas o antiferromagnete, apenas a folha de grafeno e o sistema completo, de forma a estudar o
efeito que cada componente tem na relagao de dispersao. Também é estudada a variacao da absorbancia,
refletancia e transmitancia com o angulo de incidéncia de uma onda plana. E adicionado um metal
perfeito ao sistema de forma a estudar o efeito do confinamento adicional nas relagoes de disperséo.

No capitulo seguinte, é estudado um sistema com uma monocamada de um metal de transigao di-
calcogeneto (TMD), nomeadamente MOS5, embutido numa microcavidade cilindrica de SizN4. O foco
estd no estudo da formacao de polaritoes exciténicos e os seus efeitos na relagao de dispersao do sistema,
assim como na densidade local de estados. E levado a cabo um estudo do aprimoramento das densidades
de estado totais e locais com a variagao da frequéncia eletromagnética e da zona do cilindro. Sabendo os
resultados destas variagoes é possivel colocar um emissor pontual num dos locais de maxima intensidade
para tomar partido da distribuicao de energia dentro da cavidade.

Na parte final deste trabalho, estudam-se os modos préprios eletromagnéticos de uma microesfera de
forma a prever a distribuicdo de energia resultante da excitacao externa destes modos por incidéncia de
ondas planas. Para tal, o efeito da densidade local de estados tem de ser combinado com a distribuicao de
raios incidentes dentro da esfera a medida que os mesmos se propagam no interior. Tal como no capitulo
anterior, é possivel colocar um emissor pontual no interior da esfera na posigao de maior aprimoramento
para tomar partido da distribuicao de energia dentro da cavidade.

O capitulo final desta tese é dedicado a discussao de alguns aspetos fisicos e potenciais aplica¢oes dos
problemas resolvidos.
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Introduction

1.1 Scope of this thesis

Light-matter interaction is responsible for a broad variety of phenomena and is in the heart of important
fields of applications, such as microscopy, optoelectronics, photonics and renewable energy production.
The development of materials technology led to new possibilities of using and controlling light, making
optoelectronic devices that are much smaller than the wavelength of the light they work with, and the
emergence of new areas of research, such as nanophotonics [1]. For example, in a recently published work
[2], almost total light absorption in a nearly-atomic thick semiconductor layer incorporated in a specially
designed photonic structure was demonstrated. This thesis work was inspired by such achievements. It is
devoted to theory and modelling of several photonic structures where strong light-matter interaction leads
to the formation of composite excitations called polaritons and strongly influences the optical properties
of these structures.

The two most important particles in electromagnetism are the photon and the electron. [3] This
work will explore two physically distinct ways in which the electron can be affected by a photon. To be
more precise, ways in which a collective excitation of a system with multiple electrons can be created
with the energy gained from absorbing a single photon. The interaction of the electromagnetic field of
a photon with charged particles in any crystalline structure is called a polariton. [4,/5] Graphene is a
material where this interaction can occur. In graphene, the charged particles that interacts with photons
are electrons, but collective excitations of larger charged particles can occur in solids, specially at high
temperatures. These excitations are called phonons because they are the basis of sound waves, and when
the particles that oscillate are charged, these phonons can interact with electromagnetic waves to form
phonon-polaritons (Sec 4.6., [6]). A graphene layer is a one atom thick layer of carbon atoms arranged
in an hexagonal lattice. |7] In a graphene layer, electrons can oscillate when excited by an oscillating
electromagnetic wave. 8] These charge oscillations generate their own electromagnetic field. This state
of interaction can be considered as a collective excitation of the graphene electrons, normally called
plasmon. [9] Graphene plasmons create an evanescent electromagnetic field, which decays exponentially
with distance to the graphene sheet. The combination of the charge oscillations and the evanescent EM

field is called the surface plasmon polariton (SPP). SPPs have their own dispersion relations, different
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from those of any of the single electrons, plasmons or of the original photons. |9

An analogous phenomenon can happen with spin carriers, such as atoms with total spin in an antifer-
romagnet. These spin carriers are affected by the magnetic field and when their spin changes direction it
generates another magnetic field which influences the neighbouring spin carriers. These spin oscillations
are called magnons and they too have their dispersion relations and act as particles, having properties
that can be derived from dispersion relations such as effective mass (which is defined as the inverse of
the second derivative of the energy with respect to the momentum, and its value indicates the effect that
the other particles in the material are having on the response of a given particle to the application of a
force [10]). [11] These oscillations, of electrical or magnetic nature, are a way in which electrons can be
affected by a photon in a system with more than one medium. Such a system will be studied in chapter
2.

In chapter 3 the discussion will shift to a different system, a micro-cavity with an embedded 2D
semiconductor layer. [12] An optical micro-cavity is any closed cavity with partially or totally reflecting
boundaries, with dimensions of the order of micro-meters, hence the name micro-cavity. [13] And a
semiconductor is a material that has a small gap between the valence band, which is the highest energy
band within the material where electrons will still be present, which is completely filled with electons,
at zero temperature, and the conduction band, which is the band immediately above where electrons
can travel across the material. [10] The conventional definition of a semiconductor is a material whose
valence-conduction band gap is larger than 0 eV but smaller than 4 V. |[14] In chapter 3, the interaction
studied is physically different. It involves a semiconductor material with essentially two energy bands,
where the electron can go from the valence band to the conduction band if it absorbs a photon with a
sufficient energy. The collective effect of all but one electron present in the valence band is equivalent
to the presence of a positive charge in the place of the hole the electron leaves in the valence band. [15]
This electron will ’attract’ the hole (in reality, it is repelling all the electrons left in the valence band).
Nevertheless, this electron-hole system can be treated as a particle similar to an hydrogen atom, although
the masses of its charged particles are the same. This electron-hole pair is called an exciton (because it
comes from the excitation of the electron from the valence to the conduction band) and it has bound states
that have some similarity with the hydrogen atom states. [16] The effect of exciton-photon interaction
studied in chapter 3 is not the physical oscillations of these excitons, but rather their oscillations in
and out of existence, successively creating and destroying photons. These oscillations are made possible
within the micro-cavity if the energies of the photons allowed within it are similar to the energies of
the gaps between the valence and conductions bands of the semiconductor material inserted. [15] This
process of successive creation and destruction of an exciton can be referred to as an exciton-polariton and
it too can be thought of as a particle ("pseudo-particle’) with its own dispersion relation and associated
properties. [15] It is therefore interesting to study how these dispersion relations differ from the dispersions
of the empty micro-cavity and if the effect of the exciton-polaritons can be used to control the emission
properties of said cavity. [4]

Finally, in chapter 4, pure photonic states in a spherical micro-cavity will be studied. The goal will
be to present the spatial distribution of intensity of the combined electromagnetic field of all the possible
states of the system. The system of interest consists of point emitters embedded in a relatively large
(micrometric) sphere made of a transparent dielectric material, which acts as a spherical cavity and

influences the point emitters. This is known as the Purcell effct |17]. The Purcell factor is calculated
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for the cavities of chapters 3 and 4. The Purcell factor is a measure of the level of enhancement of the
spontaneous emission rate of a material when it is part of a given cavity or system, compared to the
spontaneous emission rate it would display in an homogeneous isotropic environment. [17] In both these
chapters the Purcell factor is calculated as a function of the local density of states of electromagnetic
cavity modes. Calculation of the Purcell factor and its spatial variation allows to predict where the most
intense spots of radiation will occur if photons of a particular energy reside in the micro-cavity or an
emitter is placed at a given spot. [18] The study mentioned so far is only focused on the eigenstates of the
system and not on the means of excitation of these states. Furthermore, a simple model of geometrical
optics will be applied in order to deduce the effect of an incidence of plane waves on the cavity and
mathematically account for the radial probabilistic distribution of incident photons that enter the cavity
in a similar fashion to the rainbow theory. [19] The main results obtained in this work are summarized

in chapter 5. Some of these results have been published [12}20].

1.2 Materials used in the systems studied

The first two systems under study incorporate three different materials that allow for the creation of

different types of polaritons. These materials will be introduced in this section.

Graphene

As previously mentioned, graphene sheets are one atom thick layers of carbon atoms arranged on a
hexagonal lattice. Graphene is a semi-metal with a zero band gap. [21] Graphite, which is what pencils
are made of, is a collection of stacked graphene layers bound by weak van der Walls forces. [22] Creating
graphene is simply a matter of isolating a single layer from these stacks. This material is extremely
interesting because it exhibits Dirac electrons. These electrons have a linear dispersion relation (close
to the Dirac points [9]) and therefore their effective mass is zero. The Dirac points those where the
upper band touches the lower band. [23] Because their effective mass is zero, the Dirac electrons all
must behave like light inside the graphene layer, having a constant fixed velocity. This characteristic
is common of all Dirac semimetals, but graphene has the longest mean free path at room temperature,
features clear quantum Hall effects (half integral and fractional) and has the highest mobility. [24] These
characteristics, along with its’ light weight, make it a very intriguing material to study for a range
of technological applications. [9] However, electronics applications are difficult to accomplish with pure
graphene. For pure graphene, the bandgap is zero and therefore it is very difficult to build transistors
out of this material. |[9] The Fermi energy is defined as the energy range of the electrons at absolute
zero temperature. By changing this energy, the bandgap can be controlled. Graphene can be doped
in various ways to change the Fermi energy, creating either p-type graphene, which has the Fermi level
below zero acting similar to a semiconductor, or n-type graphene, which has the Fermi level above zero
acting similar to a metal. [9,/24] The band structure of graphene has been calculated with a tight-binding

model resulting in the expression [25]:

Ei(k) = £t\/3+ f(k) — ' f(Kk). (1.1)
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Figure 1.1: Electronic band structure of graphene showing the linear dispersion relation that characterizes
Dirac electrons at the Dirac points, as given by . The dirac points are the points where the upper
band touches the lower band. The electrons’ effective mass is zero, near these points. ﬂgﬂ Because
their effective mass is zero, the Dirac electrons all must behave like light inside the graphene layer, having

a constant fixed velocity. The dispersion is shown in units of ¢ with numerical values of ¢ = 2.7 eV and

t' = —0.2¢t.

Graphene can support surface plasmon polaritons when the density of Dirac electrons oscillates along
with an oscillating electromagnetic field. @ﬂ This field is exponentially decaying away from the graphene
sheet. For the same frequency, the wave number of the polariton is much larger than that of the free-space
photon, which leads to the aforementioned exponential decay. [8] The SPPs in graphene are localized on a
scale lower than its wavelength and this is generally referred to as subwavelength optical confinement.
This precise localization is very alluring for optical devices and it is the property sought after in various
fields such as optical data storage, spectroscopy, microscopy, integrated photonics, lithography, biological
photonics, chemical studies, etc... The conductivity of graphene under typical doping levels can be
modelled by the Drude-like expression [9]:

62 EF

O’(w) == Em, (1'2)

where ~ is a damping rate. This expression is used throughout chapter 2 as the graphene optical conduc-
tivity. Equation (|1.2)) is valid with both temperature and nonlocal effects can be ignored.

1.2.1 Uniaxial antiferromagnets

The second material featured in the system studied in chapter 2 is an uniaxial antiferromagnet, namely
MnF5. This material features antiferromagnetism in a single direction, that is, it contains layers of spins
in which all the spins in the layer are aligned with each other but anti-aligned with the spins in the
layers above and below. Figure illustrates this arrangement. When acted upon by a magnetic
field, the spins will precess around it as shown in figure and their collective behaviour can form an
excited state called the magnon. Magnons are quantized spin waves, and they can occur both in
ferromagnets and antiferromagnets. Without the magnetic field, the ground state of a layer of spins in an

antiferromagnet consists of the spins all oriented in the same direction. The first excited state corresponds
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to the inversion of one of the spins, and it is this inversion that creates a magnon because the effect of
this inversion will spread as a wave around the original inverted spin. |[11] The precession frequency of

the individual spins is what determines the energy of a single magnon:

Emagnon = hwprec- (13)

B
A

Spin

Figure 1.2: Depiction of the precession of the spin of a particle that takes place in the presence of an

external magnetic field.

However, in ferromagnets the only factor at play is the magnetic anisotropy, which is much smaller
than the interplay of exchange and anisotropy that occurs in antiferromagnets. [20] The choice for an
uniaxial antiferromagnet to interact with the graphene layer is due to the fact that these magnons caused
by the interplay of exchange and anisotropy have energies in the same spectral range as the energies
of the SPPs in graphene (THz). [29] Spintronics, as opposed to electronics, is the manipulation of spin
transport instead of charge transport in order to create devices for communication of information. [30]
Antiferromagnets are also more useful for spintronic applications than ferromagnets. This is mainly
because antiferromagnets have zero net angular momentum, which means they are much less affected
by external electromagnetic fields. The spin transport in antiferromagnet as only been found to be
reliable over a few nanometres [31] However, exploitation of the Hall effect allows for long-distance spin
transport. [32] These uniaxial antiferromagnets can host surface and bulk magnon polaritons, which can
be described as the result of interactions of photons with magnons. This is possible because the photon’s
magnetic field can couple to the spins in the antiferromagnets and generate magnons. However, the
magnon’s oscillating spins generate a magnetic field which corresponds to new photons. This back and
forth creations of magnons and photons is what is described as a magnon-polariton. [29] Bulk magnon
polaritons occur inside the antiferromagnetic material, where the boundary with the dielectric material is
sufficiently far away. However, close to this boundary we have surface polaritons, whose electromagnetic

fields decay exponentially away from the interface. [28]

1.2.2 Transition metal dichalcogenides

Transition metal dichalcogenides (TMD) are semiconductor materials that allow for some strong light-

matter coupling. [33] A single layer of this material consists in a triangular lattice of a transition metal in
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the middle of two triangular lattices of a chalcogen atom (S, Se or Te). This structure is illustrated
in figure There are many photoelectronic applications of TMDs (for example, photodetection and
lasing) [34H36). The strong light-matter coupling that takes place is through the possibility of the

formation of excitons.

(a) - Side view

(b) - Top view

Figure 1.3: Structure of a transition metal dichalcogenide (TMD) monolayer. The black spheres represent
the transition metal atoms (Mo, W, etc) and the blue spheres the smaller chalcogen atoms (S, Se, or
Te) . A single layer of this material consists in a triangular lattice of a transition metal in the middle
of two triangular lattices of a chalcogen atom (S, Se or Te). (a) Side view, a layer with a thickness of only
three atoms. (b) Top view, the repeating pattern of the monolayer on the plane with which it is aligned.

An exciton is a quasiparticle that arises from the combination of an electron on the conduction band of
the semiconductor and the hole that it leaves behind in the valence band. In TMDs, the excitons are
very robust, with binding energy of the order of 0.5 eV and a very small effective Bohr radius. Bound
excitons can therefore be found at room temperature and 3D confinement of the exciton is possible. At
the K and K’ points of the Brillouin zone there are strong dipole optical transitions, for these are the
points with the smallest gaps between the conduction and valence bands. The electronic states are
nearly two dimensional and this results in highly anisotropic emission. Furthermore, there are specific
selection rules with (circular-) polarization-valley correlation. Compared to traditional semiconductor
quantum wells, mono- or few-layer TMDs can more easily be combined with other 2D materials such as
graphene and h-BN to make van der Waals heterostructures, as well as be coupled to other quantum
emitters or plasmonic nanostructures. . Recently, integration of an electroluminescent van
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der Walls heterostructure containing a TMD layer cladded by h-BN and graphene layers into a monolithic
optical micro-cavity was demonstrated, leading to a strong increase and a modification of the angular

distribution of the electrically pumped emission from the TMD layer. [46]

TMD layer interacting with microcavity EM modes

The combination of the TMD layer exciton with the electromagnetic eigenmodes of a microcavity is the
exciton-polariton. [13}|15] Inserting the TMD layer in the microcavity greatly enhances the light-matter
coupling as compared to having the layer interact with incident radiation in free space. [13}/15] In the
strong coupling regime, the exchange of energy between excitons and photons becomes reversible, yield-
ing a number of interesting and potentially useful effects owing to the formation of collective excitations
called exciton-polaritons. [13l/15] It has been possible to modify the energy spectrum of these cavities with
the light-matter coupling. This has been done for a variety of structure including Fabry-Perot cavities
with Bragg reflectors as mirrors, micropillars, photonic crystals and plasmonic surfaces and nanostruc-
tures [47]. The strong coupling regime was studied theoretically and demonstrated experimentally for
usual Fabry-Perot [35],48-50] and the so called Tamm-type micro-cavities, [51] and also for a cylindrical
whispering gallery mode (WGM) resonator. [52| Integrating van der Waals heterostructures with optical
waveguides has recently been reviewed. [53]

The encouraging results obtained in these experimental work include high Rabi splittings (compa-
rable to the best GaAs and II-VI MCs), the existence of exciton-polaritons at room temperature, and
2D-exciton-mediated lasing. The latter was achieved with a WGM microdisk resonator containing an
embedded WS, monolayer. [52] Such a closed geometry ensures better confinement of light (smaller mode
volume) and, potentially, can provide a stronger exciton-photon coupling compared to the traditional

Fabry-Perot type of cavity.

1.3 Plasmon-polaritons and Magnon-polaritons

The system studied in chapter 2 is a composite system made of a semi-infinite antiferromagnet and a
graphene layer placed above at a certain distance. As discussed above, the antiferromagnet supports the
creation of magnon-polaritons and the graphene layer supports the creation of plamon-polaritons. In
this system, hybrid modes are possible, where the plasmons interact with the magnons to create stable
eigenmodes of the system. [20] The graphene sheet therefore allows for tunability of the properties of the
antiferromagnet, mainly the dispersion relation of the electromagnetic modes present in the system. The
dispersion relations for TE and TM modes will be calculated for evanescent waves propagating parallel to
both the graphene sheet and the antiferromangnet. This is accomplished by application of electromagnetic
boundary conditions derived from Maxwell’s equations and appropriate constitutive relations. [54] The
scattering of incident plane waves is also studied, where there is an incident wave, and the boundary
conditions are used to determine the reflectance and transmittance of the system. The results from these
two calculations are related and this relation will be shown by comparing the loss functions (imaginary
part of the reflectivity) of the propagating modes to the dispersion relations of the evanescent modes.
Since the loss function should display peaks along the dispersion relation curves, [9] this comparison helps
to confirm the validity of the calculations. Finally, the study is repeated for a system where a perfect

metal is placed at the bottom of the antiferromagnet, effectively introducing another distance parameter:
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the thickness of the antiferromagnet. In this case, it is possible to create a slightly larger gap between
the first two bands of the TM modes. This distance parameter is another way to control the dispersion

relation of these hybrid modes.

1.4 Microcavity polaritons

Polaritons arising in microcavities are also studied, as mentioned before, in chapters 3 and 4. These
polaritons and their properties can be studied theoretically with linear optics by applying macroscopic
Maxwell’s equations. [55] The electrical permittivities of the materials in the cavity and their dimensions
determine the optical spectra. Experimentally, these modes can be studied with an array of techniques
such as infrared spectroscopy or Raman scattering. [55] Polaritons arise in these structures as interactions
of the vibrations of the transient dipoles associated with certain particles (for example semiconductor
excitons or phonons) with electromagnetic fields that can be either external or generated by the vibrations
of said particles. A simple example of a system displaying polaritons is given in [55]. This system is a
’diatomic isotropic crystal with an ion-covalent type of the interatomic bond (of the cubic ZnS type)’,

and the permittivity of this material can be written as:

2
_ wYTo
€(w) = €co + (€0 — €c0) - (1.4)
where wro stands for the frequency of transverse optical phonons and €., and €y are just the high and

low frequency limits, respectively. This model allows for bulk polaritons obeying the dispersion relation

2.2
kw—g = ¢(w). (1.5)
Each different type of polariton will have a different dielectric permittivity function e(w). As such, the
dispersion relation is determined by calculating the correct ¢(w) dependency for the polariton in question.
In this work, the problems of determining the conductivity of a graphene sheet (caused by plasmons) and of
a sheet of 2D semiconductor material (caused by excitons) will be tackled and these conductivities will be
used to determine the dispersion relations of systems where these materials are embedded. Theoretically,
bulk polaritons are described by propagating electromagnetic fields in the direction perpedicular to the
surface of the materials and surface polaritons are characterised by evanescent fields. However, this
distinction is not available to an experimentalist that simply analyses the spectrum results. As such, it
is a considerable challenge for experimentalists to separate the contributions of surface modes from those
of bulk modes [55]. The most typical Fabry-Perot cavities use dielectric Bragg mirrors, also reffered to as
Distribution Bragg Reflectors (DBR). These are pairwise layers of materials with alternating refractive
index. The higher the contrast of the refractive index and the higher the number of pairs, the higher
the finesse of the cavity. [13] Microcavities with a semiconductor-metal interface can have a significant
Schottky barrier height. The Schottky barrier height is the potential energy above which the interface
can conduct electricity. For metal/n-type interface, this will correspond to the difference between the
conduction band mininum and the Fermi level of the metal. And for a metal/p-type interface, this will
correspond to the difference between the valence band maximum and the Fermi level. [56] It is possible
to take advantage of this barrier for photodetection and laser control. [55] Surface polaritons can be

turned from non-radiative to radiative by the insertion of an attenuated total internal reflection prism
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(ATR) above the crystal. The function €(w) of some systems can be modelled theoretically, and from
that function the observable properties like the reflectance R(w), transmittance T(w) and absorbance
A(w) can be determined. Conversely, when experimentalists measure the response of a system they can
place the system on a metal, making 7T(w) = 0, and obtain values for A(w), which uniquely determines
R(w) = 1 — A(w) (ignoring scattering) and then from the integral Kramers-Kronig relations they can
use the reflectance spectrum R(w) to obtain an estimate for the function e(w). Alternatively, the
thermal emission spectrum of the system can be measured and compared to the blackbody spectrum at
that temperature. The difference between them allows to determine the polariton spectrum of the
system being studied, if there is no significant process other than polariton formation at that temperature.
Approximately cylindrical shape cavities can be obtained by etching a planar one with Bragg reflectors.
In these structures the lateral confinement is provided by planar microcavities whereas DBR, mirrors
provide the vertical confinement. Such a structure (shown in Fig. is called a pillar micro-cavity. A
cavity like this is suitable for incorporating a 2D semiconductor layer . A similar pillar micro-cavity

with one dielectric material and a 2D semiconductor layer is studied in chapter 3.

Wy L
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Figure 1.4: ’Pillar microcavity from an etched planar DBR semiconductor microcavity (left), with emission
mode spectrum (right), from Gérard et al. (1996).” Figure 1.10 from .



Polaritonics of antiferromagnets with graphene

Uniaxial antiferromagnets typically exhibit resonant frequencies in the THz range, which is much higher
than the GHz range of ferromagnetic materials. [20] These higher frequencies are much closer to the
spectral range of graphene surface plasmon polaritons, and thus a coupling between magnon-polaritons
at the antiferromagnet and plasmons in the graphene sheet can lead to hybrid polaritons. [20] Our goal
is to study these hybrid polaritons by calculating the dispersion relations of a system consisting of a
graphene sheet placed a distance d from a semi-infinite antiferromagnet. Figure illustrates the
system under consideration. The goal is to study the effect of the graphene sheet on the polaritonic
modes of the antiferromagnet. To achieve this, one needs to model the magnetic permeability of the

antiferromagnet first.

2.1 Magneto-optic response of an easy-axis antiferromagnet with no
static field

An antiferromagnetic medium exhibits a relative magnetic permeability tensor WT which characterizes

its interaction with the magnetic fields through

B =, -H. (2.1)

This tensor must be determined in order to correctly calculate the response fields B in the system. The
antiferromagnetic material considered will be MnF5. Bellow the Néel temperature, this material can be
treated as a set of alternating spin lattices [58|, as figure illustrates. Hence, each Mn point in the
lattice can be modelled as a point magnetic dipole and the total magnetization (with no external field)

is zero.
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Medium 2

Figure 2.1: Scheme of the system under study, with the antiferromagnet a distance d away from the
graphene sheet. Medium 1 is the AFM, medium 2 is below the graphene sheet, and medium 3 is above
the graphene sheet. Evanescent waves decaying in the z direction, and propagating parallel to the
graphene sheet will be studied, as well as propagating waves incident from medium 3, which generally is

the vacuum or air.

Figure 2.2: Crystalline structure of MnF, with overlapping lattices. For temperatures under the Néel
temperature, this material can be treated as a set of alternating spin lattices.
The magnetization M must obey the relation:
B =H+ 47M. (2.2)

A semi-classical approach will be used to determine the magnetization. An oscillating magnetic field
induces spin precession, and this precession occurs in the positive direction for positive spins and negative

direction for negative spins, as shown in figure Firstly, one writes the torque applied to a magnetic

11
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dipole m in the presence of an external field:
7=m X Heg;. (2.3)

Considering the wavelength is much larger than the distance between the lattice dipoles, the torque

equation for the sublattice i (2D) reads:
T = Ml X Hef, (24)

where H. is the applied effective field felt by the sublattice and M; is its magnetization. Classicaly, the

torque is defined as [59)
dL

dat’
where L is the angular momentum. The gyromagnetic ratio v relates the angular momentum to the

T =

(2.5)

magnetization by YL = M. This means that for the sublattice:

1 dM;
T = — . (26)
v dt
The gyromagnetic ratio for electrons is given by [54]
q
= 2.7
V=g (2.7)
with ¢ and m being the charge and mass of the electron. The magnetization is determined by:
1 dM;
— = Mi X Hef- (28)
v dt

In the abscence of an external static field, the efective field Hcy will be modelled by three terms:

1. The anisotropy field, which aligns the spins in the preferential direction of the antiferromagnet -
BAa

2. An exchange field, which models the interaction between the sublattices of opposing spins and drives

the spins in opposite directions - Bg,
3. And finally the external oscillating fields - H.

The anisotropy fields field by sublattices 1 and 2 will thus take the form:

1 N
H = B,z 29)
HY = —B4z
Furthermore, the exchange fields will be:
1 _ M
Hg) = Bepny (2.10)
H;' = -Bepty

If the external field is small compared with the other fields, one can assume the magnetization on the

easy-axis of the sublattices to be unaffected, which means for the easy-axis aligned with z, u,, = 1. It

12
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is also known the components of the magnetization along this axis for the different sublattices must be
symmetric. Thus, we define:
MS = Mlz = _MQZ7 (211)

where the sublattice 1 is the one whose spins are oriented in the +z direction and the sublattice 2 in —z
direction. Following the assumption of small external field, it is also possible to write, approximately, the

exchange fields as:

) _ _p M
HE2 = Brug (2.12)
S

Due to the symmetry in xy, it suffices to consider only the component H, of the external field. Thus,

the effective field becomes:

M- M-

HY =2 (H, - Bp=~2) —g(Bp=~22) + 2(Ba + Bg). 2.1
of m( » = Bey o |~ U\ Beyp +2(Ba+ Bg) (2.13)
@ _ . My, N My, .

Hef =Z (Hx —BE MS> -y (BE%) —Z(BA+BE) (214)

One can now write the components of equation (2.8) considering a harmonic field with time dependence

—iwt

e and using (2.11)):

—w
TMlx = My, (Ba + Bg) + BgMs,, (2.15)
—iw
TMly = MgH, — My,Bg — M, (Ba + Bg), (2.16)
—iw
—iw
?sz = —MgsH, + M1, Bg + Ma; (Ba + Bg), (2.18)

where A = _TM Now we reduce the system to only two equations, summing equations lb and ||
and subtracting equations (2.16)) and (2.18)), yielding;:

AM, = Ba (M, — My,), (2.19)

A(Myy — My) = =My (Ba +2Bg), (2.20)

where M, = M, + Ms,. The next step is to multiply (2.19) by A and (2.20) by B4 and subtract the

two equations to obtain:
2BsMgH,

A2+B% +QBABE.

Now we go back to the system of equations (2.15))-(2.18)) and subtract equations (2.15) and (2.17) and
sum equations (2.16)) and (2.18]), yielding:

AM, = — (M, — M>;) Ba, (2.23)

where M, = My, + Mas,. Now we multiply (2.22) by B4 and (2.23)) by A and subtract the two equations
to obtain:
M, = 0. (2.24)
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Replacing A = _,j“’ in equation 1)

2BAMgsH,
Mz:M1z+M2r: A5

B2 +2BaBg — w?/y?’

(2.25)

Equation (2.24) shows that the non-diagonal elements of the permeability are zero (p;., = 0). From
equation (2.25) we can write:
M, 87TM5BA

W) =14+47=—= =1 , 2.26
poe) S AT = BB+ B2 — 2] 220
which is equivalent to:
812

T =1 S 5 2.27
Pz (W) + 02— (2:27)

where (g is the frequency given by:
QS =7 MsBA, (2.28)

Qo is the magnon ressonance frequency:

Relation can be used to model the permeability of an antiferromagnet in any system with an
oscillating electromagnetic field and no constant external magnetic field. This formula will be applied in
sections 2.3 and 2.4 to study the system depicted in figure 2.1} For the permeability function given by
—, the values of the quantities that determine it were given by Table I of [60]. These values
are:

Bp =55 x 10* G, (2.30)
B, =17.87x10° G, (2.31)
Mg = 6.0 x 10% emu/cm?. (2.32)
Or, in SI units:
Bp =55T, (2.33)
Ba=0.787T, (2.34)
Ms = 6.0 x 10° A/m. (2.35)

2.2 Magneto-optic response of an easy-axis antiferromagnet in the pres-

ence of a static field

In the presence of a static magnetic field aligned with the easy-axis, (z) the effective fields become:

. Mo, . M, .

H: —x(Hx—BE Mg) —y<BEM;f> +2(Ba+ Bp + H) (2.36)
() M, ~ Mly A

Hef .'L'(HxBE MS> y(BE%) 7Z(BA+BE7H0) (237)
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With this external field of modulus Hy, the z component of the effective field is no longer symmetric with
respect to the two sublattices of opposing spins. This symmetry break leads to non-diagonal terms in the

magnetic permeability of the crystal. For this case, one solves again the components of equation (2.8):

—iw
TMlzc = M,y (Ba + Bg + Hy) + My, Bg, (2.38)
_TWMM, = MsH, — My, By — My, (Ba + B + Hy), (2.39)

—iw
TMQz = —Ms, (Ba + Bg — Hy) — M1, Bg, (2.40)
%“"sz = —MsH, + My, Bp + Moy (Ba + By — H) . (2.41)

Since the external oscillating field is chosen to be in x, the component M, must be determined in order

to calculate p;, and the component M, determines the diagonal element p,,. In appendix A, equations

(2.38)-(2.41) are manipulated to obtain:

1 1
M, = iH,Q? - 2.42
Y o (Q%—(w—i—vBo)Q Q%—(w—7B0)2> (2.42)

and

1 1
M, = H,Q% | — 5+ = 5 |- (2.43)
Qf — (w+7Bo)” 9 — (w—7Bo)

Hence, the non-diagonal term of the permeability is:

M, 1 1
» =4 =Y = 47iQ2 + 2.44
" Hy ° (Qg —(w+7yBo)? Q- (w 7B0)2> (244

and the diagonal term is:

M, 1 1
Poz = 1+ 472 = 1 + 470% + : (2.45)
Hy 03— (W+7By)” O — (w—7By)”

Since the medium is symmetrical in xy the matrix must be hermitian.

Moz tyz O
B= | —iflyr gz O], (2.46)
0 0 1

2.3 Optical conductivity of graphene

In this section, we deduce the optical conductivity of graphene semi-classically from the Boltzmann
transport equation. The result will then be used for the graphene conductivity in the remainder of this
thesis. The Boltzmann equation reads [10]:

af ok

Or
o TV g TV =

of

E col (247)
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where f stands for the distribution function of the system, which can be written as f = fy 4+ gr where
fo stands for the Fermi-Dirac distribution. Vj is the gradient with respect to the wave vector k. The

second term of ([2.47) is

Jk F —cE
= = . 24
Vil =7 Vil = —— Vifo (2.48)
where F is the force the system is subject to and E is the electric field. Also,
Vifo 9fo
= v —— 24
h VE De (249)

where v, = vp(cosf,sinf) is the velocity of the electrons. The collision term of (2.47) must cause the
distribution g to relax toward thermal equilibrium. The relaxation time approximation [10] consists on

considering the simplest collision term with this property:

of gk
a‘coll = _7 (250)
where 7 is the relaxation time. Assuming f is homogeneous in the real space, equation (2.47)) yields
gk 9fo _ gk
IR LR v 220 = IR 2.51
ot el vk Oe T ( )
Now we write gr = e~k - A, where A is an auxiliary field, and (2.51)) becomes
0 k k
Vi - <6Efo + iwA) =V - <A> . (2.52)
Oe (yal TUR
From this system we have to determine A, and A,. Doing so yields:
EWY
A, = 2.53
k(1 — iwT) veT (2:53)
EW
A Y 2.54
VT (1 —wr) T (2.54)
where Er = vphkp the Fermi energy. Also, Ei{;) = eEw(y)%—fEO. We can now obtain gy, from:
gr=e k- A, (2.55)
e Wypt )
9k =7 inT [cos 0E) 4 sin 9E75f)] (2.56)
The current density vector is given by
e
J= = /vkgk(k,w)dk (2.57)

where v, = vp(cos0,sin ). The degeneracy factor is 4, due to the two possible spin orientations and two
valleys of the Brillouin zone K and K’. At T'= 0, % = —0(E — Er). Solving for the z component of the

current density yields
2 —iwt
e“Tupkp e
Jy = E,. 2.58
* th 1 —dwr " ( )
Since J = ‘CE, the conductivity zz element will be
€2EF 1
Th2 e —iw’

(2.59)

Ogx =

Here, 7, is the mean collision rate given by % This expression describes the intra-brand conductivity of
graphene in the THZ and mid-IR range and for typical values of doping (Er ~ 0.2 — 0.5 V). (Sec 2.3.2.
of [9])
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2.4 Antiferromagnet-graphene system - Dispersion relations, transmit-

tance, reflectance and absorbance

2.4.1 TE modes

Evanescent waves

Transverse electric evanescent wave solutions to Maxwell’s equations can be written in the form:

EWD = E efrzeiary
E®) = [E+652Z + E_e_62z] eiquA . (260)
E®) = Fyefs(z=d)giazy

The superscripts refer to the media 1,2 and 3 in figure All the wavenumber components have to obey

the dispersion relations in each media:

2
= A7)

Yoo (2.61)
w? = c*(q* = B3) = ¢*(¢* - B3)

To obtain the magnetic fields, we need to apply the relevant Maxwell equation (Faraday’s law of induc-
tion):
- %&B =V xE, (2.62)
i%B = —0.E,i + 0,E, 5. (2.63)
This means the magnetic field can be written as:
BW = Eefrzela £ [iB 3 + ¢2]
B® = 0w < [, (Btef2 — E-e F2%) i 4 q (ETe* + B-e=7%) 2] . (2.64)
B®) = Ege falzmdleiar [ a4 4 2]

To obtain the dispersion relation we apply boundary conditions at z = 0 and z = d. Starting by z = 0,
these conditions read [61]:

5. (B(Q) — B(l))|z:0 =0, (2.65)
2 x (E® —EW) . =0, (2.66)
B®
2 x <B<2> - ) |-—0 = 0. (2.67)
H1
Equations (2.65)) and (2.66]) both become:
B =E"+E", (2.68)
and equation ([2.67)) becomes:
%El = B (EY — E). (2.60)
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Cancelling F; from these equations yields:

%(E+ +E7)=p(Et—E") (2.70)
1
(52 " ﬂl)E - (52 - 51>E+. (2.71)
K1 M1
On the other hand, the boundary conditions at z = d read:
3. (B(3) _ B(2))|Z:d =0, (2.72)
:x (E®) —E®)|,_4=0, (2.73)
s % (B® _ B® Am I
Zx (B - B )|z:d = ?a(w)E l:=d, (2.74)

where o(w) is the conductivity of the graphene sheet, given by (2.59)). Equations (2.72)) and (2.73)) both
become:

B3 = ETeP? 4 EmeP2d (2.75)
and equation (2.74) becomes:

B3E3 + B2 (E+eﬁ2d —E7e ) = iwi—go(w)Eg. (2.76)
Cancelling E3 from these equations we obtain:
B2 (E+eﬁ2d - Efef&d) = (iwi—ga(w) — B3) (E+6B2d + E'fefﬂmi) (2.77)
Ete*®4(By + B — iwﬂ;a(w)) =FE" (B2 —fBs + Z'W%TU(W)) (2.78)
c c

Combining equations (2.71)) and (2.78) the dispersion relation is obtained:
A . A
o2P2d (52 + B3 — ZWCQJ(w)) (62 + ﬁi) = (ﬂg — B3+ szQU(w)) (/82 — 51) (2.79)

In figure the results of calculating this dispersion relation are shown with the graphene conductivity
o(w) being modelled by the Drude model and the permeability of the antiferromagnet pq(w) being
modelled by equation . Equations are also used. It is noticeable that for a high enough Fermi
energy of the doped graphene sheet, the group velocity of these hybrid polaritons becomes negative and
their energies become higher than the resonant frequency of the antiferromagnet.

Propagating waves

It is also of interest to study the scattering of propagating waves incident on the system depicted in figure
[2:1] For transverse electric propagating modes, the electric field can be written as:

E(l) — tefiklzeiqxg
E(2) _ [E+eilc2z + EfefikQ,z] eiqwg . (280)
E(3) _ [e—ikg(z—d) + ,reikg(z—d)}eiqmg
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Figure 2.3: Dispersion relation for evanescent TE waves generated by surface magnon-plasmon polaritons,
for different values of the Fermi energy Er. €y is the antiferromagnet ressonance frequency . qec
is the corresponding wavenumber in vacuum g, = % The level of doping of the graphene sheet affects
the nature of the dispersion. The group velocity is negative for Er = 0.4 eV, shifting from the positive
group velocity associated with lower Er. These are the solutions to equation . The value of d,
the separation between the graphene sheet and the antiferromagnet, is 0.5 ym. For the antiferromagnet
permeability function given by —, the values of the quantities that determine it were given by
Table I of [60] and can also be consulted in equations (2.33)-(2.3F). The value of the loss coefficient in
(12.59) is 7. = 0 eV. Ignoring losses at the graphene sheet is valid when dealing with low temperatures. [20]
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All the wavenumber components have to obey the dispersion relations in each media:

2
2= (a®+ k)

w =
(2.81)
w? = c*(q* + k3) = *(¢* + k3)

The magnetic fields are obtained by applying the appropriate Maxwell equation (Faraday’s law of induc-
tion):

1
— EatB =V x E, (2.82)
LW N A
ZEB =—0.E 2+ 0, E,%. (2.83)
Thus, the magnetic fields read:
BW = te~thizeiaw £ [ 3 4 ¢2]

B(2) _ _% [E—i-eikzz o E_e_ibz} ei‘”fc + % [E+eik2z + E—e—ikgz] eiqwzé . (284)

B(3) — __ksc [Teikg(z—d) _ e—ikg(z—d)]eiq:ci‘ 44 [Teikg(z—d) 4 e—ik3(z—d)]2

To obtain the dispersion relation, boundary conditions must be applied at z = 0 and z = d. Starting
with z = 0, the conditions read [61]:

z- (B(Z) — B(1)>|Z:0 — 0, (285)
2 x (E® —EW)|. =0, (2.86)
B®
2 x <B<2> - ) |2=0 = 0. (2.87)
M1
These conditions become:

t=E"+E", (2.88)

klt = 7]'{12/11 (E‘Jr - Ei) (289)

Using the transmission coefficient ¢ from (2.88]) in (2.89) yields:
ki(EY+E7) = ko (E* —E7), (2.90)

E~ (kig,ul — k‘l) =FET (]{ig,ul + k‘l) (291)

Now it is convenient to define a variable o to be able to write:

E- =aET, (2.92)
with _ kop + k1. (2.93)
kopr — k1
The boundary conditions at z = d read:
- (B® -BW®)|,_; =0, (2.94)
2 x (E® —E@),_y=0, (2.95)
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4
2x (B® —-B®)|._a= %U(W)Eu|z=d~ (2.96)

where o(w) is the conductivity of the graphene sheet. These equations become:
147 = Etethd | p=emiked (2.97)
A ) 4
ko [ETe%2d — Emem %] — py[r —1] = w—o(w)[1+7]. (2.98)
c

It is possible to use equation (2.97) together with (2.92) to obtain the factor ET as a function of r:

4 1+7r

= T e (2.99)
Finally we insert this last equation in (2.98) to obtain:
B wio(w) —ks — A (2.100)
_zﬁl—lc;),—w%ro(w)7 ’
with ) )
k2elk2d _ k2a67’bk2d
= (2.101)
kopr + ky
= ——. 2.102
kapy — Ky ( )

The corresponding loss function (3(r)) is plotted in figure (2.4]). This helps confirm the validity of the
calculations of the dispersion relations that were performed in the previous section (figure [2.3). Equation

(2.99), along with (2.92), can be inserted into (2.88)) to obtain the relation between ¢ and 7:

1+r
b= d g e a L T Q) (2.103)

Now, to obtain the transmittance, or transmission coefficient, we consider the ratio between the trans-
mitted intensity (medium 1, fields terms in ((2.80)) and (2.84])) and the incident intensity (medium 3, field

terms with no = in ((2.80)) and (2.84)).
_
T = ran (2.104)

The reflectance is the ratio between the reflected intensity (medium 1, field terms in in (2.80]) and (2.84))
and the incident intensity (medium 3, field terms with r in (2.80) and (2.84])).

(2.105)

The relevant electromagnetic intensity (the one that interacts with the surfaces) in medium n (I(™)

relates to the fields via the z (normal) component of the time-averaged Poynting vector [62]:

c w 27w
1) = £(8(1)2) = = /0 (s<n> (1) - z) dt, (2.106)

where S(™ (t) is the Poynting vector in medium n, defined as:

SM () = R (E(”) (t)) x R <H<”> (t)) . (2.107)
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Figure 2.4: Comparison between the loss function (3(r)) from for propagating TE modes and the
dispersion relation from for evanescent TE waves generated by surface magnon-plasmon polaritons.
The loss function is higher close to the energies of the evanescent modes.)y is the antiferromagnet
resonance frequency . gc is the corresponding wavenumber in vacuum ¢. = % The value of d,
the separation between the graphene sheet and the antiferromagnet, is 0.5 gm. For the antiferromagnet
permeability function given by —, the values of the quantities that determine it were given by
Table I of [60] and can also be consulted in equations (2.33)-(2.35)).. The value of the loss coefficient in
(2.59) is 7. = 0 V. Ignoring losses at the graphene sheet is valid when dealing with low temperatures. [20]
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Now we can apply (2.107) and (2.106) to (2.104)) and (2.107)), using the fields (2.80]) and (2.84)) to obtain:

and

2k,
p1ks

i

R=|r]%.

(2.108)

(2.109)

Figures depict these quantities for different parts of the spectrum.

1.0
0.8}
0.6}
0.4}
0.2}

0.0f

TE waves
w=0.9 .Qo
Er=0.03 eV

/
—

20 40 60 80
Angle of incidence (degrees)

1 — Reflectance

Transmittance
Absorbance

Figure 2.5: Reflectance, Transmittance and Absorbance, as defined by equations , and
A=1- R —T for propagating TE waves incident from medium 3 on the system depicted in figure [2.1
for the frequency w = 0.90 Q. For the antiferromagnet permeability function given by —,
the values of the quantities that determine it were given by Table I of and can also be consulted in

equations 1)1) The loss coefficient used in 1] was 7. = 0.1 eV.
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Figure 2.6: Reflectance, Transmittance and Absorbance, as defined by equations , and
A=1-R—T for propagating TE waves incident from medium 3 on the system depicted in figure [2.1
for the frequency w = 1.10 Q. For the antiferromagnet permeability function given by —,
the values of the quantities that determine it were given by Table I of [60] and can also be consulted in
equations —. The loss coefficient used in was 7. = 0.1 eV. When the angle of incidence
is higher than about 75 degrees, the value of ¢, the z component of the wave-vector, becomes so high

that the wave cannot propagate inside the antiferromagnet, thus the sharp decline of the transmittance.

2.4.2 TM modes
Evanescent waves
Transverse magnetic evanescent wave solutions to Maxwell’s equations can be written in the form:

B = B efrzeiary
B® — [B+652Z + B76752Z} eiqmg . (2110)
B(3) _ B36_63(Z_d)€iqwﬂ

To obtain the electric fields, we need to apply the relevant Maxwell equation (Ampere’s law):
LoE =V x B, (2.111)
c

- ie,u%E — —0.Byi + 0, By2. (2.112)

Which means the electric field can be written as:

E(l) = 7Bl 61?1‘1 eﬁlzeiqz% [lﬂli + qé]

E® = _c;B [BJre,Bzz _ Bfefﬂﬂ]eiqwj _
€2 w
EG) = _Bgée—ﬁs(—z_d)eiqw% [ —iBs% + qzﬁ]

[Btef2? 4 Bme P27]eiavz . (2.113)

< g
€2 W

To obtain the dispersion relation we apply boundary conditions at z = 0 and z = d. Starting by z = 0,
these conditions read [61]:
2 (B® -BW)|._o =0, (2.114)
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2 x (E® —EW)|.o =0, (2.115)
B
2 % (B(2) )IZ 0 =0. (2.116)
M1
Equation (2.114)) is always fulfilled. Equation (2.115]) becomes:
B B2 _
— B7), 2.117
€1H1 Br= €2 ( ) ( )
and equation (2.116|) becomes:
1
—B, =Bt +B". (2.118)
M1
Cancelling Bj:
%(B* ~B7) = A (B*+B7), (2.119)
2 €1
(62 — 51)3+ = <ﬁ2 + 51)3_. (2.120)
€2 €1 €2 €1

On the other hand, the boundary conditions at z = d read:

2 (B® -B®) |,y =0, (2.121)
x (E®) —E®)|._4=0, (2.122)
N 47T
2x (B® —BW)|._y = - o(w)El.—q. (2.123)

where o(w) is the conductivity of the graphene sheet, given by (2.59)). Equation (2.121)) is always fulfilled.
Equation (2.122)) becomes:

Pap,_ P2 (BTef2d — BmemP21) (2.124)
€3 €9
and equation ([2.123]) becomes:
B; — (Bte?! + Bme 1) = 1335—4770( ) (2.125)
wes
We can now cancel B3 to obtain:
4
(B e® 1 Be ) = (i o) + ) (Brefod - petad) 2, (2.126)
w B3 €2
BTe2b2d[1 4+ =2F= €352 +1q ﬁzl = 1&4 €3/%2 — 1. 2.127
[ €203  €w ow) =57 2w o(w)+ €233 ) ( )

Combining equations (2.120) and (2.127)) the dispersion relation is obtained:

e2P24[1 4 b2 | P2y 7(w)] (BQ + 61) = [i&zxm( )+ €sfa _ 1] (52 - 51) (2.128)

6233 ) € € €aw €233 € €
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Figure 2.7: Dispersion relation for evanescent TM waves generated by surface magnon-plasmon polaritons,
for the Fermi energy Er = 0.03 eV. () is the antiferromagnet ressonance frequency . gc is the
corresponding wavenumber in vacuum q. = % The presence of the antiferromagnet splits the dispersion
into a lower and upper branch. These are solutions to equation . The value of d, the separation
between the graphene sheet and the antiferromagnet, is 0.5 pm. For the antiferromagnet permeability
function given by (2.27))-(2:29), the values of the quantities that determine it were given by Table I of [60]
and can also be consulted in equations —.. The value of the loss coefficient in isv. =0
eV. Ignoring losses at the graphene sheet is valid when dealing with low temperatures. [20]

Propagating waves
As was done for TE modes, the scattering of propagating waves incident on the system depicted in figure
[2:1] will be studied. For transverse magnetic propagating modes, the magnetic field can be written as:
B(l) _ te—iklzeing
B(2) — [BJreikgz + Bfefikgz] eiqmy . (2129)

B(3) _ [efikg(zfd) 4 Teikg(zfd)]eiqmg
The electric fields are obtained by applying the appropriate Maxwell equation (Ampere’s law):

%atE — V x B, (2.130)
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(2.131)

— i E = —0.B,i + 0,B,5.
C

Thus, the electric fields read:
(2.132)

EW = ——Ctpemthizeiov Lk + ¢2]

E(2) _ c ko [B-l-eikgz _ B—e—ikzz] 147 5 cq [B—i-eikzz + B—e—ikgz] et1T 3
€2 W €2 W

EG) — < k3 [Teikg(z—d) _ e—ikg(z—d)]eiqmi, _cq [T@ik3(z_d) + e—ikg(z—d)]é

€

To obtain the dispersion relation, boundary conditions must be applied at z = 0 and z = d. Starting
(2.133)

with z = 0, the conditions read [61]:
z-(B® -BW)|.o =0,
s x (B® —EW)|,_o =0, (2.134)
B®
2 x <B<2> - ) |-=0 = 0. (2.135)
2
These conditions become:
kl o k2 + —
=-—(B*-B7), (2.136)
€11 €2
=Bt + B~ (2.137)
H1
Cancelling the coefficient ¢:
k k
= (B*+B7)=-2(B"-B7), (2.138)
€1 €9
k k k k
BY (2 +2)=B" (2 - 1> (2.139)
€1 €9 €9 €1
Now it is convenient to define a variable « to quickly write:
B~ =aB™, (2.140)
with hoer 4k
2€1 + K162
— ) 2.141
/€261 — k1€2 ( )
The boundary conditions at z = d read [61]:
z. (B(g) _ B(Q))lz:d = O7 (2142)
3% (E(3) — E<2))|z:d =0, (2.143)
4
" o(w)El[,_qg. (2.144)

ix (B® -B@)|,_; = ?a(w)
where o(w) is the conductivity of the graphene sheet, give by (2.59). These equations become:
(2.145)

k2 (B-‘re’bkzd _ B—e—ik?Qd) .

k3
Pr_1) =22
. (r—1) o
]{33 47
—— 2.146
=) (2.146)

1+7— (Bte*? 4 B e ™) = (1 — 1)
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It is possible to use equation (2.145)) together with (2.140)) to obtain the factor BT as a function of r:

r—1 62]€3
BT = — - . 2.147
elkzd _ aeflkzd €3k2 ( )
Finally we insert this last equation in (2.146|) to obtain:
A-B+1
= — 2.148
"TA-B-1 (2.148)
with piknd
1+ ae™="2% g5 kg
A= . 2.149
1 — ce2ik2d )y’ ( )
kig 47
B=—— 2.150
=2 Zo(w) (2.150)
ko€ + kiea
_ ] 2.151
koer — kiea ( )

The corresponding loss function ((r)) is plotted in figure ([2.8)).

Loss function for TM modes (Im(r))

1.500

3.300

7.260

B o

Black line - Evanescent waves dispersion

10 12 14 1.6 18 2.0 2.2

o/ %

Figure 2.8: Comparison between the loss function ($(r)) from and the dispersion relation from
for TM modes generated by surface magnon-plasmon polaritons. € is the antiferromagnet
resonance frequency . gc is the corresponding wavenumber in vacuum ¢. = % The value of d,
the separation between the graphene sheet and the antiferromagnet, is 0.5 pym. For the antiferromagnet
permeability function given by (2:27)-(2-29), the values of the quantities that determine it were given by
Table I of [60] and can also be consulted in equations —. The value of the loss coeflicient in
is 7. = 0 eV. Ignoring losses at the graphene sheet is valid when dealing with low temperatures. [20]
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Equation ([2.147)), along with (2.140)), can be inserted into (2.137]) to obtain the relation between ¢

and r:
t— 62k3 r—1

B €esko etk2d — qe—tkad (1 + a)' (2152)

Now, to obtain the transmittance, or transmission coefficient, we consider the ratio between the trans-
mitted intensity (medium 1, fields terms in (2.129)) and (2.132])) and the incident intensity (medium 3,
field terms with no r in (2.129) and (2.132])).

]

(2.153)

The reflectance is the ratio between the reflected intensity (medium 1, field terms in in (2.129) and
(2.132)) and the incident intensity (medium 3, field terms with r in (2.129) and (2.132)).

po 1B

= (2.154)

The relevant electromagnetic intensity (the one that interacts with the surfaces) in medium n (I()

relates to the fields via the z (normal) component of the time-averaged Poynting vector [62]:

) = (S(t) - 5) = & / e (s 2) a, (2.155)
0

" or
where S(™ (t) is the Poynting vector in medium n, defined as:
S (1) = R (E(”) (t)) X R (H(")(t)) . (2.156)

Now we can apply (2.156) and (2.155) to (2.153) and (|2.154)), using the fields (2.129) and (2.132) to

obtain:

2k,
p3ks

(2.157)

)

and
R =|r|? (2.158)

Figures depict these three quantities for different parts of the spectrum.
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Figure 2.9: Reflectance, Transmittance and Absorbance, as defined by equations (2.158), (2.157) and
A =1-T — R for propagating TM waves incident from medium 3 on the system depicted in figure
Qrim = w/c is the maximum value of ¢ that maintains k3 real, for which we can say we have incident light

from medium 3. kp is always real for w < ¢ since g1 > 1, which means the trasmittance only goes to
zero at the limit ¢ = ¢, where k3 = 0. The loss coefficient used in 1) was 7. = 0.1 eV.

1.0p ' ' ' -
0.8 TM waves
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Figure 2.10: Reflectance, Transmittance and Absorbance, as defined by equations , and
A =1-T — R for propagating TM waves incident from medium 3 on the system depicted in figure 2.1
Qiim = w/c is the maximum value of ¢ that maintains k3 real, for which we can say we have incident light
from medium 3. k; becomes zero when ¢ = w/c,/p1 and imaginary for higher values of ¢. From that
point on the trasmittance is zero since there is no propagating light in medium 1. The loss coefficient

used in 1] was v, = 0.1 eV.
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2.5 Adding a perfect metal

It could be of interest to study a system with more confinement. For that, a perfect metal can be added
either to the bottom of the system or to the top. The system depicted in figure [2.11] with a metal on the
bottom, will be studied. The boundary conditions on the interface with a perfect metal are :

ixE=0, (2.159)

and
z-B=0. (2.160)

Medium 2

Figure 2.11: Scheme of the system with a graphene sheet a distance d from the antiferromagnet, of
thickness a over a perfect metal. Evanescent waves decaying in the z direction, and propagating parallel
to the graphene sheet will be studied, as well as propagating waves incident from medium 3, which

generally is the vacuum or air.

2.5.1 TE modes
Evanescent waves

The electric field profiles in the different media are:

ED = E [eﬂlz + ae—ﬁlz] eiqu
E(2) = [E""eﬁ?(z_a) + E_e_ﬁ2(z_a‘)]eing . (2161)
E(3) — Ege—Bg(z—a—d)eing
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It is now possible to determine the magnetic field from Faraday’s law:

laB-vxE (2.162)
C

B = —0.E,i + 0,E,%. (2.163)
c
With this equation, one can write the magnetic fields as:
BW = Eretame( [eP17 — aemP17] %i + [€71% + ae=P17] 12)
B® — Z‘%C[EJreﬁz(Z*a) — E*efﬁz(zfa)]eiql’j 4 %C[EJreBz(Z*a) + E*G*BQ(Z*G)}giqig« . (2.164)
B®) = Egefalzra-deier [ _ g 4 3]

Starting with condition (2.160)), « is determined:

BWM .= =0, (2.165)
1+a=0, (2.166)
a=—1. (2.167)

As such, the fields can be written as:

E(M = E; sinh(B;2)e'*y
E® = [E+€ﬁz(z—a) + E—e—ﬂz(z—a)}eiqrg ) (2.168)
E®) = Eyefaszma—d)giary

BW = Bye't"c( cosh(B2) L3 + sinh(B;2) L 2)
B® = jB2c[Etefez-a)  pre=Be(zma)]giang 4 Le[Etef(2ma) 4 pre=felz-a)]eisry . (2.169)
B®) = Egefalzma-deior e[ g 4 2]

The next step is the application of boundary conditions at z = a and z = d + a. Starting with z = a, the
boundary conditions are [61]:

ER ( -BW)|., (2.170)
(E(2 1))|z o (2.171)
B®
% x <B<2> — = |.=a=0. (2.172)
M1
Equations (2.170) and (2.171)) both yield:
Eysinh(Bia) = ET + E7, (2.173)
whereas condition (2.172)) gives:
%cosh(ﬂla)El =Bo(ET —E). (2.174)
1

Cancelling F; from these equations, one gets:

% coth(Bra) (ET 4+ E~) = B2(EY — E7). (2.175)
1
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(52 + b coth(ﬁm))E‘ = (62 _ & coth(ﬁla)) ET. (2.176)
H1 1251
Now for the boundary conditions at z = a + d [61]:
2 (B® —B®)|._1a =0, (2.177)
2x (E® —E®)|,_ra =0, (2.178)
4
2x (B® —B@)|,_, 4= %o(w)E”|Z:a+d. (2.179)

o(w) is the conductivity of the graphene sheet, given by (2.59). Equations (2.177) and (2.178)) both yield:

B3 = ETeP? 4 EmeP2d) (2.180)
and equation ([2.179) gives:
4
B3Es + Bo(Eted — Bmef2d) = iwc—ga(w)Eg. (2.181)
Inputting (2.180]) into (2.181)):
4
Bo(Ere — B=e~24) = (iw—o(w) — B3) (BT e®4 4 B~ P24 (2.182)
c
A _ A
E+€2B2d(52 + B3 — zwc—Qo(W)) =E (B2— B3+ zwc?a(w)). (2.183)
Finally, one can combine equations (2.176]) and (2.183) to solve the dispersion relation:
4 4
1 (ot o= 0(6) ) (Bt 2 cothina) ) = (B2 ai o) ) (G- 22 coth(fa) ). (2150
1 1

The effect of decreasing the distance of the graphene sheet to the AFM (d) in the dispersion relations
is to very slightly increase the effect of the graphene sheet on the modes of the system. The effect of
making the AFM smaller (bringing the metal closer or decreasing a) is to lower the energies of all the
modes. There is a peak separation for a given a, depending slightly on d. A plot of the 'Mode distances’
between modes of Er = 0.4 eV and modes of Er = 0 eV defined by:

Z(w”|EF=0-4 - wn|Ep=0)7 (2.185)

n

is presented in figure [2.12
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Figure 2.12: Plot of the result of , which measures the overall difference between the energies of
the modes with a graphene sheet of Fermi energy Er = 0.4 eV and the energies of modes with a graphene
sheet of Fermi energy Er = 0 eV. The distance between the graphene sheet and the antiferromagnet is
d = 0.05 yum. The 'mode distances’ between the modes are measured as a function of a, the width of the
antiferromagnet. This is a way to find the value of @ which maximizes the effect of the graphene sheet on
the energies of the modes of the system. () is the antiferromagnet resonance frequency . For the
antiferromagnet permeability function given by —, the values of the quantities that determine
it were given by Table I of [60] and can also be consulted in equations —. The value of the loss
coefficient in is 7. = 0 eV. Ignoring losses at the graphene sheet is valid when dealing with low
temperatures. [20]
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Figure 2.13: Dispersion relation for TE modes solved for the values of a and d that maximize
the 'mode distance’ between the Er = 0 eV scenario and the Er = 0.4 eV scenario. The definition of
'mode difference’ used was ), Aw, where Aw, is the difference between the solution number n with
Er = 0.4 and the solution number n with Er = 0, and the sum is over all solutions plotted. For these

values of a and d, the effect of the graphene sheet on the dispersion relation is maximized. )y is the

antiferromagnet resonance frequency 1] qc is the corresponding wavenumber in vacuum ¢, = %

For the antiferromagnet permeability function given by (2.27))-(2.29)), the values of the quantities that
determine it were given by Table I of [60] and can also be consulted in equations ([2.33])-(2.35). The value
of the loss coefficient in (2.59)) is 7. = 0 eV. Ignoring losses at the graphene sheet is valid when dealing

with low temperatures. [20]

Propagating waves
For propagating waves, the field profiles will be:
E(l) =t [e—iklz + aeiklz] eiqry
E® = [E+eikz(zfa) + E*e*ikz(zfa)]eiqwg . (2.186)

E(3) _ [e—ikg(z—a—d) + reikg(z—a—d)]eiqxg
It is now possible to determine the magnetic field from Maxwell’s equations:
1
—-0,B=V xE, (2.187)
c
LW N A
i—B=—-0,E &+ 0, E,%. (2.188)
- . .
Thus,
B(l) _ teiqzc( [efiklz o aeiklz] %‘% + [efiklz + aeiklz} %2)
B® — —%C[E+6ik2(z_a) _ E—e—ikg(z—a)]eiqmi. + %C[E+€ik2(z_a) + E—e—ikg(z—a)]2 . (2189)
B® — _Qc[reikg(z—a—d) _ e—ik;;(z—a—d)}eiqaci + gc[reikg(z—a—d) + e—ik;;(z—a—d)}zc
With condition (2.171)) one can determine a:
B¢

z

Ij— (2.190)
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oa=—1. (2.191)

Thus, the fields can be written as:

EW = tsin(k2)e’®y
E® — [E+eik2(z—a) 4 E—e—ikz(z—a)]eiqu i (2.192)

E(B) — I:efikg(Z*a*d) 4 ,r,eikg(zfafd)]eing

B — teiax ( cos(klz)%f + sin(k12) L)
B® _ _%2 [E+€ik2(z_a) _ E_e_ikz(z_a)]eiqu + % [E-i-eikz(z—a) + E‘e—ikz(z—a)]é . (2.193)

B(S) — _ ks [,reikg(z—a—d) o e—ik;;(z—a—d)}eiqaci 4+ 4 [,reikg(z—a—d) + B_iks(z_a_d)]é’

The boundary conditions at z = a are [61]:

2. (B® -BW)|,_, =0, (2.194)
:x (E® —EW)|._, =0, (2.195)
BM
2 x <B<2> - ) l.—a = 0. (2.196)
M1
These conditions yield:

tsin(kia) = EY + E~, (2.197)
— ikitcos(kia) = kopy (ET — E7). (2.198)

Combining these two equations:
—iky cot(kia) (ET + E7) = kopy (ET — E7), (2.199)
E (kg/il — ik cot(k:la)) =FEt (k)gﬂl + ik cot(k:la)). (2.200)

For simplicity of writing, a variable n will be defined as such:

E- =nET, (2.201)
kQ,LLl + Zkl cot(k:la)
= . 2.202
]{Zg,ul — ik’l cot(kla) ( )
Now for the boundary conditions at z = a + d [61]:
2 (B® —B®)|._1a =0, (2.203)
£x (E®) —E®)|._eq =0, (2.204)
4
2x (B® —B®) |,y = Zo(w)B|.cara. (2.205)
c
o(w) is the conductivity of the graphene sheet, given by (2.59). These equations yield:
147 =ETeh2d 4 pmethad, (2.206)
) X 4
ko [ETe*2? — Bmem 2] — ka[r — 1] = wc—ga(w) [1+7]. (2.207)
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Now using equation (2.206)) together with (2.201)) one can obtain the factor ET as a function of 7:

1+r
+ _
= el ol (2.208)
Finally, this equation can be inserted in (2.207)) to yield:
%S
k _
po oW —h -4 (2.209)
A—ky—wip U(w)
with d o
ko2 — kone™*"2
A= o (2.210)
k k1 cot(k
_ Fapu t ik cot(kra) (2.211)
kopy — iky cot(kia)
2.5.2 TM modes
Evanescent waves
The magnetic field for TM modes can be written as:
BM = B; [6312 + ae_ﬁlz} iqﬂﬂy”
B®) = [Btef2(:-) 4 Be=fale=a)] cianyg (2.212)
B®) = BgeFs(z—a—d)giqzy
It is now possible to determine the electric field from Ampere’s law:
LR =V x B, (2.213)
c
—ze,u E——(’?Bx—i-aB (2.214)
With this equation, one can write the electrlc fields as:
EMW = —Bjela® s ([e77 —ae P2 ipid + €% + ae™ 7] ¢2)
E®) = — 282 [g+efa-a) _ Bme~Fa(a-0)]iarg — £ L[Brefa(e=a) 4 B-e~falz-0)]eiers . (2.215)
[ €2
E®) = —ByLe fslzmardigior L[ _ifyg 4 2]
Applying condition (2.159)), @ can be determined:
EW|,_o = (2.216)
a=1. (2.217)
Thus, the fields can be written as:
B = B cosh(f 2)e'®y
B® — [B+eﬁ2(z—a) + B—e—ﬁz(z—a)]eiqrg ) (2.218)

BG® =

336753 (z—a—d) eiqmg
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L oss function for TE modes (Im(r))
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Figure 2.14: Comparison between the loss function (J(r)) from and the dispersion relation from
for TE modes generated by surface magnon-plasmon polaritons. €2y is the antiferromagnet res-
onance frequency . qc is the corresponding wavenumber in vacuum ¢, = %l The value of d, the
separation between the graphene sheet and the antiferromagnet, is 0.5 ym. The value of a, the thickness
of the antiferromagnet, is 50 pm. For the antiferromagnet permeability function given by —,
the values of the quantities that determine it were given by Table I of and can also be consulted in

equations (2.33)-(2.35). The value of the loss coefficient in (2.59)) is 7. = 0 eV. Ignoring losses at the
graphene sheet is valid when dealing with low temperatures.
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EM = —Be'tr- == (sinh(B12)iB1& + cosh(B:12)qZ)

B® — _Li&[3+652(z—a) _ B—e—ﬂz(z—a)] el g f,[B-S-eﬁz(z a) 4 B—e—P2(z— a)} igrz . (2.219)
e’ w €2

E®) = —By Le fslzmamdigior L[ _ify4 4 2]

Boundary conditions at z = a read [61]:

- (B® -BW)|._, =0, (2.220)
: % (E® — EW)|,_, =0, (2.221)
B®
2% <B<2> - ) l.—a = 0. (2.222)
H1
These equations yield:
b sinh(Bya) By = @(B+ ~B7), (2.223)
€11 €2
h
cosh(hra) p g+ | g (2.224)
M1
Combining these two equations:
ﬁ2 Bt — 61 +
— coth(pra) (BT — B7) = —(B" + B7), (2.225)
€ €1
(52 coth(Bra) — BI)B+ _ (ﬁ coth(Bra) + 51) (2.226)
€2 €1 €2
Now for the boundary conditions at z = a + d [61]:
- (B® —B®)|._1a =0, (2.227)
2x (E®) —E®)|._eq =0, (2.228)
4
£x (B —B®)|.oy = "o (w)El|.—asa. (2.229)
c
o(w) is the conductivity of the graphene sheet, given by (2.59). These equations yield:
Bip, — —@(B%M — B~e P24) (2.230)
€3 €2
B; — (BTeP + Bme %) = —iBgﬁzxm(w), (2.231)
WeEs
which implies:
t+oBad | g o—Bady _ _(; L €3\ (ptefed _ g o—Bad) P2
(Bte™?+ B7e ) =—(i—4mo(w) + =) (BTe”* - B~e )=, (2.232)
w 3 €2
Brein ¢ 92 P2 o) = B [P dmo(w) + 92 ). 2.233
[ €233 €2W (w )] [ €awW )+ €233 ] ( )

Now, combining (2.226)) with (2.233)) the eigenmode equation is found:

Badpy . P2 P2 B2 B\ _
e? [ 6253 +q 62w4 o(w )]( coth(fra) + 1) =
[ 52

€302 P2 A1
z;47m( w) + B 1] ( coth(fya) — >

€2

(2.234)
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Figure shows the value of the gap between the first two modes as a function of a for a fixed
d = 0.05 pm, for Fermi energies Er = 0.03 eV and Er = 0.07 eV. The values of a in figure were
chosen accordingly to maximize the gap size. These plots show that for a distance of the order of 0.05 eV
maximum splitting is achieved up to three decimal places. Further narrowing of d will not increase the
third decimal place of the splitting while quickly rendering this model inaccurate due to the distances of
the order of a few nanometers becoming closer to the atomic radius of the carbon atoms, invalidating the
classical electromechanical theory. Furthermore, increasing d has a very small effect on the dispersion.
Also, increasing a (bringing the metal away from the AFM surface, thus increasing the AFM size) moves
the dispersion to the left (the gap happens at smaller ¢ values). Figure shows the gap happening
at ¢ = 1.6 ¢, for the system with a — oo, in contrast with the gap just before ¢ = 1.8 ¢, for a = 231 pm

seen in figure (2.16]).

0.09 - -

A (w/Qo)
A (w/Qo)

50 100 150 200 250 300 350 400 450 50 100 150 200 250 300 350 400 450
a(um) a(um)

Figure 2.15: Values of the gap A between between the lower and upper bands of TM modes for a
separation between the antiferromagnet and the graphene sheet of d = 0.05 pum, as a function of a, for
Fermi energies of Er = 0.03 eV and Er = 0.07 V. ) is the antiferromagnet resonance frequency .
For the antiferromagnet permeability function given by —, the values of the quantities that
determine it were given by Table I of |[60] and can also be consulted in equations —. The value
of the loss coefficient in is v = 0 eV. Ignoring losses at the graphene sheet is valid when dealing

with low temperatures. [20]
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Figure 2.16: Dispersion relation for TM modes ([2.184) solved for different values of AFM width a,
different metal distances d and Fermi energy of the graphene sheet Er = 0.03 eV. The values of a are

chosen to maximize the splitting energy A. Qg is the antiferromagnet resonance frequency (2.29)). g. is

the corresponding wavenumber in vacuum g, =

%. For the antiferromagnet permeability function given

by (2.27)-(2.29)), the values of the quantities that determine it were given by Table I of and can also
be consulted in equations (2.33)-(2.35)). The value of the loss coefficient in (2.59)) is 7. = 0 eV. Ignoring
losses at the graphene sheet is valid when dealing with low temperatures. \\

Propagating waves

For propagating TM waves, the field profiles are:

The electric field is obtained with Ampere’s law:

Thus,

EML —
61M1w

EQR) — <ck2 [BJreikg(zfa)
€2 W

EG — cks [reikg(zfafd) _
€3 W

tequ ( [e—iklz

— i&,ugE =
c

Bfefzkg(z a)] iqr g _

e—tks (zfafd)] etqx

41

=t [ —iki1z + aezklz] eing
[B Zkz (z—a) 4 Bfefzkg(z a)]ezqwg
B(3) _ [e—zkg(z a— d)+rezk3(z a— d)} zqa::g

HoE =V xB,

C

—0.Byi + 0, B,z
_ aeiklz} k]_:i‘—i_ [e—iklz +aeik12] qé)

Li[B*f’e'L.kQ(Z*a) + BfefikQ(zfa)]eiqzé
€2 W

- <4 [Teikg(zfafd) + 671‘]@3(2704,(1)]2
€3 W

(2.235)

(2.236)

(2.237)

. (2.238)
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Applying condition (2.159) at z = 0, « is obtained:
EM].—0 =0, (2.239)

a=1. (2.240)

So, the fields can be written as:

B =t cos(k; 2)e’4®
B® — [B—i-eikz(z—a) +B—e—ik2(z—a)]eing . (2241)

B(S) _ [e—ik,g(z—a—d) 4 reikg(z—a—d)}eiqm:g

EW = — —¢—¢e'®( —sin(ky 2)iki 2 + cos(k12)q2)

€1p1W
E(2) _ c ko [B+eik2(z—a) _ B—e—ikg(z—a)]eiqzij _ LQ[B—Q—eikg(z—a) + B—e—ikQ(z—a)]eiqzé . (2242)
€2 W €2 W

E(S) _ Lﬁ [Teikg(zfafd) _ 67ik3(z7a7d)]6iqz‘% _

o q [Teikg(zfafd) + 67ik3(zfa7d)]2

<
€3 W

Boundary conditions at z = a read [61]:

- (B®-BW)|._, =0, (2.243)
:x (E® —EW)|._, =0, (2.244)
B
2 x (B<2> - ) l.=a = 0. (2.245)
M1
These conditions yield:
ikll . k2 + —
sin(kja)t = —= (BT — B7), (2.246)
€11 €2
t
—cos(kja) = Bt + B™. (2.247)
M1

Combining these equations one obtains:

k k
(BT +B7) = 2 cot(kia) (BT — B7), (2.248)
€1 €2
k k k k
B~ (2 cot(kia) — 1) = B (= + 2 cot(kia)). (2.249)
€9 €1 €1 €2
We can write this as:
B~ =nBT, (2.250)
where k t(kia) +k
2€1 CO 1Q 1€2
= . 2.251
k2€1 cot(kla) — k‘lﬁz ( )
Now, the boundary conditions at z = a + d read [61]:
2 (BY -BW)l._g=0, (2.252)
:x (E® —E®)|._;=0, (2.253)
. 4
2x (B® - B®)|_y = Zo(w)El|._y. (2.254)
c
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o(w) is the conductivity of the graphene sheet, given by (2.59). These equations yield:

ks ks , L
2 (r—1) = =2 (Bteth2d — Bmemihed) | 2.255
Sr-1=2 (Bt ket (2.255)
+ ikad — —ikad ks 4w
l4+r—(BTe™*+B e =(1-r) = —0o(w) (2.256)

€3 W

Now one can use equation (2.255)) together with (2.250)) to obtain the factor B' as a function of 7:

Substituting this equation in (2.256)) yields:

with

L r—1 eaks
Bf = e (2.257)
B-A-1
poBoA-L (2.258)
1+ e 224 ¢y kq
A= e (2.259)
ks 4
_ koey cot(kra) + kieo (2.261)

o k261 COt(kl(l) — klﬁg '

By placing a metal surface below the antiferromagnet, limiting the antiferromagnet to a width a, there

is a value of a that maximizes the effect of the graphene sheet on the TE dispersion relation. Figure[2.12

shows the average separation of the Er = 0 eV and Er = 0.4 eV modes. At a — oo we get the result

from the previous study, with a semi-infinite antiferromagnet. However, for the optimal value a = 55 um,

the negative group velocity at Er = 0.4 €V is no longer observed. The group velocity for Er = 0.4 eV

is positive for smaller a, and becomes negative for larger a, being approximately zero at the a = 55 um
distance. As for the TM modes, the addition of the metal, at the right distance (figure , can slightly
increase the gap between the lower and upper modes.
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Figure 2.17: Comparing the imaginary part of the reflectivity (Loss function) with the dispersion
relation for evanescent TM modes calculated in the previous section generated by surface magnon-
plasmon polaritons. € is the antiferromagnet resonance frequency . gc is the corresponding
wavenumber in vacuum ¢, = %l The value of d, the separation between the graphene sheet and the
antiferromagnet, is 0.5 pm. The value of a, the thickness of the antiferromagnet, is 346 ym. The Fermi
energy of the graphene sheet is Fr = 0.07 eV. For the antiferromagnet permeability function given by
—, the values of the quantities that determine it were given by Table I of . The value of
the loss coefficient in is 7. = 0 eV. Ignoring losses at the graphene sheet is valid when dealing with
low temperatures. . The loss function peaks at energies corresponding to the evanescent modes.

44



Exciton-Polaritons of a 2D TMD layer embedded in a cylin-
drical microcavity

This chapter will study the formation of polaritons by adding a TMD semiconductor layer placed in the
symmetry plane (perpendicular to the axis) of a perfect cylindrical microcavity, in order to enhance the
excitonic coupling to the electromagnetic field. The system just described is depicted in figure . The
exciton-polariton density of states projected onto the photonic subspace will be compared to the density
of states of the empty cavity system (removing the TMD layer). For a cylinder of finite height with
a dielectric interface on its surface, Maxwell’s equations cannot be solved analytically. Thus, the focus
will be on a cylindrical microcavity with perfect confinement. As such, the interface will be considered
as perfectly conducting, as if the dielectric cylinder were covered by a thin perfectly metallic material.
The validity of this approximation will be examined in the L — oo case. The exciton-polariton modes
will be calculated exactly with a classical model, and with an approximate quantum model, the Hopfield
coefficients [16] will be determined for each mode. These coefficients measure the fraction of exciton and
photon in a polariton mode. Finally, the emission enhancement on a point emitter on the TMD plane
will be studied for specific angular momenta as well as for the general case where all angular momenta are
considered. For such an emitter, we shall assume a weak coupling regime and analyze how its emission is
enhanced or inhibited (the Purcell effect |17]) due to the polaritonic background of the microcavity with
embedded TMD layer.

In the next section we consider excitons confined to a 2D disk and derive the electric susceptibility
of the TMD layer, which determines the coupling effects of the excitons with the electromagnetic field
of the cavity modes. In section 3.3, we study coupled (polariton) modes in such a cavity using both
semiclassical and quantum approaches. Employing these results, in section 3.4 we evaluate the total and
projected densities of states (DOS) showing the possibility of strong enhancement of the local photonic
DOS modified due to the presence of the TMD layer in the cavity. In addition, in section 3.5, we provide
a theoretical analysis of the Purcell factor of a point emitter located in the vicinity of the TMD layer.
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Figure 3.1: Sketch of the system under study in chapter 3: a TMD monolayer inserted in a dielectric
cylindrical cavity of length L with relative permittivity €. The electrical permittivities of the materials in
the cavity and their dimensions, as well as the TMD layer conductivity caused mainly by the formation

of exciton-polaritons, will determine the optical spectra.

3.1 Excitonic susceptibility of the 2D semiconductor layer on the cavity

To calculate the eigenmodes of the system, it is necessary to model the susceptibility and conductivity of

the embedded layer of TMD. For this, firstly the pure excitonic and photonic states must be characterized.

3.1.1 Exciton confinement

For exciton states, the very small Bohr radius (of the order a.,; ~ 1 nm [33], where the 2D disk’s radius
is R and is of the order 1 pum) means that it is a reasonable approximation to disregard the exciton’s
internal structure in what concerns its confinement in the radial direction, treating the exciton as a point-
like particle confined in a circular potential well of radius R. Considering an infinite potential well, the

point-like exciton will obey Schrédinger’s equation:

h2

— mngmm(r) = (E — Eop)Weu(r), (3.1)

where r is a 2D radius-vector, Vyp is the Laplacian operator in the plane of the TMD, M., the excitonic
mass and E., the binding energy for an infinite 2D layer cladded by the MC dieletric material. To solve

this equation, we write it in polar coordinates as:

(1 o 1 92

cartart a¢) Wealr) # BEV () =0, .
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where a = 5 Afiz and AE = FE — E,,. Now multiplying by r? and dividing by a, this equation takes the
form: 5 o2 o2 A
E
2 2 _
(Tar Tt a¢2> WealX) + 7= = Ve (r) = 0. (3:3)

It is noticeable that this equation is separable. Assuming a separable wavefunction
\Ijez(r) - (I)(Qb),R’(T)a (34)

and dividing the equation by the entire wavefunction on both sides, leads to:

OR(r) PR(r)\ 1 ?d(¢) 1 AE
(’“ o T o )R@«)* 00t @) @ =

because the equation contains only separate terms that depend only on one variable. The part of the

0, (3.5)

equation that only depends on ¢ must be a constant of symmetric value to the rest of the equation (that

depends only on 7). We attribute the value —m? to this constant, effectively splitting this equation in

two: o2 @)
(¢) 1 )
——=-m 3.6
99> @(¢) (36)
for ¢, and
OR(r) 5 O?R(r) 2 o AE
(r B +r 52 R0 m°+r o= 0 (3.7)
for r. Now, equation (3.6]) has the set of solutions:
B(¢) = e, (3.8)

and equation (3.7)) can be recognized as the Bessel differential equation [63], supporting Bessel functions
of the first and second kinds as solutions:

Rm(T) = Cme(qT) + BYm(qT)a (39)
where
= AE (3 10)
=y ~

However, because the exciton is present inside the circular area, the point » = 0 would present a divergence
to infinity for the function of second kind Y,,,. For this reason, solutions with B # 0 are not valid and we
are left with:

Rn(r) = Con i (qr). (3.11)

Finally, applying the boundary condition R(R) = 0 (due to the infinite potential well) the values of ¢
and, as a consequence, of the energy E become quantized:

_ Emm

o : 3.12
Im, I (3.12)

where &, , is the n-th zero of the Bessel function .J,,. In conclusion the wavefunctions will be

\Ilim,n(r) = Cm,nJm(Qm,nT)eiim¢7 (313)
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where m > 0 is the angular momentum number and n > 0 the radial quantum number. ¢, , = f%’" is
the radial wavenumber. C,, ,, is the normalization constant, and it must be computed by ensuring the
probability of finding the exciton somewhere inside the disk is 1. This is expressed as the integral over

the disk:
/ |t (r) Prdrde = 1, (3.14)
disk
R
27r\Cm7n|2/ J2 (Emnr/R)rdr = 1. (3.15)
0
The integral’s result is known to be R;J "(&m.n)? [?] and the expression becomes:
W‘Cm,nPRQJ:n(fm,n)Q =1 (3.16)

The normalization constant is thus shown to be

Conn = 1/ (VTR| T}, (Emon)|)- (3.17)
Finally, squaring both sides of (3.10) while using (3.12), the energies take the form
h2 2
Epp = FEop + =20, 3.1
) + 2MexR2 ( 8)

Due to the relatively high value of R, this can be approximated to:

Emn =~ Ee. (3.19)

3.1.2 Empty cavity photon modes

The other part of the composite system in figure [3.1] is the empty cylindrical microcavity. This cavity
harbours confined electromagnetic modes which must obey Maxwell’s equations. As stated before, perfect
confinement will be assumed as an approximation (’ideal cavity’ approximation) which had been used
by many authors, for example in Ref. [64]. A more elaborate treatment of photonic eigenmodes in a
cylindrical microcavity considering a finite dielectric constant outside of the cavity (and, consequently,
imperfect confinement of the fields inside it) has been presented in Ref. [65] using approximate decoupling
of the degrees of freedom along and perpendicular to the z direction and the cavity modes are evaluated
as a function of radius according to a self-consistent procedure. However, because we are interested in
analytical solutions, we will stick to the ’ideal cavity’ approximation, the validity of which is studied in
appendix B, where the field profiles as well as the eigenfrequencies are compared with the exact solution,
in the case of a very long cylinder (L — o0). To determine these modes one must solve the Helmholtz
equation in cylindrical coordinates:

V2E - k’E = 0. (3.20)
The method to find solutions will be to start by solving the z component of the equation:

V2E, = K*E.. (3.21)

This equation can be separated in the same way as in the solution to (3.1)), with the addition of the z
part, yielding;:

<T8R(r)+T282R(T)> L, () 1, 0°2(x) o
R

2,2 _
or o )R T o o) | 02 2 TN (3:22)
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with
E, = EgR(r)Z(2)2(¢). (3.23)

This leads to the same development of the previous section, except now we also have

PZ() 1,
5z~ (3.24)

leading to a solution of the form:

E. = EoJ,(qu,r)(Ae*=? 4 Bemth==)eilnd—wt) (3.25)

3

where k*—k? = ¢,

and g, = >2*. Now, Farady law and Ampere’s law can be written for the transverse

. 1 9H, OH
_ Wie E, _ [ r 9¢ 8z¢ (3 26)
OH, _ 0H, ’ :
¢ E¢ 0z “or

. 10E, oFE
w (He) _(v%5 — 5 (3.27)
C H¢ 88Ez aaET

Plugging (3.25) into the equations for the transverse components of H (3.27)):

HVT ikyz —ik, 2\ 1 OE
<HT>= : (ZMEO S A o Dottt - G ) (3.28)

H, iw \ 2E: qu# ,,J (qW,r)(Aelkzz + Be_”“zz)e““b

components:

J'(qp,r) denotes the derivative of the Bessel function with respect to its argument. Now, we will limit
our scope to those solutions which are TM modes (H, = 0). This allows us to solve for the transverse

components of E (3.26)) by plugging the results in (3.28) along with H, = 0, yielding:

iw?e (Er> B <z 25+ Eokayu ) (quur)(Aet=* — Bemk:%)e Wd’)

i i 3.29
c2 E¢ inFok, M(Aezkzz 7B€71kzz) i +28 Eg ( )

Now, in order for these to be self-consistent, the second derivatives in z of each of the components must

ik, z

match the component itself and the term Ae — Be~%=%_ As such, this term must be the z dependence

of these components. Applying this information and k? = “’c—ze the equations become:

E E kz y 5 A ik, z _ B —ikzz\piud
(—ik? +ik2) [ " 0k, JJ((%TT)( e e et (3.30)
E¢ Z/J,Eok qu v (Aezkzz Be—zkzz)ezu,d)

Application of boundary conditions (2.159)-(2.160) at z = L/2 and z = —L/2 can now lead to:

Aet*=L = B
) ) (3.31)
Ae~ =L — B
which means:
e2ik-L _
(3.32)
A=DB
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With this, we conclude that the z dependence on these components is a sine wave because A = B and

k., =1F with [ =1,2,3, ... For reasons of convenience that will become clear in the section about exciton-

L

polaritons, the shift z — 2 — 3

will be introduced. Taking into account as well that k2 — k? = —qf“, the

components become:

k /
E, 7q‘z JM(Q/L,UT) . .
= L,V E kz —L/2 1/1@5_ 3.33
<E¢> <—i,u ’;z M o sin( (Z / ))e ( )

Qv

Knowing the sine function is odd, we can express this as:

k 4
E, o Q) : ”w
<E¢> = (Z,u‘lf\z Ju(q;uﬂ) Eysin(k,(L/2 — z))e*"?. (3.34)

9,

Now it is necessary to return to equations (3.28) and plug the results from (3.34)), along with the shift in
z, which yields:

Eocos(k. (L/2 — z))e™?. (3.35)

- 2
W\ - ’lu: J;/L(Qu,v'r) - q#,VJ;L(qN,VT)

2
H.\ ¢ iuM +wq/’§7zuw
H, B

Now it is possible to use k? = ‘*’C—ZE — qfw in both equations to obtain:

we  Ju(quwr)
H, c T )
( ) _ </~L z., ) Eo cos(k. (L)2 — z))e““b. (3.36)
1

Hy .ecq{;},u JL(QM,VT)

As such, the full EM fields (3.25)),(3.34)),(3.36) have been calculated and can be written as

E.(r,¢,2z,w) = EgJu(qur)cos(k.(L/2 — z))elno—wt) (3.37)
k. . i(up—wt)
En(r,¢,2,w) = Eo——J,(qu7) sin(k,(L/2 — z))e"* , (3.38)
v
Ey(r,¢,z,w) = i,uEO—];z 7Ju(q:7,,r) sin(k,(L/2 — z))e’ro=wb), (3.39)
8%

Ju(Guw (—
Hy(r, ¢, 2,w) = MEOC;L;G'(‘]"’” cos(ks (L/2 — z))eltuo—et) (3.40)
v
Hy(r, ¢, z,w) = iEO—W6 Jy(quwr) cos(k (L/2 — z))elHo—wt) (3.41)
CAu,v

where:
k,=mxl/L, 1=1,2,3,..

Qu,v = gy,u/R; (342)
=t = k24 g2,

&,.,v 1s the zero number n of the Bessel function J,,,. The eigenfrequencies are thus given by the formula:

w(p, v, k) = %wkﬁ +4q2 . (3.43)
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For L — oo (a waveguide), k, can be arbitrary, while for a cavity with perfectly reflecting bases k, = wl/L
(1=1,2,3,...). In order to completely characterize a single photon inside the empty microcavity, Fy must
be calculated. The EM energy of this photon will be [3]:

1
hw:4—/d3r(eE-E*—|—H~H*). (3.44)
T
From this equation, Eq(u,v, k.) can be expressed in a form analogous to that for a photon in vacuum
as [3]:
2mhw(p, v, k)
E k) = ———————, 3.45
O(Nﬂy ) EQ(/,L,Z/, kz) ( )

where Q(u, v, k,) is generally referred to as the 'mode volume’ and corresponds to:

1 [, (E-E H-H
= — e — s . ~4
Qp, v, k) 5 /d T (e I + 2 ) (3.46)

Inserting the fields (3.37)-(3.88) and omitting all indexes this takes the form:

ok =g [ - [ [eottatwrz— o (et + e 20 ) 4

‘ k—;/Z . (3.47)
J
esin?(k,(L/2 — 2)) (q;J’(qr)2 + qufi 7E2qr)) ]rdqzﬁdzdr
The integral in ¢ is simply 27 and the integrals in z are:
L/2 L/2 4 k(L —2 in(k, (L — 22))|X/?
/ cos? (k. (L/2 — 2))dz = / + cos( ;( Dy~ 1jo— W
—L/2 —L/2 z —L/2 (348)
sin(2k, L)
=L/24+ ——=
/2+ 4k,
and
Ly2 L/2 4 _ cos(ko (L — 2 in(k, (L — 22))|“/?
/ sin?(k,(L/2 — 2))dz = / cos( ';< Z))dz =L/2+ W
—L/2 —L/2 z *L/Q. (3.49)
sin(2k, L)
=L/2— ——=
/ 4k,
To simplify the writing, we will define
sin(2k, L
fooy = L2+ (47). (3.50)

Finally, the integrals of J’(qr)?r can be modified by the use of integration by parts with v = J'(gr) and
u = J'(gr)r, which gives:

R/ 2 _i qR/ 2 _i ’ arR an ) () da
/O 7 (qr) rdr—q2/0 Jafade = | @) (@)al; /O J(@) (T @)z + T (2)) dz | (3.51)

qu R =&, which is a zero of the Bessel function. Also,

2
J"(x)x + J'(z) = ?J(az) —zJ(x) (3.52)
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by Bessel’s differential equation. Using these facts equation (3.51)) becomes:

R R 2
1 [ J
/ J' (qr)?rdr = ——2/ (uQ(:C) - Jz(x)x) dx. (3.53)
0 a4 Jo €z
Inserting ((3.48)),(3.49) and (3.53) into equation (4.40)), along with the integral in ¢ being 2, yields

x [IB k2 J%(x) k% L J%(x) K
Q = — 2 2 2 2
(w,v, k) pe /0 [f(+) (J ()x + p Pl q2,u - + e J (a:)x) +

, (3.54)
k2 k2u? J%(z) k2 J?(z)
o ZEg(e)2p - 22 2222 ) |4
I )(q2 w)e 7 @ e ” !
where x = qr. This of course simplifies to
™ 2 K2\ [,
Qp,v, k) = p (f(+) <1 + q2> + f(_)q‘;> / J(z)xdx (3.55)
0

The integral is the same as (3.15]) in the previous section and the result is known [?]. It is also possible
to simplify with k% = ¢ + k2 and obtain

. 2 K2\, R?
k) = 5 (o (2455 ) + 10 55 ) 255 anp (3.56)
R2k2 R%k2\ R?
Qu,v,k,)=m (f(ﬂ <2 +— ) + fio e ) ?J'(fw,)Z. (3.57)
v %

This is the analytical form of the mode volume for a general k,. Considering perfectly reflecting boundaries
at z = +L/2 the condition k, = %l applies and this becomes:

TR2L 212 R?
5 [1+ 3VL2]J/(§“7“)2' (3.58)

Qu,v,1) =

Figure depicts this mode volume for two different values of p and for [ = 1 as a function of the

discrete values of energy fuww(u, v, 1) corresponding to the different modes (values of v).
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Figure 3.2: Mode volume 1} as a function of the energies of the modes for p = 0,10. It is clear that
for higher energy modes the angular momentum number p does not influence the mode volume as much
as for lower energy modes. The cylinder radius is R = 3 pm and height L = 0.3 pm. Furthermore, these

values are much smaller than for a planar cavity due to the field confinement in all directions.

3.1.3 Susceptibility and optical conductivity

The exciton-photon interaction can be modelled with the dipole approximation. This corresponds to
assuming a potential of interaction of the form:

Vint = — (dev - E), (3.59)

where dev is the dipole matrix element between the valence and conduction bands [66] and E is the elec-
tric field associated with the empty cavity photon, whose constant is determined by equations and
. Assuming the most realistic case of having the dipole moment in the plane of the semiconductor
material, we can write the basis of circular polarization:

dev = % (& £ ip);
Ccv V2 ( y) (3.60)
doy = “Ehe.

The dipole moment dgoy is written in terms of the Fermi velocity vgr and the energy of the exciton level
that is being considered. + apply to the K and K’ points of the Brillouin zone [67]. This dipole moments
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can be written in terms of the polar coordinates basis vectors 7 and 6. Knowing that [?]

& = cos(¢) — ?Sin(@ (3.61)
g = 7sin(¢) + ¢ cos(¢)
dcv becomes
dov = dcﬂv (7(cos(6) + isin(6)) + d(—sin(6) + i cos(®)) (36
dev = d\j%/e:tm (72 + w@) (3~63)

The potential energy (3.59)) is the operator that governs the transition from a vacuum state to the state
corresponding to one exciton of angular momentum m and radial number n at the cost of one photon of

angular momentum g, radial number n and z wavenumber k,. This transition matrix element is then:
M(p,v;m,n) = (m,n| —dev - E(u, v, k,)|0). (3.64)
|0) is the [68] state of excitonic vacuum which can be written as
|0) = d(re —xp), (3.65)

where r. is the position of the electron and rj the position of the hole left by it on the valence band of
the 2D TMD disk (see Fig. B.1)). The excitonic state |m,n) can be written as:

|m,n) = ®(re —rp) T, o (r). (3.66)

Here, ®(7, — 7,) is the part of the excitonic wavefunction that represents its internal structure. Its

magnitude in the origin can be evaluated using the hydrogen-like model [69) E|

|®(0)* = MQZ : (3.67)

exc

U,,.n(r) is the part of the wavefunction corresponding to the movement of the centre of mass of the
exciton. This is given by equation (3.13]). One can now use (3.63|) and the electric fields given by (3.25)
and (3.34]) together with (3.58)) to obtain:

(dCV . E(Ma v, kz)) |Z:0 =
EO(/-L7V7k.Z)dCV kz

: i PR s Ju(@uer) o
S kzL 2 i(ptl)e + . (J/ 5 + KA, )

with Eo(u, v, k.) given by (3.45)) and (3.58]). Thus,
E Y, kz kz . i J vl
(dev -E(u, v, k) |a=0 = 70@ )—dcv sin(k,L/2)e (nE1)e (Jl’t(qw,r) F ,uiu(q“’ )> . (3.69)
V2 Au,v duT

TExcitons in TMDs are described by the electrostatic electron and hole interaction of V(p) = ﬂ€2T61[H0(p/T0) =

(3.68)

No(p/ro)], where Ho(xz) and No(z) are the Struve and Neuman functions, respectively, p = |(Fe — 7)| and ro takes
into account the non-local screened attractive interaction of two charges in the slab [68}/70]. Using the 2D effective mass
approximation, this potential provides a non-hydrogenic Rydberg series for the exciton energies in correspondence with
experimental results. |71] For the evaluation of Eq. (??) it is useful to approximate the exciton in the 2D TMD by a
modified 2D Wannier-Mott model where the exciton Bohr radius for each state n, is chosen to fit the exciton energy values

obtained from experiment, such that aezc — an. [72]
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Note that the Bessel function recurrence relations state

Ju()

Ji(@) F p = T (z) (3.70)

Now we can use this and sum over the two possible polarizations, +, and write the total interaction
potential as:

EO(,U,Vakz) kz
V2 Guw

(dov - Bl v k) .0 = dov sin(k.L/2) (02,1 (quor) = OV ()

(3.71)
With this we can go back to the equation for the matrix element we were looking for ([3.64)):
E k2) k. .
Mg vim,my = PULE) ey 1 B(re — Ea)D(re — 1) Ty (1)
V2 Qu,v re—rp Jr (3.72)
(ei(“+1)¢‘]/t+1(%,v7’) - ei(uil)(b‘]/t—l(Q/t?vT)) d(re — rp)dr
E k.) k. .
M(p,vym,n) = Eolp. v, k) dev sin(k,L/2)
V2o 3.73
R 27 ) ) ( . )
[ ] 00ne) (00 1) = 000, (g rdrds
0o Jo
Now using the wavefunction of the exciton’s centre of mass (3.13]) we get
E k) k. .
M(p,v;myn) = @(O)M—dcv sin(k,L/2)
V2 Qo
R 2r (3.74)
/ / 1 ( i(m+ut+1)é g ( ) i(m+p—1)¢ g ( )) drd¢
J, JT) —e _ 7)) rdr
o Jo VARG € ol o
This simplifies to
E k.
M, v ) = dey®(0) 20U Re) o $in (k= L/2) Lo (St t.m — Op—t.m) (3.75)
V2 '
1, :m,n are coeflicients defined by:
9 1
Livmn = —/ I (Emn®) Im (& px)d . (3.76)
g | i (Emn)l Jo g

The presence of sin(k.L/2) means that, for a perfectly confined cavity, only modes which are odd with
respect to E, (with the number [ odd in k, = wl/L) can couple to the exciton. Angular momentum
conservation is expressed by the kronecker symbols in . They guarantee that a transition is only
possible if the resulting exciton has the spin of the photon absorbed (which is positive for left circular po-
larization and negative for right circular polarization) added to its angular momentum. The susceptibility
tensor will have two equal components (zz and yy) and no zz component because the dipole moment
vector lies in the zy plane. It is convenient to consider two-dimensional (sheet) susceptibility defined as
the dipole moment per unit are per unit field. The component that we want to calculate can be obtained
using second order perturbation theory similar to the derivation of the atomic polarizability |73]. The

energy of the semiconductor disk polarized by an electromagnetic mode (u, v, k) is:

1 (M(p, v;m,n)|?
E== E| - E}).—odr =) : :
2X2D /disk:( * L)| —oer mon Emm — hw (3 77)
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where E | refers to the in-plane components of the electric field (3.85) and (3.86]). Notice this integral
has been solved before as part of the mode volume calculation (3.58). It corresponds to the factor of f_)

and as such its result is the same, removing the factor % foy:

N em RAK?
/d. k(EL EY)|:=0dr = TJL(&L,V)Q (3.78)
1S v
Solving equation (3.77)) for the susceptibility thus yields

2 (M, v,m,n)|?

T TN Dl o vt (3.79)
where ,
sz 2
Bu,u,kz = ‘EO(/% v, kz)|2 <£ ) [J;(gu,vR)] (380)
v

From Green’s function formalism, there would follow a non-resonant term [74] which is obtained by
replacing w — —w. Substitution of (3.75) yields:

_ |dev®(0)1%¢; L2
= 5 .
[J/IL (f,u,uR)] m,n Em,n — hw —i6

Xap (w; p, v (Outi,m +0u—1,m) (3.81)

where a small imaginary part id is added to avoid the singularity. In this equation we assume only one
type of exciton with energy E,, ,, that can be approximated to E; . Spin-orbit interaction in TMDs
results in two types of excitons, A and B, with a splitting of 100-200 meV [33]. To consider these two
types one would simply need to sum the contribution of the other type. However, the calculations done
will be limited to the type A of energy E., = 1.9 eV. The next section will apply the optical conductivity

in Maxwell’s boundary conditions. The optical conductivity is

oop(w; p,v) = —iwxep (W; i, V). (3.82)

3.2 Microcavity exciton-polaritons

3.2.1 Semiclassical theory

In order to determine the allowed states, given this interaction, it is necessary to plug in the following
boundary conditions [5]
- 4r .
o —Hy = = 02p(w; p, V) Ep|2=0 -
Here the +(—) sign stands for the fields at z > 0 (z < 0). We write the fields above and below the TMD
layer in the form:

E;t(r, ¢, z,w) = £EyJ,(g,,.7) cos {kz(w)(s T z)] eilnp—wt) (3.84)

This is the reason for the shift = — z — L/2 in the last section. In this way, we can introduce the

discontinuity needed to obey (3.83]) and compare these modes to the corresponding empty cavity modes
(3.37). Using (3.84]) and looking at (3.85))-(3.88]), the rest of the EM fields will become

k. . o
EX(r,¢,2,w) = BEg——J,,(qu,u7) sin(k.(L/2 F z))e'1o=1), (3.85)

v
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ke Tu(qus
Ei(r7¢7z7w):quoTM

m,v

we  Ju(qur)

sin(k,(L/2 F z))elré=wt) (3.86)

HE(r ¢, 2,0) = quoFT cos(k, (L/2 F z))e'Ho—wt) (3.87)
v
L Wwe i
Hfﬁt(?"» ¢, 2,w) = +iky _ Jy(qupr) cos(k. (L/2 F z))elHo—wt), (3.88)
Equations (3.83) can thus be written as
4 k
2uE w; cos(k,L/2) = —ﬂ-agD(w;u, Z/)i,uEOTZ sin(k,L/2) (3.89)
ng,,y c qlLJj
L we 4 k. .
2iEy cos(kyL/2) = ——oap(w;p,v)Ey sin(k,L/2) (3.90)
1,V c qu,v

Note that modes for this system must have k, # wl/L for if the k, were the same as for the empty cavity
these boundary conditions would not hold. Both these equations yield

L
2woop (w; p, )k, tan(kzg) = —jwe. (3.91)

This equation is the polariton dispersion relation and, together with equation ([3.43)), permits to obtain
the allowed values of k, (they are, of course, different from those of the empty cavity, but will be labelled
by the same index 1) and the corresponding w for each pair of quantum numbers y and v

(v, 1) = \2\/kg(u,y,z) + (5*;%) . (3.92)

The polariton "dispersion curves” for two angular momentum values are shown in Fig. which presents
the eigenfrequencies calculated by Egs. (3.91)) and (3.92)) versus the radial index, v, for the lowest k.

(1=1).
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Figure 3.4: (Color online) Separations between the upper and lower polariton modes calculated within the
classical picture, corresponding to Fig. [3.3|red balls) and using the quantum formalism (blue squares),
for y = 0 (connected by solid lines) and 10 (connected by dashed lines). The parameters are the same as

in Fig. @
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Figure 3.3: (Color online) Uncoupled exciton (dashed line), MC photon (dashed line with black balls)
and polariton dispersion curves for = 0 and 10 (red balls and blue squares, respectively). The radial
index takes only integer values but the points are connected to improve visibility. The parameters are:
cylinder radius R = 2 pm, height L = 0.235 pm, dielectric constant of the MC material € = 3.4, Fermi

velocity vy = 5.5 x 10° m/s, exciton energy E., = 1.9 ¢V, and Bohr radius a., = 0.8 nm.

3.2.2 Quantum picture

Quantum-mechanical interaction between two bosonic fields can be considered by applying a unitary
transformation proposed by Hopfield. As in Ref. [49], we denote by P ) (P(T__)) and A ) (AJ(r))
the annihilation (creation) operators for photons and excitons, respectively, where (...) stands for the
appropriate quantum numbers. The interaction term in the Hamiltonian is a sum over all these quantum
numbers, with the interaction constant, in our case, equal to the matrix element . In a Fabry-Perot
MC, the in-plane quantum numbers are replaced by m,n — ¢ for excitons and p,v — k for photons.
Because of the uniformity of the system in any direction perpendicular to z, the interaction matriz
element in a planar microcavity contains the Kronecker symbol (5~) e By virtue of this, the Hamiltonian
of interacting excitons and MC photons, in the Fabry-Perot case reduces to the form [49] H = > Hy
with

Hy = ho(§)PIP; + Eex(P)ALAz + g(@) PLAz + H.C. | (3.93)

where ¢(q) is the coupling constant for the cavity mode ¢ (for a certain ). Therefore, the Hopfield
transformation can be applied to diagonalize this Hamiltonian, for each ¢ separately.

Now, for the case of cylindrical cavity, the coupling constant (for a certain k), g(u, v, k.;m,n) is given
by equation and we have only Kronecker deltas involving the quantum numbers m and p and there
are no restrictions on v and n. If we include all possible combinations of v and n in the Hamiltonian,
we will not be able to write down a tractable Hopfield transformation. And even if we include only
forms with |v — n| = 0, £1 there will be seven Hopfield coefficients and the diagonalization will become
impossible to perform analytically. We shall make the following (seemingly crude) approximation, n = v.
In appendix C, the calculation of I, ,.;,, n from is performed to show that for a given v it is biggest
for n = v. Later, the dispersion relation resulting from this approximation will be compared to the
classical dispersion relation obtained in the last chapter in figure 3.3} in which the sum was performed

from n = 1 to n = 200. The values of k, here will be pertaining to the empty cavity system only. As
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such, they are back to being k, = wl/L. In the following we will consider the lowest branch with [ = 1.

We can write the Hamiltonian as

a=>" [hw(u, VPL Puw + EewAl iy, Az + (95, ALy P + H.C.)} => H,.,, (3.94)
v v

where
S 2mhw(p, v, k)
I /—27{_ GQ(/J/, v, kz) pwviptly -

If we diagonalize the Hamiltonian H u,v using a 3 x 3 Hopfield transformation, it will take the form

g, = £dcyv®(0)

3
H,y =Y Ei(pv)aiiald, (3.95)
i=1
where E; (i = 1 — 3) are the energies of the three polaritonic branches and the new operators a® are

linear combinations of the operators A and P:

o?, = k0 () Ay + 80 (0 0) Ary + £GP (i=1-3). (3.96)

In (3.96)), ~ are the Hopfield coefficients, they constitute the 3 x 3 Hopfield transformation matrix and
are obtained by the diagonalization procedure of the Hamiltonian H u,v- To diagonalize the Hamiltonian
(3.94) we write it in matrix form

Eew 0 g;;u AN-‘rlﬂ/
Af P ) 0 Ee  gn, A1y (3.97)

H.U«,V = (AT p—1v w,v
(Gh )" (g,)" hw(p,v)) \ Py

pn+1,v

The eigenvalues are
El(,u'ay) =FEes ;

Eex—f—h/W(,u,V):I:\/[Eew_hw(u’7y)]2
2 4

(3.98)

Es3(p,v) = 197 (V)2 + lg* (u,v)2

Now we want to obtain the Hopfield coefficients, which will be the elements of the eigenvectors of each
of the modes with the energies in (3.98). The equations to determine the eigenvectors will be

Ew—E 0 9 )
0 E.. — E; 9w D =0 (3.99)

- )
(QIU)T (gu,u)T m(ﬂ? V) - Ez K?pzh

This yields the Hopfield coefficients, which can be normalized such that |f£5:)|2 + |/4(_i)|2 + \/@1(72|2 =1
(skipping the indices p and v for clarity):

(1) 2 ()2 lg7|?
lk,n " =0, k' |" = 3 3
ph * g2 + 19" (5.100)
2 .
292 _ (Eea — E23) 22 = s
ph )

2 2 '
(Ee:c - E2,3) + |g+|2 + |gi|2 (Eez - E2,3) + |g+‘2 + |gi|2
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Figure 3.5: (Color online) Hopfield coefficients corresponding to the MC photon (red symbols and dash-
lines) and two excitons (p1+1) (green and blue symbols and dash-lines) for the upper and lower polariton

modes with 4 = 0 and 10. The parameters are the same as in Fig. @

As seen from Egs. and , the first mode is purely excitonic, while Es 3(u, ) correspond to
two polariton branches. As we can see from Fig.[3.4] the polariton eigenmode energies obtained within the
reduced quantum model reproduce qualitatively quite well those calculated within the classical picture
including all exciton-photon interactions, even thogh the former underestimates the separation between
the upper and lower polariton branches. The minimum separation, i.e. the Rabi splitting is approximately
equal to 100 mEv and almost independent of p (see Fig. . This is somewhat smaller than the value
calculated for a TMD layer with the same parameters inserted in a planar MC [49] but closer to the
experimentally measured values. [52]

The dependence of the Hopfield coefficients on v is shown in Fig. for 4 =0 and 10. For y = 0 the
two Hopfield coefficients measuring the fraction of excitons with m = +1 are equal, while for y = 10 the
contributions of 4 = 9 and pu = 11 are slightly different below the crossing point of the dispersion lines of

the uncoupled photons and excitons.
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3.3 Polariton Densities of States

3.3.1 Total and Projected Densities of States

The angular momentum, pu, still is a well-defined quantum number for polariton modes and, owing to our
approximation, so is the radial number v. The density of polariton states (DOS) with a certain angular
momentum g (and for the lowest k) can be defined as

= Z §(Ei(pu,v) — E) (3.101)

where i stands for the three polaritonic branches. The same definition (without sum over i) can be
used for purely photonic modes in empty cavity. It is interesting to compare the latter to the polariton
DOS projected onto the photonic subspace, which is calculated by weighting each polariton mode by the
corresponding (photon) Hopfield coefficient:

pph Z |th H, v z( 7V) - E) : (3102)

The projected density of states (PDOS), pgf )(E), for excitons with angular momenta p &+ 1, respectively,
is defined similar to Note that the sum of the three PDOS functions gives the total density of
states, i.e. p(#) = p(“) + p(”) + p"). The dependencies of the functions p(‘;b), pgf) (coinciding for p = 0)
on E are displayed in Figs. [3.6 along with the DOS for uncoupled cavity photons and excitons.

—— Photon projected DOS
—— Exciton projected DOS
204 | — Uncoupled Exciton
—— Uncoupled photon

18 188 190 192 194

AL

15 18 1.9 2.0
Energy (eV)

DOS (eV?)
5
1

2.3

Figure 3.6: (Color online) Dependence of the DOS, p#) | for empty cavity (defined similar to Eq. 1'
but without sum over %, red curve) and DOS for cavity with TMD layer projected over photonic (p;’,?,
Eq. , blue curve) and excitonic (green curve) subspaces for u = 0. Also shown is the uncoupled
exciton peak. All densities of states are shown normalized to unity, i.e. divided by [ p(“)(E)dE. The

inset shows a zoom into the energy interval near the avoided crossing.

From Fig. it can be seen that the function p(h) follows the trends of p(®) for pure photons in a broad
range of energy values below the crossing point (E <1.8 eV). Close to the crossing point (1.9 eV), the
polaritons are an almost equal-fraction admixture of MC photons and two exciton species with angular
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momenta g+ 1. It results in a non-zero photonic PDOS within the “gap” of photon DOS with u = 0. For
E > 2.0 eV, the upper polariton branch is almost photon (see Fig. , therefore, p;%) and the empty

cavity DOS again are similar.

3.3.2 Local Density of States

The local density of states (LDOS), i.e. space resolved DOS of photons is important since it determines
the variation of the spontaneous decay rate of a point emitter placed in the cavity; it is defined by
weighting each photon mode with squared local magnitude of the electric field. [1] Here we deal with
mixed photon-exciton modes, therefore, it makes sense to consider the local density of states projected

onto the photon subspace defined as follows:

P (B, 2) = 3 (B, vir, ¢, 2) 26 () 2O (Ei(p,v) — E) . (3.103)

v,
The electric field amplitude in (3.103|) corresponds to one photon and is expressed through the mode
volume according to Eq. (3.45)). Employing Eq. 1} it follows that the integration of pl(gc) (E;r, ¢, z)

over the MC volume yields the total energy of the photonic subsystem with angular momentum g,

therefore, we have
€

(1) ( . 3, (1)
5 /plOC(E,’I", 2)d°r = pyy (E) . (3.104)

For the implementation that we have in mind, discussed below, it is particularly interesting to cal-
culate LDOS at the TMD layer, i.e. for z = 0. In Fig. [3.7] it is shown the dependence of the LDOS,

WRQpl(fjc) (E;r,z=0), upon r and energy in the vicinity of the crossing point. As it can be seen from the

plots, the local density of states depends strongly on both the energy and the radial position and it is
redistributed owing to the presence of the TMD layer.

3.4 Point Emitter Attached to the TMD Layer: the Purcell effect

In the polariton framework, the exciton does not decay radiatively, instead, the strongly coupled system
oscillates between the state with and without exciton and the energy is reversibly transferred from the
exciton to photon and wvice versa, the effect usually referred to as vacuum Rabi oscillations. [15] Yet,
in a real cavity some photons escape (and, accordingly, some radiative decay of excitons does occur)
giving rise to polariton photoluminescence, which can been observed experimentally. However, studies of
MC-embedded semiconductor quantum wells (QWs) showed that this emission mechanism is inefficient
and the luminescence is dominated by excitons bound to impurities or defects, with the QW emission
line redshifted with respect to the polariton modes. |15]

Here we shall consider a point emitter (PE) located within the TMD layer or very close to it, however,
without any direct interaction with the TMD excitons. We can think of a trapped exciton in TMD [75] or
a point defect in an h-BN layer [76] attached to the TMD layer or even a nanocrystal quantum dot (QD)
placed on top of it. [41,[77] We shall assume that it yields an optical transition at energy, fiwg, sufficiently
close but not coinciding with E.,. The emitter interacts with the MC photon modes, which are affected
by the strong coupling to the 2D excitons and it should influence emitter’s properties. We shall assume
that the PE is in the so called weak coupling regime. |13}[7§]
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Figure 3.7: (Color online) Dependence of the local density of states, pggc)(E, r,z = 0) x V (where
V = nR?L), on the normalized radius r/R, for empty cavity and for cavity with TMD [where it is the
polariton photon-projected LDOS, Eq. ], for = 0 (left) and 10 (right). The lower panels highlight
the redidstribution of LDOS due to the TMD layer for the energies near the avoided crossing point. The

parameters are the same as in Fig. @

The spontaneous emission rate of a point emitter located within a homogeneous infinite dielectric

with refractive index n = /€ is
dwdd?
Ig=—220 3.105
0 3he3 n ( )

where dj is the dipole moment matrix element of the PE optical transition and and wq is the emission
frequency. In the weak coupling regime, the spontaneous emission rate placed in an ideal photonic
microcavity is enhanced or inhibited depending on the photonic LDOS value in the position of the
emitter, [1]

4m?wod?
D(F) = =0 plo(hen, 7) (3.106)
where po(hwo) = win®/(7?he?) is the photon DOS in an infinite homogeneous dielectric medium and
Ploc(E57) = D (i1, v, 6, 2) - 5o *8 (o (1, v) = ) (3.107)

By v
is the local projected density of photon states (LPDOS). Here 7y is the unit vector along the emitter’s
dipole moment, d_(;, w(p,v) is the frequency of the cavity mode with certain p and v (for simplicity we
consider only modes with the lowest k), and

’[7 —

U Yy ViT, @, 2 =————RF Yy ViT, @, 2
(b, vi7, 0, 2) D) (h,vir, ¢, 2)

(notice that it is normalized to unity). The electric field amplitude, E corresponds to one photon and is

expressed through the mode volume according to Eq. (??). Note that we removed the factor 1/3 in Eq.
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(3.106)) and, correspondingly, the factor of 3 in the LDOS definition in Eq. (3.103), compared to Ref. [1]
Taking average over possible orientations of the dipole moment yields:
e i ¢, 2)

7 . L7312 — E . 2
<|’U,(/J,l/,’l“,¢72’) nd|> 27rhw(p,y) | (M,l/,’l",¢,2:)|

where p is a numerical factor (e.g. p = 1 if the dipole moment is aligined with the considered mode and
p = 3 if its orientation is isotropic in 3D space). Let p~! = (p~!(u,v;7, ¢, 2)) be its average value over
all its arguments, a number of the order of unity. Then we can express the local emission rate through
the usual local density of states (LDOS) as follows:

36]5_1p;‘oc(hﬁdo7 F)
27 hwo po (hwo)

I'(7)="T (3.108)
Equation ([3.108]) expresses the so called the Purcell effect, [17] which can be controlled by manipulating
the photonic LDOS in nanostructures. [79,80] Nowadays it finds applications in nano-optical spectroscopy,
nanolasers, or broadband single-photon sources. [81]

If the emitter is located at z = 0, the relevant LDOS is written as follows:

Pl = 20 57071 1) (L) {3 0e)]? ) a8 hs2) = )

(3.109)
(€ is the EM mode volume). Taking into account losses due to imperfect mirrors (with the loss rate
Vioss), the d-function in ([3.109|is replaced by a Lorentzian function according to 78]

2 1 Q

§(hw(p, v) — hwg) — = —— : 3.110
(i) = o) = e 17 462 [l ) oo — 1P (3:410)
where Q = 7ioss/wo and the J-function is recovered in the limit Q — co.
Noting that
3
2hwopo (hwo) = 1672 (;) (3.111)
0

where )\ is the emission wavelength in vacuum, we can rewrite Eq. (3.108) as follows:

3
FISZ) =2 [ﬁg_l(“’y) (Ano) ]P‘lw(uw;r) 7 (3.112)

fi.v

where we have assumed exact resonance between the emission frequency and a cavity mode [i, 7, so that
the sum is over all modes obeying the relation w(f, 7) = wp, and

2
_ k 2 - 2
o 7ir) = (22 ) { Uhlawor))” + dudagor) o)}
v
Therefore, the emission rate is proportional to the quality factor, @, and inversely proportional to the
(resonance) mode volume, while its spatial dependence is determined by the function ¢(f, 7; 7). The factor
5! takes into acount the emission polarization properties of the emitter. The term in square brackets in
Eq. (3.112)) is called the Purcell factor (originally introduced by Purcell [17] with the cavity volume, V| in

place of the mode volume, §2) and it measures the maximum spontaneous emission acceleration that can
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be achieved by placing the emitter in a cavity, in the weak coupling regime. The Purcell factor has been

generalized to take into account the effects such as photon confienement, absorption and MC material’s

dispersion, so Eq. can be seen as a generalization taking into account the cylindrical geometry.
For a cavity with embedded TMD layer, the local emission rate is expressed through the local polari-

tonic density density of states projected onto the photon subspace, defined in the previous section [Eq.

(3.103))] as follows:

r) 1y 27 Pl (o, 7)

27 hwo po (hwo )

Figure illustrates how the local emission rates changes with energy and emitter’s position within the

(3.113)

z = 0 plane inside either an empty cavity or a cavity with inserted TMD layer.

I Empty cavity
K with TMD

Figure 3.8: (Color online) Energy and position dependence of the local emission rate of a point emitter
located in the z = 0 plane calculated for empty cavity and for cavity with TMD. The right panel highlights
the region near 1.87 eV where the Purcell effect enhancement due to the TMD layer is seen. We assumed
5! =1 and other parameters are the same as in Fig.

From this figure we can see that local emission rate is redistributed both in energy and in space due to
the presence of the TMD layer in the cavity. Such an engineering of I'(7) can be useful for stimulating a
point emitter tuned to a particular wavelength while pumping it through a cavity mode. If it is a trapped
exciton in the TMD layer, the red shift of the photon-projected polariton LDOS with respect to the bare
2D exciton energy (1.9 eV in our example) is desirable indeed. Excitation can be performed through the
upper polariton branch lying above 1.9 eV (see Fig. [3.3). The excitonic part of such a polariton can
be trapped by a defect or impurity. Angular momentum is not conserved for trapped excitons and their
emission, after being excited, can be proportional to the local photonic DOS irrespective of u. Yet, as
Fig. 3.7 shows, LDOS, for the same energy, peaks at different distances from cavity’s centre and it will

enhance the emission of photons with certain angular momenta depending on the position of the emitter.
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Photonic states confined to a spherical microcavity

This chapter will consider the problem of electromagnetic modes in a microsphere with radius R of the
order of a few g m. This microsphere is a dielectric with relative permittivity e = 3.4. The goal is to
find eigenmodes (solutions to Maxwell equations), and then study their spatial distribution through the
photonic local density of states. This work was inspired by the nice observation by Prof. Adil Chahboun
of the University of Tanger, figure [82] This figure shows that dielectric microspheres of 10 to 20
pm in size, uniformly doped with point emitters (dye molecules) during their growth, apparently emit
light only from a relatively thin shell when the whole system is irradiated uniformly and (some of) the
point emitters are excited. We attempted to explain this and other observations of this kind, presented
in chapter 5 of Nizar Bchellaoui’s thesis [83]. In short, the idea is that these molecules emit in resonance
with certain electromagnetic eigenmodes of the sphere that have large orbital (1) and radial (n) numbers
and [ ~ n, the so called whispering-gallery (WG) modes [13]. Although this qualitative explanation can
be plausible since the WG modes are said to be “quasiwaveguided” modes in spherical geometry [13], it is
interesting to demonstrate it with calculations by analyzing the spherical cavity modes in the same way
as we studied the cylindrical MC eigenmodes in the previous chapter.

The solutions to the Helmholtz scalar equation in spherical coordinates are well known (spherical
Bessel functions). As such, these solutions will be used to arrive at general solutions for the vectorial
Helmholtz equation. Calculations of dispersion and local density of states will be made for two types
of cavity: ideal cavity modes, with a perfect conductor acting as the surface of the sphere, and real
cavity modes, where the edge of the sphere is assumed to be a simple dielectric interface. The point
emitters are excited by radiation of a considerably shorter wavelength than their emission wavelength
and the absorption and emission events are separated in energy asnd in time and can be considered as
independent. For simplicity, the excitation of the emitters will be analysed using geometrical optics.
The absorption rate of such device will be estimated staring with results from Bohram and Huffman’s
book [19] and using some original calculations for a ray optics estimate of the distribution of rays in
each part of the sphere. This allows us to map the absorption rate by molecules inside the sphere as
it depends on its eigenmodes as well as on the characteristics of the incident light (direction, frequency,
etc...). With this 'map’ of absorption of the exiting radiation and the position-dependent Purcell factor

evaluated from the calculated photonic DOS at the emission wavelength,, it is possible to estimate the
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most efficient region for such a point emitter in order to maximize its emission rate.

Figure 4.1: Photoluminescence of ZnO microspheres uniformly doped with point emitters (dye molecules
Rhodamine B) under uniform illumination .

4.1 Determination of the eigenmodes

4.1.1 Scalar Helmholtz equation

The general vector equation solutions will be obtained from those of the scalar Helmholtz equation, which
for a medium of relative permittivity € has the form:

2
2 €0 _
Assuming harmonic time dependence e =% one obtains the Helmholtz equation:

(v2 + k2> u(r) =0, (4.2)
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where k? = ew?/c?. Appendix D contains the detailed calculation of the solution, which is also done in

literature |63 , and can be written as:
Up (T, 1) = g (v)e ™ = (Agy(kr) + By (kr)) P/ (cos §)el(me=«t) (4.3)

where j; and y; are the spherical Bessel functions of first-kind and second-kind, respectively, of order I.
A and B are constants generally determined by boundary conditions (B = 0 if the medium contains the
origin, because y;(kr) diverges at » = 0) and P/™ is the associated Legendre polynomial.

4.1.2 Vectorial Helmholtz equation

Now, the focus is turned to the Helmholtz vectorial equation, which must be obeyed by both electric and
magnetic fields:
V2u(r) + k*u(r) = 0. (4.4)

Knowing the scalar solutions, one may attempt to write u(r) as a function of u(r). Electric fields, for
harmonic waves, can be written as the curl of the magnetic fields, and vice-versa. As such, u(r) can be

written as the curl of some vector function with scalar part W(r) and direction A(r):
u(r) =V x [¥(r)A(r)]. (4.5)

Equation becomes
V2 [V x [(r)A(r)]] +&°V x [¥(r)A(r)] = 0. (4.6)

Now property can be employed to obtain
V x [V?[¥(r)A(r)]] + £*V x [¥(r)A(r)] =0. (4.7)
Using this can be written as (the dependence on r will be omitted to save space)
V x [AV?U +2[VU - V] A + UV?A] 4+ k*V x [FA] = 0. (4.8)
With the clever choice of A = r the second and third terms become:
VXx[2VU+ T (V(V-r)—Vx(Vxr), (4.9)
and since V -r = 3 and V X r = 0 these terms are equal to
2V x VU =0 (4.10)
according to (5.84). With all this, equation is simply
V x [r (V2 + £20)] =0. (4.11)

Finally, if we choose the simple case of having V2W + k¥ = 0, then the solutions of equation (4.4)) are
determined by a potential function ¥(r), which is given by (4.3). In conclusion, the solutions found for
the vectorial Helmholtz equation are of the form:

u(r) =V x (¥(r)r), (4.12)

where U(r) are the solutions to the scalar equation given by (4.3).
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4.1.3 Components of the electromagnetic fields
A general function f;(kr) will be introduced,
filkr) = Aji(kr) + By (kr). (4.13)
Depending on the type of mode considered, either the electric or magnetic field will be proportional to
W, (r) =V x [fi(kr) P (cos 0)e™r]. (4.14)
Explicit calculation of the curl yields the components of this vector:

ul m =0
ul(gr)n im fy (kr) EELes0) o (C(;; 9) gime , (4.15)

sin

ul(fn = — f1(kr)0p P/ (cos 0)e™?

One of the fields (electric or magnetic) will be proportional to the vector u(r) whereas the other field

will be proportional to the curl of u(r). As such, it will be useful to define
1

Clm = %V X Wm- (416)

Again, explicit calculation yields:

o = I,y 1) P (cos 0)e ™,

I,m
cl(ar)n 78’”“{2{1 k1) 9g Py (cos 0)ei™é . (4.17)
o8) = Ounlr i) P (0050) i

4.1.4 TM-type and TE-type modes

Two types of modes can be studied separately. Modes with zero radial component of the magnetic field
are called electric or transverse magnetic (TM). If the same applies to the electric field, such modes are
called magnetic or transverse electric (TE). With these considerations we have defined the fields:

Hz(,j;zM) _ \ﬁEéTM)uz,m(r)

TE (TE) ’
El(,m ) = EO

(4.18)
Uy, (1)

with u; ,,, (r) being given by 1} E((JTM) and EéTE) are the electric field amplitudes of "TM-type’ and
"TE-type’ modes, respectively. Ampere’s law and Faraday’s equation read:

E:\/k

: (4.19)
H=-YUxE
Applying these two equations to (4.18]) and using (4.16) yields the complete fields as:
TM (TM
Hl( m ) \[E )ul m( )
E(TM) = ’LE(TE)C m
b ( ) , (4.20)
HTE) = fE( CZ m( )
E(TE) = ESTE)ulym(r)
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with ul(cy)n being given by 1' By substitution of (]4.15') and (]4.14[) into (]4.20'), the explicit form of the
"TM-type’ modes will then read:

(El(an))T = EéTM) —f’](c’ir)l(l + 1)P/"(cos 0)eime

(El(an))g = iEéTM)ia’”(kZ{’(kr)W P (cosf)ei™m? (4.21)
TM TM) Oy (krfi(kr P/ (cos 6 eim

(E( ))¢ = _Eé )8 ( k{l( ))m lsan ) ¢

(=), =0

(B30 = i/eBG" m i) P Deime (422

(H M)y = = JeBS™ fy(kr)0g P (cos )™

and the explicit form of the "TE-type’ modes will read:

(Bip)r =0
(Bin o = B fikrym LB eme (4.23)
(B = —B§™ fulkr) 0 P (cos 0) e

(H(TE)) = —i\/eE} TE)fl(kT)l(l—l—l)Pm(COSQ) im¢

l,m

(HEP) g = —ifeB{T) Quelbr i) g, pm(cos g)eime (4.24)

Im

(H(TE)) _\[E (TE) B;W(krfl(kr)) le(cose) zm¢

l,m - sin 6

4.2 Ideal cavity modes

The simplest system involving a spherical microcavity made of a dielectric material would be to consider
the microcavity to be surrounded by a spherical shell of a perfect metal (¢ — —o0). This is the perfect
confinement ideal cavity scenario. The field must then be equal to zero outside of the cavity (medium
2). Also, the tangential components of the electric field and radial component of the magnetic field must

vanish at the interface. That is, the following boundary conditions must apply:
[’ﬁ X El,m] |7‘:R = 0, (425)

and
[ Hym] lr=r = 0. (4.26)

4.2.1 Dispersion relations

We can now apply conditions ([4.25) and (4.26]) to TM and TE-type modes to obtain their eigenenergies.

TM-type

According to ( - the condition for the magnetic field (4.26) is always met. So, only the application of
condition ) to remains, which yields:

[* x Eym] [r=r =0, (4.27)

70



José Gomes

(B Jolr—r = 0

(4.28)
(El(,ran))¢|T':R =0
Both equations yield:
[8/“‘ (k‘T‘jl(kJ?"))] |7‘:R = 0, (429)
which becomes:
Ji(kR) + kRj/(kR) = 0. (4.30)

TE-type

Now we can turn our attention to the TE-type modes. Firstly, using the expressions (4.23)), the condition
for the electric field (4.25)) is:

TE
(B2 Volr—r = 0

) (4.31)
TE
(B olr—r =0
and both equations yield

Ji(kR) = 0. (4.32)
Secondly, with the expressions (4.24]) the condition for the magnetic field (4.26]) is:

(Hl(an)>r|r:R -0, (4.33)

and this equation also yields

Ji(kR) = 0. (4.34)

Figure presents some solutions of both TM-type (4.30)) and TE-type (4.34) with energies, iw, in
eV, for different [. The radial number n is simply the sequential number of the root of the corresponding
dispersion equation. In the case of TE-type modes, the solutions are the n-th zeros of the spherical Bessel

function. So, by definition, the eigenfrequencies always increase with the mode number.
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Figure 4.2: Solutions (for an ideal cavity) of equation for TM-type modes and equation for
TE-type modes, with energy Aw in eV for different [. The energies presented correspond to the visible
spectrum (1.65 to 3.1 eV). The radius of the sphere is R = 3 pwm. The dielectric constant of the sphere’s
material is € = 3.4.

4.2.2 Local density of states

The modes obtained in this work correspond to photonic distributions inside the cavity. The total density

of states can be written as the sum of all the partial densities of states for a given angular momentum

number [: -
o(B) =" p(E), (4.35)
=1
where -
pO(E) = (21 +1) Y 8(E - En), (4.36)
n=1

where E,,; are the eigenenergies of the system given by either for TM-type modes or for
TE-type modes, and depicted in figure [£:2] The factor 20 4+ 1 is the degeneracy of each mode of angular
momentum .

The spatial distribution of the photonic modes studied in this work is given by the modulus squared

of the electric field. As such, one can define the local density of states as:

poc(r B) =Y > B (r, B)?5(E - EY)). (4.37)
n,,mo=TM,TE

As was done in the previous chapter, the electric field amplitude used in (4.37)) must correspond to a

single photon confined to the interior of the microcavity, which corresponds to quantifying the energy fiw
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pertaining to this photon:

1
hwz4—/d3r(eE-E*+H~H*). (4.38)
s
The electric field amplitude can be written as:
21 hw
EO (na lv m) = " ’ (439)
EQn,l,m

where: ) E.E* H. 1
Qim=— | & : =), 4.4
bm = 5 / r(e B R ) (4.40)

Q is generally called the mode volume [3] and it is calculated in detail in appendix E. Its value for

"TM-type’ modes is given by:

a2 2AU+DI+m) 1 Ve , ke
) = [y G ) [ G + 2@ + 2@ [ -0+ D] | A

where k(M) — ‘;{—CEE(TM) with EflTlAi) representing the solutions to equation 1D The mode volume

n,l,m n,l,m?
of "TE-type’ modes has a similar form:

kTE) R
(TE) _ 27 200+ )T+ m)! . N 9 2 . nlom 2
i = gy e ) 20 + () + 2t [P -0l |
n,l,m

where kl(an) = %Ev(leb:r)v with Eflle;r)L representing the solutions to equation (4.34). The integral only
needs to be calculated in one medium (inside the sphere), because we are dealing with a perfect cavity.
Notice the dispersion relations for both modes (equation for TM-type modes and equation
for TE-type modes) both show up in the definitions of the mode volume (equations and ),

allowing for the simplification of both formulae:

201+ 1)1 ! (141
QM) _ g a2l D+ m)! (kf}‘ﬁfR) oty . (4.43)
" 2+ 1) —m)! " (k(TM)R)
n,l,m
20+ DI +m) , 0 TE) 5\2

QB —opps s T T T (k( )R) . 4.44

n,l,m ™ (2l + 1)([ _ m)| Qi n,l,m ( )

. . e (TM) (TE)\.

So, the following equations define the local densities of states of TM-type (p; ,,, ) and TE-type (p;,,"):
_ . (TM € (TM
k= kalm,) = %Efl,l,m)

™
‘Ei,z,m)|2 =

TM
|ES™M (0,1, m) 2

. 2 . 2
|:Jl (k?") l(l + 1).le(COS 9):| + [87“ (T]l (kr))}

(9P (cos 0))* + (mpgn(cosa)>2H

o (kr)2 sin 0
(4.45)
— 1(TE) _ e a(TE)
k= kn,l,m - %En,l,m (4 46)
m 2 y .
B2 = B (0,1, m)[257 (kr) [(%sz(cos O + (m G52 }
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(T3
(TM) _ [2mEiim
EO (Tl, lv TTL) - EQ(TM)
n,l,m
(TE) 2x E(TE) ’ (4.47)
A,
E, (na L m) = GQ(;E)M

n,l,m

where the Q are given by (4.43)) and (4.44]) and finally, according to (4.37):

Pho V(5 ) = X (B 1, En)[26 (B = Rl

n,l,m n,l,m

Pho) (0, B) = 1 BN 0 B0 (B = 1T

n,l,m n,l,m

(4.48)

In figures and some terms of the sum in ([4.48]) are presented, to show the difference in the angular
dependence of each different m value.

p15,0™(x',2,2 eV) p155™(x',2,2 eV)
0.6
4
g 3 0.4
N
2
0.2
1
-2 -1 0 1 2 %o 0
X' (um) X' (um)
p15,10"(x',2,2 eV) p1s,15(x',2,2 eV) 08
I 05 I
0.6
0.4
0.2
-2 -1 0 1 2 ®o -2 -1 0 1 2 ®o

X' (um) X' (um)

Figure 4.3: Evolution with respect to m of local densities of states for TM-type modes, given by the first
equation in . The [ value used is I = 15 and the m values shown are, from left to right, m = 0,
m =5, m =10 and m = 15. The circle (2/, z) is any constant ¢ cross-section of the sphere. The radius
used was R = 2 pm, the energy at which the LDOS is calculated is 2 eV and only modes with 0 < Aiw < 4
(eV) were considered.
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Figure 4.4: Evolution with relation to m of local densities of states for TE-type modes, given by the
second equation in . The [ value used is [ = 15 and the m values shown are, from left to right,
m =0, m =5, m=10 and m = 15. The circle (z/, z) is any constant ¢ cross-section of the sphere. The
radius used was R = 2 um, the energy at which the LDOS is calculated is 2 eV and only modes with
0 < E <4 (eV) were considered.

4.3 Modes for a real cavity with dielectric interface

The next step in the study is to consider a system where there is a spherical dielectric interface. The
interior of the sphere will have permittivity €¢; and the outside will have permittivity e, where e; = 1
(vacuum) on all calculations performed. Propagative harmonic modes with real frequencies are not
possible, because here the radial wavenumber is directly proportional to the frequency (k1 = \/€1% and
ko = \/€2%) and as such one can not have k; being real and k; imaginary, unless e, is negative. However,
solutions to the eigenmode equations with complex frequencies were found. These solutions diverge with
r due to the imaginary part of k, but also decay exponentially with ¢. All spherical Hankel functions

of the first-kind, for complex arguments, grow slower than exponentially at infinity. Precisely, the

(0]
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amplitude squared at infinity decays with 1/r2 as it should for a spherical wave. This means that any
wave radiating from the interface, which has to be a superposition of these eigenmodes, will never have
time to diverge with r because it will decay exponentially with time. As such, these modes are possible,
but normalization to a single photon becomes complicated because the photon is not confined and the
integration can not be made up to infinity. The integrations for the normalization of the EM field has
been made up to a finite yet large radius Ry, = 300 pm. This corresponds to assuming that the photon
of the system is still inside this large volume of %WR% at the precise moment one reads the density of
states. Note that in this section the electric and magnetic fields will be labelled E; , ; ,,, where ¢ refers to
either medium 1 or medium 2.
The complete electromagnetic boundary conditions, with no charges or currents, read:

=

X (EQ,n,l,m - El,n,l,m)] |r:R =0

= =

. (€2E2,n,l,m - 6114:’1,71,l,rn,)} |7‘:R =0
“(Bzntm = Binim)]lr=r =0

F % (B2 t,m = Binm)l lr=r =0

: (4.49)

=

where Eg; ,,, and By ,,, are the electric and magnetic fields outside the sphere (medium 2 with € = €3)
and Eq ; ,, and By, are the electric and magnetic fields inside the sphere (medium 1 with € = €;).

4.3.1 Dispersion relations

The spherical Hankel function of the first-kind h; = hl(l) = j; +1y; is the function combination 1) with
A =1 and B = i chosen for the modes outside the cavity. These combinations represent modes that
propagate radially outwards. [63] The electric and magnetic fields for TM-type modes, inside and outside

the sphere, are:

r i (k hi(k
(B0, ), = BT 1) (B0, = SR prcos)
kl’f’ kz’f’
r B, (rji(k Oy (rhy(k
(BT 3, g & (i) BTy, — g O i) | o o o g)
bk kir hh kar
(g _ peran O (ri(kar)) @)\ peran O (rhu(kar)) ] P (cos 6)
_(El,n,l,m)d’ - El k.l,,, (E27n,l,m)¢ o E2 ,ZCQ’I” m sin 6
M M
(H{in)r =0 (Hyin)r =0
r . . . P (cos b
HIM Ny = i BTy (k) (Hy 1m0 Z\@Eém)hl(’””]m lsgnﬁ :
(B on)e = =By k) (00 =~ VB ™ i) |20 (cos0)
- (4.50)
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and the explicit form of the 'TE-type’ modes will read:

TE (TE) _
(E§ SN, l)m)T = 0 (EQ,n,l,m) =0
[ (TE) _ . p(TE) TE . (TE " (cos )
_(E1 ndum)o = 1By ji(kar) (Eé,n,l)m)e = zEé )hl(k r)} mlsiT
(BSTE) Vo = =B ji(kar) (55 ',”?m)¢— ~E )hl(kzr)} o PI" (cos 0)
[ ((TE) (1) Ji(k1r) E . &) hu(ar . )
_(Hl,n,z,m) =—iab o (H§§7l3m)r — —iyaES" >(k:)}z(z+1)3 (cos )
[ , O (rji(kar d, (rhy(k
(Hl(j;El)m) = —z\/EE?E)i( (k1)) (H2(TEl) ) = —i\/aEéTE)i(T 1(kar)) 09 P/" (cos 0)
L kir b g kot
[ (TE) 75) O (rji1(k1r)) Oy (rhy(k Pm 0
(e = VaB{TH B (e ) g pre &)}, B (cos)
L 17 ® kor

For TM-type modes (4.50)), application of boundary conditions (4.49) yields the equations:

e B (1 R) = e2ES"™ by (ko R)
B (ki R) + k1 Rjj (k1 R)) = ES"™ (hy(koR) + ko R (k2 R))

where h; = hl(l). Thus, the dispersion relation for TM-type modes reads:
exhy(koR) [ji(k1R) + k1 Rjj (k1 R)| = €1ji(k1 R)[hi(k2R) + ko Rhj(k2R)].
For TE-type modes (4.51]), application of boundary conditions (4.49) yields the equations:

B2 5, R) = B by (ko R)
(TE) . . _ (TE) /
By 7 (i(kiR) + k1 Rjj (k1 R)) = B3 ™ (h(k2R) + ko Rhj (ko R))

Thus, the dispersion relation for TE-type modes reads:

hi(k2R) [ji(k1R) + k1 Rjj (k1 R)| = ji(k1R) [hu (ko R) + ko Rhj(koR)]

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

The solutions Aw,, ; for TM-type modes (4.53) and TE-type modes (4.55)) are shown in Figures (real
part) and (imaginary part). As it can be observed in Figure these radiative (i.e. not confined)

modes are rather long lived, since the imaginary part of the eigenenergy is small for all of them. We also

notice that TE modes with smaller 1 have shorter lifetimes, while for TM modes the dependence is more

complex.
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Figure 4.5: Real part of the solutions to equations for TM-type modes 1) and TE-type modes 1}
The radius of the sphere is R =2 ym, ¢; = 3.4 and e; = 1.
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Figure 4.6: Imaginary parts of the solutions to the equation for TM-type modes lb on the left and
TE-type modes (4.55)) on the right. Modes outside the visible range (1.65 to 3.1 €V) have been painted

black. Note that the higher the angular momentum [ of a mode, the higher its lifetime. The radius of
the sphere is R =2 um, €¢; = 3.4 and e3 = 1.
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4.3.2 Local density of states

The local density of states for real cavity modes must take into account the mode volume for a photon
that can be either inside or outside the cavity. The integration will be made up to R; = 300 um. Also,
the approximation of considering only the real part of the eigenmodes will be made, to make k1 — R(k1)
and ko — R(k2). As such, in this approximation:

h(2)? = 52(2) + y*(2)
' (2)? = 5'(2)* + ¢/ ()

The mode volume is then calculated by inputting equations (4.50) for TM modes and (4.51)) for TE modes
into (4.40)), which, according to the calculations performed in appendix B, yields:

(4.56)

(TM) (TM) evii(k1R) \* ran
Q = Q 4.57
n,l,m 1,n,l,m + (Eth(kQR)) 2,n,l,m>? ( )

i(k1R)\* e
QTE) _ TE) Ji(ka QTE) 458
n,l,m 1,n,l,m + hl(kQR) 2,l,m,n’ ( )
where
(rmyrEy 2w 211+ 1)1+ m)! , 2 o ) kR

Wimn = B+ )i—m! {Z (i1(2) + 251(2))" + 2ji (2) [2° — 11 + 1)]} 0 (4.59)

where R is the radius of the cavity. And for the outside, the integral up to a radius R; yields:
277 200+ 1)(1 4+ m)! , , . k2R
g - AU VUL GGy 4 i) + 232 [22 - 10+ 1)) (20
s s (20 +1)(I —m)! 2 (4.60)

[Z (wi(2) + 21(2))" + 207 (2) [ = 11+ DH :221)

with k = = kM and ko = k(T ) or k1 = = k7B and ko = = k5 - The local density of states will

1,l,m,n 2lmn 1lmn 2,l,m

still be given by equation (£.37):
poc(r B) =3 3" [EP) (r, B)28(E ~ E)). (4.61)

n,l,mo=TMTE

but now the fields E; ,,, are the real cavity fields (4.50)) and (4.51), with the real cavity mode volumes
(4.57) and (4.58) used to determine the amplitude:

. o E(TM)
E£ )(Tl, L m) = Q(TZIW) (4 62)
TE 27rE(TE) ’ ’
B (n,1,m) = QTLE)

In figures and some terms of the sum in (4.61]) are presented, to show the difference in the angular
dependence of each different m value.
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Figure 4.7: Evolution with respect to m of local densities of states for TM-type modes, real cavity with
€1 = 3.4 inside the sphere and e; = 1 outside. The local density of states (p;.,) is calculated according
to equations — and using the electric field for real modes from equations . The [ value
used is [ = 15 and the m values shown are, from left to right, m = 0, m =5, m = 10 and m = 15. The

circle (’, 2z) is any constant ¢ cross-section of the sphere. The radius used was R = 2 um, the energy at
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which the LDOS is calculated is 2 eV and only modes with 0 < fiw < 4 (eV) were considered.
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Figure 4.8: Evolution with respect to m of local densities of states for TE-type modes, real cavity with
€1 = 3.4 inside the sphere and e; = 1 outside. The local density of states (p;.,) is calculated according
to equations — and using the electric field for real modes from equations . The [ value
used is [ = 15 and the m values shown are, from left to right, m = 0, m = 5, m = 10 and m = 15. The
circle (2/, z) is any constant ¢ cross-section of the sphere. ' is the value on the z axis rotated by the
angle ¢. The radius used was R = 2 pm, the energy at which the LDOS is calculated is 2 eV and only
modes with 0 < fiw < 6 (eV) were considered.

4.4 Microsphere with incorporated point emitters

4.4.1 Geometrical optics model for weakly absorbing sphere

The local density of states describes the spatial distribution of the EM fields of the cavity. This distribution
influences spontaneous emission of a molecule which is already in an excited state (the Purcell effect).
However, if one wishes to study how the system absorbs incident light and the molecules become excited,
the distribution of these incident photons must also be taken into account. It will be assumed that the
absorption is only due to the presence of the point emitters and these are evenly distributed among its

volume. Let us assume that the molecules are excited at a frequency well above their emission spectrum.
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This would be a typical situation with quantum dot emitters [84]. Absorbed photons create excitons
in quantum dots or molecules that relax toward the ground state and then recombine. The absorbed
light will then be re-emitted according to the density of states of the EM fields of the cavity. If the
absorption and emission events were coherent, one would have to solve the scattering problem for a
weakly absorbing sphere first and obtain the relevant cross-sections (the Mie problem [19]) rather than
just finding the LDOS of cavity modes. However, since such coherence does not exist, because of the
exciton relaxation, the absorption and emission processes may be considered separately and here we shall
analyse the emitters’ excitation by external light. If we assume further that the excitation wavelength is
short enough, a simple model of geometrical optics can be used as an approximation as already mentioned
in the introduction to this chapter. This should be valid for R > A where R is the radius of the sphere
and \ the wavelength of the incident light.

We begin by considering the result from Bohren and Huffman’s book [19] for the total energy absorbed,
per unit time, by a sphere of small absorption coefficient «, which reads:

Wavs _ L2 R*T (©;,n) Z [R(O;, 1/n)e“’€]j (1 —e*)cosO;sinO;. (4.63)
do, =

Here, I; is the incident beam intensity, 7(0;,n) and R(©;,n) are the transmittance and reflectance,
respectively, for unpolarized incident light, ©; is the angle of incidence (see Fig. , ¢ is the path length
between any two points (1-2 or 2-3 in figure and « is the absorption coefficient. The infinite series
in is just the geometric series, and the result is:

> 1

[R(®: e = 57—

(4.64)
j=0

If we assume a weakly absorbing sphere, then 1 — e™*¢ ~ o and T=R(®; 11/n)e*°‘§ ~ T(ell/n), since
R + T = 1. Considering the reciprocal relations:

R(©¢,1/n) = R(O,n)

(4.65)
T(@t, 1/n) = T(@t, n)

this means that 7(0;,n) cancels with the infinite series in equation (4.63), yielding:

AW b 4T R3
d@f ~ Wn O[Iicos@i\/ﬁirf@isin@i7 (4.66)

where n = /e is the refractive index and I; the incident irradiance. As we shall see, the absorption does

not occur uniformly inside the sphere, in particular, because typical rays avoid the sphere’s centre (notice
the factor sin ©; cos ©; in ‘ The absorption does not occur uniformly, since transmitted light inside
the sphere will spend more time in some regions than in others. The plane of incidence formed by a
representative ray and the normal to the spherical surface in the point of incidence makes a diametral
cross-section of the sphere, a circle of sphere’s radius R, described by the equation ¢ = const, in spherical

coordinates. This means one only needs to examine the circle shown in Figure [4.9p.

4.4.2 Concentration of rays with respect to position

In this section, we will obtain the absorbed power with respect to positions in the circle of figure (4.9)

and this density will depend on the angle of incidence ©;. We start by tracing one of the partial paths of
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(a) ¢=m/2

6

A

6

%rm ]

Figure 4.9: (a) Cross-section of a sphere with incident radiation of intensity I;. The first two reflections
are depicted, (but there are more). Equation (4.66)) takes into account all reflections. (b) Side view of

the sphere, showing projections of different diametric cross-sections onto zOx plane. All circles obeying

equation ¢ = const are similar and will exhibit the same distribution of transmitted radiation. This

symmetry means that it is only necessary to study one of these circles.

a representative ray in polar coordinates.

Figure 4.10: Schematic of the coordinate system used to determine the positions along the ray path.

In figure z' is the z axis rotated around the z axis by the angle ¢. The ray travels at a constant
speed from point 1 to point 2 in figure Point 1’s radius-vector is:

71(0;) = —Rcos(20,)z’ + Rsin(20,)2, (4.67)
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and point 2’s one is:

7y = Ra'. (4.68)
The radius-vector along the ray can therefore be written as:

7(t,0,) = 7, (0y) + %ﬁet)t, (4.69)
1,

where ¢ 5 is the time it takes for the ray to travel between the two points. Now, the function we are
looking for is the fraction of the time ¢; o that is spent in the interval dr of distances to the centre of the

sphere. This is, by definition:

ot 1 dt
— = ——dr. 4.70
tl’g t172 dr " ( )

Since the speed of the ray is constant, t% = %. Therefore, the fraction of the path that lies in the

interval dr is:
1d¢ 1 dt

== 4.71
6 dr t1’2 dr ( )
The calculation of this quantity is presented in appendix F, the result is:
. .
[1%] _ ichos(@t)\/rLR? =70 Rsin(©;) <r <R . @7
§dr 0, 7 < Rsin(6y)

The plus or minus signs have to do with whether the ray is on the first half (decreasing r) or the second
half (increasing r) of the journey from point 1 to point 2 in Figure For the purpose of defining this

density this is irrelevant and we can sum the two cases to conclude that the density we are looking for is:

1d¢

D(r,©) = 2|§R[g$]\ (4.73)

L Rsin(©
D(r,©,) = ) Ret@ori—mmwiay " Hsm©) (4.74)
0, r < Rsin(©,)
This quantity is such that:
R
/ D(r,0:)dr =1, (4.75)
0

for each ©;. Since this quantity is only concerned with the variations over r values, this term would factor
out of the sum in (4.63)). As such, the calculation for Wy, remains unaffected if we include this term in
each of the successive reflections, and it can be stated from (4.66) that:

AWeps (1T 4T R3« . . 1
d@bl( ) = — I; cos ©;1/n? — sin? ©; sin @iED(r, ©4) (4.76)

where W,ps(r) is the final distribution of energy absorbed, per unit time and unit length, that we are

looking for. It is related to the total energy absorbed per unit time W, by:

R
/ Wabs (T)d’l“ - Wabs- (477)
0

By Snell’s law, )
sin@, = SO (4.78)
n
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We can perform the change of variable to the transmitted angle:
n cos ©;dO; = cos ©;dO;, (4.79)

yielding:

So—1 1

Waps(r) = 47rn2R3oJi/ " cos? O sin ©,D(r, ©;)dOy. (4.80)
0

Inserting our calculated D(r, ©;) from (4.74) yields:

in=1 1 .
S w cos Oy sin Oy

0 Vr2 — R2sin? ©,

H(z) is the Heaviside function. Now, by changing variables to = sin ©; and rearranging the Heaviside

Waps (1) = 4’ R?*ral; H (r — Rsin©;) dO,. (4.81)

theta, this becomes:

1
Waps(r) = 4mn® Rral; / (4.82)
0

2
x T 2
ﬁ‘a(m‘x)“
"7

2 . " T
4mn®Rral; | 7T2dx, r<

3=

r2

Wabs (T) = RZ - (483)

1
4mn?Rral; [7 —2—dz. r> &
g fO /;{722_2?2 n
The integral is easy to solve (substitution v = E—Z — 22) and it yields either r/R or 5 ;—22 - % The
previous expression thus becomes:
drnladir?, r< %
Waps (1) = (4.84)

2
drnlal;r (T — /72— R) , > %

This is the distribution that we are looking for. This treatment is only concerned with the r distribution,
and a more complete description would need to include the term %% to account for the different absorption
rates at different 6. It would be in this function that the information about the direction of the incident
light would be contained. Namely, for smaller § the absorption would be stronger since it is the left side
of the sphere (z axis in figure that is receiving the incident light. In the weak absorption regime,
the absorption probability is the same in any part of the segment ¢ because terms of order (af)? are
neglected. Thus, assuming that the absorption is determined only by the ’time spent at some distance
from the centre (r)’, or, equivalently, by the fraction of path between points 1 and 2 (Fig. [4.10), 6¢(r),
the angular variation of the distribution of absorbed energy will only be affected by the losses from each
reflection at the sphere’s boundary. However, if we were to consider uniform incidence from all angles,
this description remains accurate as it stands, since in that case the isotropic assumption would hold. In
a real experiment done with multiple spheres like this one, the incident light scatters from all the spheres
and on average the incidence in each of the individual spheres is isotropic. The radial distribution of
the absorbed energy given by Eq. is shown in Fig. As it can be observed in the figure, the

absorption peak shifts to a smaller r inside the sphere with the increase of its refractive index.

85



José Gomes

1.0

0.8

Wabs (T) 0.6
471'&]2‘

0.4

0.2

0.0 0.2 0.4 0.6 0.8 1.0

r/R

Figure 4.11: Plot of the density distribution of energy absorbed, per unit time and unit length, from
equation (4.84]) for two different n values. The point of maximum density occurs at /R = 1/n. So, the

index of refraction of the sphere determines this point. However, the value of this peak goes with 1/n?.

4.4.3 Emission distribution inside the sphere

The combined effect on the overall intensity of light emitted will be proportional to both this distribution
and the local density of states:
I(T) o8 Wabs(r) X pl,m(rv x, E) (485)

4.4.4 Local emission rate

In order to excite the cavity modes studied a point emitter, like a Quantum Dot, can be placed at a point
r inside the sphere. Its transition dipole moment, d, is oriented according to general angles v and v in
the local basis (2/,y’,2’). The electric field in the cavity is described by E(r), in the basis (z,y, z). The

vector of dipole moment d can be cast in terms of these angles:

d, = dsin-ycos

dy = dsinvysiny . (4.86)
d, = dcos~y
The relevant matrix element is:
—(d-E)=—(Egsinycosy + Eysinysiny + E, cosy) d. (4.87)

Averaging (d - E)? over angles v and ¢ yields:

1 1
—{(d-E)?) = §d2 (EZ+ E2+EZ) = §dzE‘Z. (4.88)
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Therefore for any direction of local electric field the averaging gives the usual factor of 1/3. The local
emission rate of an excited emitter is given by Eq. (3.113)):

3615 Y tmo Pt (o, )

() =To 2heopo (heco) ,

(4.89)

where 0 = TM or TE and p~! = 1/3. po(hwy) is the local density of states for free space at the energy
hwg. This has been shown, in chapter 3 (3.111)), to be:

. 3 63/2 2
paltn) = o (L) = el (1.90)

A few chosen terms of the (I,m, o) sums in the local densities of states were studied with three objectives:
study the dependence of these modes on m, on the polarization o, and most importantly the difference
between the perfect cavity approximation and the study of a real cavity. The ideal cavity LDOS is
studied in figures and The real cavity LDOS is studied in figures [£.7] and From comparing
the magnitudes in these figures we can conclude that the difference between real and ideal cavities is
relevant and it is preferable to use the real cavity parameters, if possible. So, the attention will be turned
to the complete local density of states for real cavity modes .

M TM TM TE TE
procr. B) = pio B4 0 (. B) = S (1B (v B)PS(E — B + B0 (v, B) 25(E - B

,m ,m
n,l,m

(4.91)
For both polarizations, it will be useful to define a function from the mode volume (4.57))-(4.58)) that does
not depend on m:

o (I=m) (s
AY) = Txm) - (4.92)
Now we use (4.62)) and the fields (4.50)-(4.51) to write the terms in (4.91)) as:
(T M) . 2
(TM) (l—m)!2rEy, Ji(kar) \ ™ o 2 pm 2
E)= “(l+1)°P
Ploc (T’ ) nzl;n (l—|—m)' EA(TZM) kir ( + ) l (COSI')
o , " , (4.93)
O (rju(kyr)) m 2, o (B"(cosH) (TM)
+ <l€17‘ (09 P[™(cos0))” +m g o(E E,, ).
Ploc (. E) =
(TE) 2
(I—m) 2nE [ m 2 o (P (cosb) _ (TE) (4.94)
lz (l—i—m)' eA(TlE) W] (lﬂl’l”) (89‘Pl (COS&)) +m sin @ 5(E En,l )

The local density of states can not depend on the angle 8, and thus on x = cos 6, because of the spherical
symmetry of the system. We can therefore calculate pjo. for any given value of  and it must be the same
regardless of the value of x we used. A convenient value is x — 1—. This will allow us to solve the entire
sum over all m analytically since it turns out that for x — 1— only the m = —1,1 terms of the sums

survive. In appendix H this is shown and the sums over m are determined analytically. Using the results

from appendix H, (4.93) and (4.94)) become:

™) .
oM B) =3 2mEn, [ (”(k”))Q Pl+1)?+ (MM>2 I+ 1)] 3(E - ESM). (4.95)

A(TM) kir kyr

n,l n,l

87



José Gomes

(TE)

2w
TE n,l . TE
Ploc (1 B) = Y —z=— it (kar)U(L + 1)3(E — By, 7). (4.96)
n,l n,l
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Figure 4.12: Evolution with relation to [ of the sums of local densities of states multiplied by the intensity
distribution W,ps(r) for TE modes on the left and TM modes on the right. The ! values shown are, from
top to bottom, I = 1, 1 = 10 and [ = 30. The circle (2/, z) is any constant ¢ cross-section of the sphere.
2’ is the value on the z axis rotated by the angle ¢. The radius used was R = 2 um, the energy at which
the LDOS is calculated is 2 eV and only modes with 0 < hw < 6 (eV) were considered.
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Figure 4.13: On the left, the normalized Purcell factor from , and on the right, the same factor
multiplied by the intensity distribution Weps(r). The I values used ranged from [ = 1 t0 L0, = 40. The
criterion applied was to only use modes whose energies were smaller than hw = 6 eV. The radius used
was R = 2 pm, the energies at which the LDOS is calculated are 2 and 2.5 eV.

From figure we can conclude that, for a sphere of few microns in diameter one should expect an

emission pattern consisting of two concentric rings, caused by smaller and larger values of [.

4.5 Continuous regime

If the size of the microspheres is large enough, the eigenmodes become compact in energy and tend to
form a continuous spectrum where all the energies are allowed. At dimensions of about 100 pm, as used
in [83], this regime starts to apply virtually. We will study the densities of states for this continuous
regimes. We wish to estimate the typical value of k for the modes in the continuous regime. If we
consider an energy of 2 eV, then:

2 [eV]
k= , 4.97
he (4.97)
k=10. [um™!] (4.98)
For instance, for TE-type modes, k,; = %, where &, ; are the zeros of the spherical Bessel function,
and so, for R = 100 um,
Enn = 103/e >> 1. (4.99)

So, the argument of the Bessel function, which can be written as ( can be assumed to be large except

near r = 0. The asymptotic behaviour of the Bessel functions [63] reads:

gi(z) ~ %cos(x -+ 1)%), (4.100)
for x — oco. And therefore the zeros can be approximated by the zeros of the sinusoidal function:
ng > (n+ é)ﬂ- (4.101)
Combining and we can conclude that modes with n and [ values such that
(n+ é)w ~ 10%\/e (4.102)

yield energies close to 2 eV.
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4.5.1 Total density of states

The total density of states is given in equations (4.35) and (4.36]), and it reads:

p(E) = (2l +1)5(E — Eny). (4.103)

n,l

The Euler-MacLaurin formula can be used to evaluate nearly continuous sums [63]

/ fa)ds + LY IO )+f() (4.104)
Applying this to equation (4.103)) we can write:
oo
E)~ Z/ (21 4+ 1)0(E — a&,,)dl, (4.105)
1
n
where a = \/%% Using (4.101]), this becomes:
= Z/ (21 +1)8 (E — ma(n +1/2)) dl, (4.106)
—J1
and using the Euler-MacLaurin formula again on n:
2 [N E E 4 2
p(E):—/ dn {4 <n>+1} +i—f—N7—, (4.107)
Ta Jq T TaTQ T TQ
Solving the integral yields:
2 E 8 F 4 2
p(E) = — {4 ((N 1) — N?/2 + 1/2) + N — 1} +——-—N-—, (4.108)
T T TaTQ T TQ
N? 8FE 2
p(E)=—-4—+ N (2 — ) . (4.109)
T (ﬂa) T
The maximum possible value of n is N = % — %, since it corresponds to the minimum value of [ = 1.
Using this:
4E? 2F 1
p(E) = T = + — (4.110)
(ra) (ra)®> 7
Since E >> ma, this is approximately equal to
E? E?
E)~4 =4 2R3, 4.111
) =4 =1 e (4111)
Dividing by the volume:
_ 1 3¢3/2
p(E) = 4—”7R3p = i3 (4.112)
This approximation is off by a factor of > from the infinite space free density of states |10]:
S
E)y=——=F 4.11
po(E) = 5og 5 % (1113)

but the approximation captures the E? dependence.
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4.5.2 Local density of states
Now we will attempt to determine the local density of states in the same continuous regime approximation.
The mode volume (4.44]) for TE-type modes reads:

2004+ 1)1 4+ m)!
20+ 1)1 - )'
Now, we can analyse the equations for the electric fields (4.46)) together with (4.47)) to find that they can
be written as:

") = on R i ((n+1/2)7)% . (4.114)

‘E(TE’)| _ ra(n+ L) QU4+1)01—m)! jZ ((n+1/2)7%)
erf 20+ 1(I+m) Gl (n+1/2)r)

P (cos8))? (4.115)
m 2 7 (cos
(0 P™ (cosB)) —|—< m—— > ]
Now, the local density of states (4.61)) will be:
an+1/2) 2+1) j2 ((n+1/2)7%)
oc(E,T) =
proct i) nzz;n eRP20+1) ji((n+1/2)m)?
, (4.116)
(1 —m)! 2 Pl (cos ) B
T m) (0pP" (cos0))” + M 0 (E—ma(n+1/2))
We will attempt to evaluate the angular term
mg) = L=m)! 2 (P (eos0)\
o7 (0) = T (0pP™ (cos0))” + pr— . (4.117)

We will change variables to z = 005(9), so we can write this term as:

2

or(z) = L= {( V11— 220, P ( ) + szplm(x)?]. (4.118)

(I+m 1

The local density of states is not dependent on the angle 6, because, due to the spherical symmetry of
the system, no physical result can be asymmetric unless we had a source of asymmetry, such as incident
light rays from a given direction, for instance. As such, we can choose the most convenient angle for
the calculation. In appendix H, we choose to set § = 0, so z = 1, and using an asymptotic formula for
xr — 1—, we concluded :

m=l
> or(x) = il ;F . (4.119)

m=—1

Using this result, the local density of states (4.116[) will become:

—he(n+1/2) g2 (n+1/2)7 %) e
Proc(B,1) =D =y (1) (2’ §(E—ma(n+1/2)). (4.120)

/n/i

We evaluate this sum numerically using Lorentzian functions in place of the Dirac deltas for R = 100um,
which includes many terms. The only approximation we will be making is to consider only modes
reasonably close to our chosen energy of E, such that, following from (4.102)):

g(lf%) < <n+;>w< §(1+%), (4.121)
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where I' is the width chosen for the Lorentzian functions, which will be I' = 0.05 eV and E = 2 eV, and
s0: l
10%y/e x 0.99 < <n+ 2) 7 < 10%y/e x 1.01. (4.122)

Taking the same ¢ as in [83], which was € = 1.332%, we get the range:

l
419 <n+ o < 428, (4.123)

Also obeying the conditions [ > 1 and n > 0. From figure [£.13] we can conclude that, for a sphere of few

0 20 40 60 30 100

r(um)

Figure 4.14: Variation of the Purcell factor defined by , which is a multiple of the complete local
density of states, with the distance from the center of the sphere, in the approximation of a large sphere
, for a constant F value of 2 eV. The total local density of states will be the sum of all possible n
values, in this case, all 428 possible values. The radius of the sphere is R = 100um. The refractive index
isn =./c=1.33.

microns in diameter one should expect an emission pattern consisting of two concentric rings, caused by
smaller and larger values of . The results presented in [4.14] and [£.15] show that for spheres of the order of
a hundred microns in size, where the EM eigenmodes distribution is nearly continuous, one can expect a
single peak in the radial distribution of the emission intensity, which lies about half-way from the centre
to the surface of the sphere. There are many spherical cavity modes contributing to this luminous ring’,
with large both orbital and radial numbers, i.e. the Whispering Gallery modes. The somewhat surprising

result is that this ring is not attached to the sphere’s surface.
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D W B

W xI(r,2 eV)/T

o--

0 20 40 60 80 100
r(pm)

Figure 4.15: Variation of the Purcell factor defined by , multiplied by the incident ray distribution
factor , with the distance from the center of the sphere, in the approximation of a large sphere
, for a constant F value of 2 eV. The total local density of states will be the sum of all possible n
values, in this case, all 428 possible values. The radius of the sphere is R = 100pm. The permittivity is
e =1.33.
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Conclusion

This thesis has been dedicated to the study of electromagnetic modes in different contexts, namely, in the
form of plasmon-polaritons, magnon-polaritons, hybrid polaritons, exciton-polaritons, and pure photonic
modes inside dielectric cavities. These modes arise from the collective electrical or magnetic excitations
of multiple electrons. [4}5] Graphene supports surface plasmons, which are oscillations of charge density
in the sheet [9]. Antiferromagnets allow for the production of magnons, which are oscillations of the spin
density. The spin carriers are affected by the magnetic field and when their spin changes direction it
generates another magnetic field which influences the neighbouring spin carriers. Magnon-polaritons can
be either bulk (inside the material) or surface (near the edge).

Interesting phenomena such as Rabi splitting or emission enhancement can be observed in microcav-
ities, specially when combined with a material that allows for the formation of some type of excitation
mentioned above. An optical micro-cavity is any closed space with partially or totally reflecting bound-
aries, with dimensions of the order of micro-meters, hence the name micro-cavity. [13] In chapter 2, a
semiconductor is inserted (theoretically) into a microcavity in order to study its effect on the possible
emission properties of the cavity. Semicondutors allow for the formation of excitons, which are pseudo-
particles comprised of an electron in an excited state and the hole that it leaves behind in the valence
band. The process of successive creation and destruction of excitons can be thought of as a particle called
the exciton-polariton. [15,|16] Characteristic dispersion relations for these hybrid modes that combine
photons and electrons were calculated in chapter 2, although involving different properties of the latter,
for the system with graphene and antiferromagnet, and in chapter 3 for a cavity with a 2D semiconductor
with exciton formation.

Firstly, in chapter 2, the properties of an antiferromagnetic material were combined with those of a
nearby graphene sheet in order to theoretically study new types of hybrid polaritons, both TE and TM
polarized, combinig the effects of collective spin precession (magnons) inside the antiferromagnet with the
effect of surface plasmon-polariton creation at the graphene sheet. It has been found that the doping of
the graphene sheet can control the direction of propagation of the TE modes (negative group velocity in
figure for higher Fermi energies). Furthermore, when the scattering properties of this system were
studied, it was found that the graphene sheet absorbs at high angles of incidence, as expected, but the

absorption increases considerably for energies slightly above the antiferromagnet ressonance (figure [2.6]).
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This can be explained by noting that waves with enough energy to cause ressonance in the antiferromagnet
allow the graphene sheet to receive more energy, and thus the two objects can work to enhance eachother’s
properties. For TM modes, the addition of the graphene sheet causes the magnon-polariton fundamental
mode to split into a lower mode and upper mode. The separation of these modes increases with the Fermi
energy of graphene. As such, by doping the graphene sheet one can control the gap. When it comes
to the scattering problem for TM modes, absorption at the graphene sheet remains low, both above
and below the antiferromagnet energy (figures and . Manipulating the properties of magnons
can be useful for the purposes of spintronics, which is the creation of practical circuits through the
manipulation of currents of spins instead of charges. [85,/86]Even though this study is performed with a
bulk antiferromagnet, there have been discoveries of ferromagnetic and antiferromagnetic properties in 2D
layers as well [87H91] . Combining these materials with 2D layers of graphene can lead to the observation
of these effects but in the context of Van der Waals heterostructures. [20] The study of negative refraction
is also possible for an antiferromagnet that also contains metallic properties (negative permeability). At
energies lower than the resonance of the antiferromagnet the permeability can also be negative .
Chapter 3 has been dedicated to the properties of exciton-polaritons that arise due to strong coupling of
cylindrical cavity photon modes to 2D excitons confined in a TMD semiconductor layer placed inside the
cavity. Such a system is feasible and may be used in on-chip optoelectronics, [52] and has advantages in
comparison with planar MCs because of the lateral confinement of the EM field permitting to decrease
the mode volume and therefore enhance light matter interaction. This exciton-mediated coupling is
intrinsically strong enough for single- and few-layer TMDs and its enhancement by taking advantage of
the MC effect can make these structure competitive with the traditional semiconductor materials used
in optoelectronics. |35,[50,/51] The cylindrical geometry allows, in principle, for separate excitation of the
cavity modes with different angular momenta (u1), which have distinct radial distribution of the EM field.
For large i, so called whispering gallery modes can be formed with the field amplitude peaking near the
lateral walls; such modes have been observed in semiconductor micropillars. [18./92] The eigenfrequencies
of polariton modes with different angular momenta and radial number v have been obtained and presented
in the form of dispersion curves and DOS. Also, we showed that the simplified quantum model of the
polariton modes taking into account coupling of a photon cavity mode with certain p and v only to two
excitons with the (centre of mass) quantum numbers m = p £ 1 and the n = v, providing a reasonable
description of them and yielding an explicit form of the Hopfield coefficients.

The coupling with the 2D layer causes a strong enhancement of the photonic density of states in the
cavity, as we have demonstrated by calculating the photon-projected (i.e. weighted by the corresponding
Hopfield coefficient) DOS for certain energies. In particular, it peaks near the exciton resonance energy
(see Fig. that, for a micrometer-diameter cavity is practically independent of m and n. The local
photon-projected DOS shows a similar behaviour as a function of energy and it testifies the y-dependent
spatial distribution of the photonic field outlined above. This quantity determines the spontaneous
emission rate of a quantum emitter placed in the cavity, so the photoluminescence intensity of such an
emitter will depend on its position or, seen from another point of view, on the direction of the light beam
exciting the microcavity (by selecting cavity polariton modes with different 11). Such effects have been
observed for micropillar cavities made of a bulk semiconductor, using either point defects [92] or QDs [18]
as emitters. Fot 2D materials, such an emitter can be a trapped exciton in the TMD layer (emission

energy below the free exciton one, E., or in a nearby h-BN layer [93] (emission above E,,, in which case
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an upconversion process [841/94] is required for the excitation). We hope that the presented calculated
results will help devising such experiments for microcavities with TMDs, in particular, aimed at building
controllable single photon emitters. Single photon emission has been observed for various TMDs [75]
and also from h-BN [93], presumably originated from the radiative recombination of excitons trapped on
material defects. [93}/95] The location of such an emitter is random and, depending on the position it
will couple to polariton modes with different angular momenta. This feature may be used to excite the
emitters space-selectively. On the other hand, emitters with a relatively large absorption cross-section
(such as QDs [84]) placed in the system in a controlled way may be used to criate exciton-polaritons
as suggested in Refs. [39,[77] or, in the case of cylindrical cavity, a particular class of them with certain
angular momenta.

In chapter 3, the system under study is a simple spherical microcavity made of a dielectric material.
Firstly, the dispersion relations for a perfect cavity (a dielectric sphere surrounded by a perfect metal, thus
perfectly confined) and a ’real’ cavity (a sphere of a dielectric material with another dielectric material
surrounding it) were determined. It has been found, as expected, that higher energies arise from higher
angular momenta of the modes. Furthermore, "TE-type’ modes (modes with no radial component of the
electric field) have slightly higher energies than their "TM-type’ (modes with no radial component of the
magnetic field) counterparts. This can be found in figure As for real cavities, in the range of low
radial numbers used (the first few solutions found for each angular momentum), the "TE-type’ modes
have higher energies for low angular momenta but the "TM-type’ modes have higher energies for higher
angular momenta. The crossover happens between angular momenta of about | = 25, depending on the
radial number. This is found in figure The real cavity modes have complex wavenumbers, and as such
are subject to time decay. The study of the decay constants (figure shows that the first few modes
decay very slowly, and are thus more prevalent. For higher energy modes, the decay constant converges
regardless of angular momentum at about 0.04 eV for "TM-type’ modes and 0.03 eV for "TE-type’ modes.
The analysis of the local densities of states shows that in both cases the higher momentum modes are
more concentrated near the surface and the low momentum modes near the center, and that the number
m is responsible for the angular distribution of the modes. In fact, if we sum over all possible m we
get a local density of states that is independent of the angular direction and only depends on the radial
direction. Using methods similar to those used in chapter 2 (determination of eigenmodes, application
of boundary conditions, determination of the local density of states and finally calculation of the Purcell
factor) the expected distribution of light intensity inside the sphere, when illuminated by all sides, was
calculated. The knowledge of the local densities of states, together with a simple ray optics calculation to
determine the density of rays passing through a given area, allows us to determine the overall distribution
of intensity of light, when the sphere is illuminated from the exterior. This calculation shows that the
highest intensity is to be expected near the edge of the sphere, and the modes of higher angular momentum
(whispering gallery modes) are the main contributors to this intensity. As with the cylindrical cavity, a
quantum dot can be placed inside the sphere at the optimal location (calculated through the local Purcell

factor) to enhance its emission with the help of the cavity confinement.
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Appendices

A. Magnetization of an easy-axis antiferromagnet

In chapter 2, the system of equations ([2.38)-(2.41) arises in the calculation of the magnetization of an
easy-axis antiferromagnet in the presence of a static field. The system reads:

%WMM = My (Ba + Bg + poHo) + Msy,Bg, (5.1)
_Tliy = MspoHy — M2y Bp — My (Ba + Be + poHo) (52)
%WMM = —Msy (Ba + Bg — poHo) — M1y B, (5-3)
_Twsz = —MspoHy + My, Bg + M, (Ba + Br — poHo) - (5-4)

To simplify writing, we shall introduce the variables

A==
B_ = BA + BE' - 'LLoHO . (55)

By = B4+ Bg + poHy

We now reduce the system to two equations by writing only the equations for M, (5.2) and Ma, (5.4)
multiplied by A and with AM;, replaced by equation (5.1)) and AMs, replaced by equation (5.3)):

A?My, = AMgspuoH, — Bg (—MayB_ — BgMy,) — (M1, By + M2, Bg) By, (5.6)
A2My, = —AMspuoH, + (M, By + My, Bg) Bg + (—Ms,B_ — M,,Bg) B_. (5.7)
Organizing these equations:
My, (A* = Bf + BY) = AMgpoH, + MsyBg (B_ — By), (5.8)
M, (A* — B}, + B?) = —AMspoH, + M1,Bg (By — B_). (5.9)

Noting that B_ — By = —2uoHy, inserting (5.9) into (5.8)) yields:

—AMspoH, + My, Br2poHy
A% - B% + B2 ’

My, (A* = B} + B}) = AMguoH, — 2p10HoBg
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and this allows us to obtain Mj,:

(2u0HoBg)”
A2 - B2 + B2

A2 - B2 + B2

For Ms, we insert (5.8) into (5.9), which yields:

AMgpoH, — Moy Br2poHy

2_ p2 2) —
My, (A* — B + B?) AMspoHy + 2p10HoBe A2 B4 B2 ;

and now we isolate My,:

(2u0HoBg)®
A? - B% + B%

A? - B} + B3

Mo, <A2 - B+ B + ) = —AMgpoHz +

(5.11)

(5.12)

(5.13)

Now, multiplying (5.11)) by A% — B% + B2 and (5.13) by A% — B% + B? makes the factors of My, and

My, become equal:

My (A% = B3 + B2) (4 - B} + B2) + (240 Ho Bp)’ ) =

(A* = Bf + B2) AMspoH, + 2u3 AMsBpHoH,.

My, ((A% = By + B2) (4% = BE + B2) + (2u0HoBi)” ) =
— (A? — By, + BY) AMgpuoH, +2ud AMsBpHoH,.
Now we can sum (5.14]) and (5.15]) to obtain the total magnetization in y: (M, = My, + Ma,)

B R (Bz — Bf_) AMguoH, + 4y*u3AMsBr HoH,
Y 44 (A2 4 B2 - BY) (A2 + B2 — B%) + (292u0HoBg)”

Now to simplify the expression, we start by the calculating B2 — Bi:
B? — BY = (Ba + Bp — pioHo)” — (Ba + Bg + poHo)®

B? — B% = —4(Ba + Bg) pioHo.
Now we use this to simplify the numerator of (5.16):

N(M,) =v*AMgpoH, (=4 (Ba + Bg) poHo + 4p0HoBg) ,

N(My) = 4viwMspoHy Bapio Ho,
N(M,) = dinwH o poHoS%E,
where Qg = v/ poMsB4. Now we note that
B2 — B% = (Ba + B + joHo)’ — B,

B2 — B = (Ba + Bg — uoH,)” — B,

B? — B} = (Ba + Bg)® — B% + p3HZ +2(Ba + Bg) o Hy
B2 — B} = (Ba+ Bg)® — BE + i Hi — 2(Ba + Bg) poHo,
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v? (B = Bg) = QO§ +*uoHo (noHo + 2B4 + 2Bp) (5.24)
v? (B2 — Bg) = 05 +~*poHo (noHo — 2Ba — 2Bg)
where Qo = v\/2BgBy4 + B%. As such
2
V(B B2) (B2 - B) = (04 + 23 H3) — 1R (Ba + B’ (5.29
and
v* (BY — Bg) +1° (B? — B) =295 + 2y* g H; . (5.26)

Therefore, the denominator of (5.16) is:

D(M,) = w* —w?y* (B2 — Bf) —w?y* (B2 — BE) ++* (BY — B}) (B® — BE) + 41§ Hy By, (5.27)

2
D(M,) = w" —20% (0 +7* w3 H5) + (% + Vi Hg) ™ — 47 1gHe (Ba + Bp)” +47* (noHoBg)” , (5.28)
D(My) = Q5 ( + 27 pg Hy — 20°) + w* = 20> g Hy — 49> ud Hy g + v i (5.29)
D(M,) = O (95 — 29*ugHy — 2w?) + W' — 2wy *ui HE + v g Hy, (5.30)
D(My) = O3 (03 — 2923 HE — 2°) + (w? — V*u3HE)" (5.31)
Now we complete the square of the second and third terms and separate the square difference of the last
term:

D(M,) = 93 (9 = 2 (w +7Bo)” + 4yBow) + (w + 7Bo)” (w — 7Bo)’, (5.32)
D(My) = 5 (9 — (@ +7Bo)*) = 9 (w+7Bo)” + 408wy Bo + (w +7B0)’ (w = 7Bo)*,  (5.33)
D(My) = 03 (9% — (@ +7Bo)*) = 9 (w = 7Bo)® + (w +7Bo)” (w — 7Bo)?, (5.34)

and thus
D(My) = (93— (= 7Bo)?) (9 = (w +7Bo)?) (5.35)

Now, with the knowledge of (5.21]) and (5.35)), the y magnetization can be written as
4vwBy
(98— (@ —7B0)*) (9 - (w+7B0)°)

M, =iH,Q% : (5.36)

and this can be separated into two fractions, by creating the square differences in the numerator, as such:

4ywBy + Q2 — Q2 — w? + w? ++2B2 — ¥2B3

o (98— (w=7Bo)?) (%= @+1B0)?) >
M — i Q2 (Q% —(w— 730)2) - (Qg —(w+ 730)2) (5:38)
T (98- w80 (% - (wBo)) |

. 9 1 1
M, = iH,0% <Qg ey B s 7BO)2> . (5.39)
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Now we turn to M,. The system (5.1))-(5.4) can be reduced to two equations (5.1) and (5.3) multiplied
by A, with the values of AM;, and AM,, given by equations (5.2) and (5.4)), respectively. Equations

(5.1) and then become:
A?M,, = By (MguoH, — My, Bg — M1,B,) + Bg (—MspuoH, + My, Bg + My, B_), (5.40)
A*Msy = —B_ (~MgpuogH, + My B + Mo, B_) — Bg (MsjpgHy — Moy B — M1, By) . (5.41)
Organizing these equations:
My, (A* + BY — B}) = MguoH, (B4 — Bg) + BgM,, (B_ — By), (5.42)
M, (A* + B2 — B},) = MgspoH, (B- — Bg) + BgMi, (By — B_). (5.43)

Now we can insert ([5.43) into (5.42)) to obtain (Bg = uoHp):
MS’/JOHw (BA — Bo) + 2BOBEM1;E

2 2 2\ _
Ml:r (A + B+ — BE) = MS/J/QHw (BA + Bo) — QBEBO A2 n B% — B% s (544)
2
2 | 2 2 (BeBo) _ 2B BoMgpuoH, (Ba — By)
M _ ’)/4 (A2 —|— Bz — B%) MSILL()Hx (BA + Bo) — 2’)/4BEB0MSILLQH3; (BA — Bo) (5 46)
e v4 (A2 + B2 - B}) (A2 + B> — B}) + 414 B3 B} ’ '
Now we turn to My, inserting ([5.42)) into (5.43) to obtain:
MspuoH, (Ba + Bo) — 2ByBp M.
2 2 2\ _ SHollz (DA 0 0D E M2y
Mo, (A + B? — BE) = MguoH, (BA — Bo) + 2ByBEg A2 5 Bi — B?E R (547)
BpBy)? Ba + By
Moo (42 4+ B2 — B2 44— BB Ny H (Ba - Bo)+ 2BoBuMspoH,— DA+ B0
2 < + b~ E+ A2+B_2~_—BQE SHO (A 0)+ oD E Mg o A2—|—B_2i_—B%’
(5.48)
Mo — v* (A% 4+ B — B})) MspoH, (Ba — Bo) + 2v*BoBg Mg poH, (Ba + By) (5.49)
2 ~4 (A2 + B2 — B2) (A2 + B2 — B2) + 4y'B%B? ' '
The = component of the total magnetization is
M, = Mo 2(A% - Bp) Ba+ Ba (B2 + BY) + Bo (B2 — BY) +4B3Bp. (5.51)

7% (A% + B% — B%) (A% + B2 — B%) + 4v*B%, B}
The denominator is the same as in (5.16)) and it has been calculated, resulting in (5.35). The numerator

can be simplified further:

N(M,) = Ba (242 = 2B} +2(Ba + Be)’ +2B3) — 4B} (Ba + Be) +4B3Be,  (5.52)
N(M,) =2By4 (A* + B} + 2BaBg + Bj) — 4B{ Ba, (5.53)

_ & 2 2 .2p2
N(M,) =2 2 (—w® +Qf —7*Bj) (5.54)
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B
N(M,) = 7;‘ (_ (w — vBo)? + 2wy By + Q2 — (w +vBo)? — 2wy By + Qg) 7 (5.55)
NOL) = BA (02— (w— 2By + 02 — Bo)? 5.56
(z)—72 0~ (w—=7By)" + Q5 — (w+vBo)” ) (5.56)

Now we write M, using (5.56) and (5.35)):
Q3 — (w —yHo)* + O — (w +vHo)*)

M, = H,Q% . o (5.57)
(98— @+B0)°) (9 — (w—Bo)?)
which finally becomes:
) 1 1
M, = H,0% | — 5+ — _p (5.58)
0 — (w+7Bo)” 25— (w—7Bo)
In conclusion, in this appendix we obtained (5.58)) and (5.39):
1 1
M, = iH, Q> — , 5.59
! ° (Qg —(w+7Bo)? Q3 -— (vao)2> (559

B. Comparison of cylindrical cavity field profiles: ideal cavity vs exact

solution for infinite cylinder

The EM fields used in this work correspond to an ideal cavity with its boundaries being perfect mirrors.
However, in reality the contrast of the dielectric constant at the boundaries is finite. We shall compare
these field profiles obtained within the ideal cavity model to exact solution of Maxwell’s equations in the
case of infinite cylinder where analytical solution is possible considering finite dielectric constant (and
therefore non-zero field amplitudes) outside of the cylinder.

The equations that relate the transverse to the longitudinal components of the vector fields are

) 19H, OHy . 19E, _ 9By
_ ZWﬁET — r O¢ Oz . EﬁT — r O¢ oz ) (5 60)
c OH, _ 9H, ) c OE, _ OE. ’ ’
Oz or oz or

Due to the translational and axial symmetry of the cylindrical microcavity in Fig. the electromagnetic
fields E and H can be cast as

E(r,¢,2) = E(r)¥(¢,2); H(r,¢,2) = H(r)¥(¢,2) (5.61)
with W(¢, z) = e!(m?+k=2)  For the z-components it is possible to choose the solutions

where ¢7 = €;w?/c® — k2, €1(e2) is the inner (outer) dielectric constant. In Eq. |D f,gl) is the Bessel
function J, (1) for 0 <r < Rand if ¢3 > 0 (¢3 = —x* < 0), #$) is the Hankel function of the first kind,
HE})(QQT) (MacDonald function K, (|g2|7))for r > R), both defined in Ref. [96].

Using Eqs. (5.60]), the field transverse components are given by
1

{Ey)(r)’Eg)(r)] _ M{ %Bmf/gg) szqu(a)f“m,ﬂ'LgaB(a)fH(a) _ lemf/(})} - (5.63)

102



José Gomes

0.2

o
o

o
N

o
S

Normal componet of D, (units C )

©
=

o
o

I
a

o
)

Electric field component E,, (units C_)

Figure 5.1: Comparison of the field components’ profiles E, and D, from exact solution, Eq. (5.65)
(dashed lines) and from the ideal cavity model, Eq. (5.66) (full red lines) for ck, = 4 eV. The radius of
the cylinder R = 3 pm, €1 =1, €2 =3.4, and the height L = 0.3 pm.

€;W

. G) _ 1 €jwp . . . YN
[HT(J)(T),H¢ (7“)] i e {CTA(J)flSJ) +ikaq;BY) £ :

q; N Mka . .

JA(J)fM(J) _ 7AB(J)fl(LJ)] . (5.64)
It is possible now to determine the eigenmodes by imposing appropriate boundary conditions. The normal
component of the electric induction vector, ﬁ, the electric field components [E,., Ey] and the magnetic field
vector, H, should be continuous at the interface r = R, i.c. elEﬁl)(R) = 62E7(«2)(R), Eél)(R) = E(f)(R)7
EY(R) = E(R) and HY(R) = H®(R). Using Egs. || and lb and assuming ¢; = —~x”, we

obtain the dispersion relation

w2k?
(qrR)* [KK,J), + q¢J, K, ] [e1k K, ), + qeaJ, K], | = (MKHJ,L)QC—;(E1 —€)?. (5.65)

For a given p and k., Eq. provides a set of solutions, which we wish to compare to those of our
“ideal cavity” model. An ideal cavity mode is one where the tangential components of the electric field
and H, vanish at the interface. We can imagine that the walls of the ideal cavity are made of a perfect
metal. Then E, is discontinuous at the interface and so are H, and Hy. Therefore, an ideal cavity TM

103



José Gomes

mode has the components thata are non-zero only inside the cavity:
EZl = CMJM(qT) ’

k.
E, = q—lC#JL(qlr) . (5.66)

So, the boundary conditions reduce to J,(q1 R) = 0. In Fig. [5.1] we compare the exact field profiles E.,
and D, with fields (5.66). As an example, it shows the v = 9 mode, which corresponds to fiw = 1.866
eV for ideal cavity of R = 3um and demonstrates a reasonable qualitative agreement between the field

distributions inside the cylinder. where the excitons are confined.

C. Semiconductor on a cylindrical cavity: exciton-photon matrix ele-

ments [, ..,

The integral I,, .. in the matrix element (??) is written as

2 1
Ly vmn = —/ I (Emn®) Im (Ep,px)da 5.67
1z gu,y|Jln(§'m7n)| o ( ) ( 2 ) ( )

Using the Bessel functions’ properties, [96] the integral is equal to:

I o 2 gm,nJm+1(§m,n)Jm(§u,u) - SM,VJm(gm,n)Jm—Q—l) (g,u,z/) 5.68
w,ysmm — T D) — 2 ’ ( . )
gu,v| m(gmyn” m,n €p,,y
and, since the second term is zero, we obtain:
I _ 2 gm,n‘]m-&-l(gm,n)‘]m(gu,U)

pommn 5#7V|J7/n(£m,n)‘ 72n,n - 5121,1/
-2 ST (Emin) Im (Ep), (5.69)

SHW J'r/n<§m,n)| §3n,n - Z,y

Therefore, the integral squared is given by:

2 2
2 _4 m,n Jm(&/t,V) . (570)

B ;21,1/ ( '?n,n - 5;21,,11)2

As an example, the squared values of the integrals (5.70) for p =0 and m = 1 are given in Table 1.

|Imvmw

Table 1. Values of |1 1,5/

v/n| 1 2 3 4

1 3.5 x 1072 4.8 x 1073 2.0 x 1073 1.1 x 1073
2 9.0 x 1074 2.1 x 1073 2.9 x 1074 1.2 x 1074
3 1.6 x 107° 2.9 %1074 5.0 x 1074 6.6 x 107°
4 1.5 x 1076 9.5 x 106 1.2 x107% 1.8 x 1074
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D. Solution of the Helmholtz equation with spherical coordinates

Expressing the Helmholtz equation (4.2)) in spherical coordinates leads to:

i& [r20,u(r)] +

1
- ————— | 8in 69y [ sin B9 u(r)] + OZu(r)| + k*u(r) = 0. (5.71)

r2sin
Applying the method of separation of variables we can express the solution as:
u(r) = R(r)©(0)®(¢). (5.72)
Multiplying by sin?(0)r?/(RO®) yields:
sin? @ sin ¢

2
7 8r[r 8TR] + 5

There is a term that only depends on ¢ and others that involve r and 6. As such, the term that only

o[ sin 00,0 + %a;@ + sin®(0)k*r® = 0. (5.73)

depends on ¢ must be a constant. We call this constant —m? and thus are able to write:
Lo 2

() = e™?. (5.75)

The number m must be an integer to allow the solution to be periodic for ¢ — ¢ + 2. Equation (5.73)

can be written as: )
1 m
O | sin 0040 | — =
Osinb "’ [sm 0 ] sin® 6

Now there is one term that varies only with # and another that varies only with r. As such, both terms

1
ZOr [0, R] + k*r® + 0. (5.76)

must be constant. The constant for the 6 term will be defined according to:

L) [sin09,0] — m —1(1+1) (5.77)
©sinf o o sin2 4 B ' ’

Thus, using = cos  this equation is:

9. [(1 = 22)0,0(x)] + [L(1+1) — |e(z) =0 (5.78)

m

1— 22

This is the associated Legendre equation, whose solutions are the associated Legendre polynomials:
O(z) = B (), (5.79)

or,

O(6) = P (cosb). (5.80)

m takes values in the range — < m < [, and must also be an integer. Finally, we deal with the radial
part of equation (5.76)), which becomes:

0, [r*0,R] + [K*r* = (1 + 1)] R =0. (5.81)

This is the spherical Bessel equation, whose solutions are spherical Bessel functions of first and second
kind.
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E. Properties of vectorial calculus

The following properties are useful in chapter 3 and can be consulted in [97]:

V2V x Al =V x [V2A], (5.82)

V2 [WA] = AV2U +2[VV - V] A + UV?A, (5.83)

V x V¥ =0, (5.84)

V x (FA) = ¥(V x A) + VT x A, (5.85)
(VxA), =L (Assin0)? — L A2

(Vx Ao = gimg AL — 5 (rAg)" ; (5.86)

(V x A)y = Lrdg) — 142

where superscripts indicate partial differentiation and subscripts indicate the component of a vector.

F. Mode volume for a spherical cavity

To normalize the spherical photon field to a single photon, it is necessary to determine the integral ({4.40)),

given by:
1 E-E* H-H*
Q=—[a& —). 5.87
2 ) Il ) (5.87)
TM-type
The electromagnetic fields for TM-type modes are given by equations (4.21])-(4.22]
(Bl )r = Eg M L5211 4 1) P (cos 0)e™?
(Ejp Yo = iBGT ) 2elle b g, P (cos 6)e™e (5.88)
TM TM) Oy (krfi(kr P/ (cos0) im
() = P i o v
™
(Hl(,m ))7‘ =0
(H M)y = i JeBT™m fy (ko) LD gime . (5.89)

(H MYy = —JeBS™) fi(kr)0g P (cos )™

k will be taken to be a real number, because the imaginary parts of the frequencies have been neglected
in this study. Several indexes will be removed to facilitate reading. The integral Ql(an) will be calculated

over a general spherical shell ranging from R; to Rg, and for now f;(kr) will be assumed to be a real

function:
T s 2 2 2
Q= /2 / /R 2 sin(@)(‘ f(kr) 12(1 +1)2P(cos )% + ‘f(kr) + o f(kr) + | f(kr))?
o Jo Jr; kr kr (5.90)
[(89P(cos 0))? + _m;P(x)Q] )drd&dfb,
sin” 0
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=1 / /R {P(z)z?(z +12P()* + ((f(2) + 2f/(2))° + 22 12(2) )

e , (5.91)
((1 —2?) (0, P(x))* + : o 219(95)2) ]dzdx.
-2
The orthogonality relations for Associated Legendre Polynomials of the same m and [ read:
1
2(1+m)!
P(z)%der = —————— 5.92
/_1 @) de = G = (5:92)
1 2
P(x) (14 m)!
de = ———. 5.93
/_11—3:2x m(l —m)! (5.93)
Looking back at © (5.91)), the only integral in « not in these forms is:
1
/ (1 —2?) (0, P(z))? da. (5.94)
-1

However, integration by parts can simplify this integral if one considers u = (1 — 22)9, P(z) and v/ =
0. P(z) to obtain:

/ (1 - o) (8, P(x))? do =
-1 . (5.95)

(1= 2*)P(2)d, P(z)] |1) — / P(z) [-220,P(z) + (1 — 2*)0;P(x)] .

-1

The first term is null and in the second term is part of the Associated Legendre differential equation,

which reads:

m2

(1 —2%)0?P(x) — 220, P(z) = (1—z2

1+ 1)) P(x). (5.96)

Plugging this relation into (5.95)) one gets:

m2

1 — g2

/1 (1 —2?)(8,P(x))* da = /1 {1(1 +1)P(z)?

P(x)ﬂ dz. (5.97)
—1 -1

Going back to (5.91)), substitution of this integral along with usage of the orthogonality relation (5.92])
simplifies the result to:

2020+ DL+ m)!

kR> 5
- (21+1)(l—m)!/k 104 0P2E) + (F6) + 27 () + 27 de. (5.98)

Ry

Now only the spherical Bessel integrals remain. The spherical Bessel differential equation reads:
2f(2)+22f'(z) + (2 = U1+ 1)) f(z) =0. (5.99)

It is noticeable that the (I + 1) part of this equation is present in the integrand of (5.98). Writing only
the integral of (5.98) and expanding the square, one has to solve:

kRo
Iy = A LI+ 1)f7(2) + 2(2) + 22 (2) ' (2) + 2° 1 (2)* + 2° f(2)*] dw (5.100)

Ry
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The terms with derivatives can be transformed with integration by parts. The first term, with u = 2z f(z)
and v' = f'(z), becomes:

kR, kR3
[ zierea=2pelE -2 [ e e ) (5.101)
kRy kRy
kRo kR3
/ 22f(2)f'(2)dz = 2f*(2) [} — / 2(2)dz. (5.102)
kR, kR

The second term, with u = 22 f’(z) and v’ = f’(z), becomes:

kRo kR>
/ 22f(2)%dz = [zzf’(z)f(z)] ng - / f(z) [2zf'(z) + sz"(z)] dz, (5.103)

kRy kR,

where part of the spherical Bessel equation (5.99)) shows up in the last integral. Using (5.99)) it is possible
to write this integral as:

kRo kR>
/k 22z = [2f(2) ()] [ + /k (22— 11+ 1] f2()dz. (5.104)

Ry Ry

Now it is a simple matter to substitute equations (5.102)) and (5.104) into the integral (5.100]), which
yields:

kR
I =) (@) + 2 G +2 [ 2P (5.105)
Finally, the last integral has the simple analytical solution:
3
z
[ 270 =5 (£O - fa@in ). (5.106)

The spherical Bessel recurrence relations are:

£/2) = fia(s) - H2£(2) 507
f(z) = =fin(2) + Lf(2)
So, the solution can be written as:
[ 2P0 =2 1P6) [2 - 10+ D] + 20 () @) + 27 G (5.108)

So,
Iy = (£ (£ + /(@) + 2 (PE [~ 104 D] 420 [FE) + =F @D 1EE. (5.100)

Iy = [z (f(2) + 21 ()" + 2f2(2) [ = (L + 1)]] il (5.110)
The original integral (5.87) that needed to be solved can be written as:

_2m 2+ 1) (I +m)!

= E At Dl 2 (F2) + 20/ (2)° + 212(2) [ = W+ D] | b (5.111)
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TE-type

Again, the mode volume integral is:

1 E-E* H-H
Q=—[d& -—). 112
26/ gt ) (5.112)

For TE-type modes the fields (4.23)-(4.24) read:

(B ) =0
(BD)e = iBS™ fikrym e gimo (5.113)

(B g = —ES™ fi(kr)g P (cos 0)¢™®

(H(TE))T = —i\/EEéTE)%l(l + 1) P (cos )e™?,

l,m
(Hl(an)M _ —i\ﬁE[()TE) am(kv];J:z(kr)) By P (cos geme (5.114)
(Hl(TE))¢ — \/EE(()TE) akr(szl(k’”)) m P _(0095 0) 6im¢

,m T sin

Inserting (5.113) and (5.114) into (5.112) yields:

o= /RR (|7 (L 1P (ost) ¢ L) " f(kr)ﬁ] -
{((%P(COS 0))* + Si’;fap(a;)ﬂ )drd9d¢7

which is of the same form as (5.115]). The difference between TE and TM will be the different k values
corresponding to their eigenenergies. Finally, if f; = hl(l) = j; + iy, then:

If1? = 5"+ 97 (5.116)

and
\f +krf' P = b+ krl' [ = |j + iy + k(5" +iy')|?, (5.117)
If +Ekrf |2 =G+ kri)? + (y + kry')% (5.118)

As such, equation ([5.115)) can be separated into the sum of the f = j case and the f = y case, each of
the terms yielding the result (5.111)).

General mode volume

Summarising, the total expression for the mode volume integral for the inside of the sphere reads:

~ 2w 201+ 1) (1 +m)!
YT I+ 1) (1 —m)!

{z (i(2) + 251(2))° + 252 (2) [22 = 1(1 + 1)]} ISIR, (5.119)

where R is the radius of the cavity. And for the outside, the integral up to a radius R; yields:

A1+ 1)1 +m)! [ 1
20+ 1)(1 —m)! (1@

kiS [ () + 20i(2)° + 2 (2) [2 = 10+ 1)]] 22)

koRp

0, = 2n (262 + 23120 + 232() [ — 10+ ]| [ +

(5.120)
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For a real cavity, the Ej in (5.112)) will be taken to be F4, the constant of the interior of the sphere, as

such, the mode volume for a real cavity will be:

0=0 —‘EQPQ 121
= 1+\E1|2 2. (5.121)

Applying conditions (4.52) and (4.54]), the mode volumes for TM-type modes and TE-type modes become:

vy | €i(k1R) ? (TM)
QM) — + ‘ Q, 5.122
1 Eth(kQR) 2 ( )
1(kiR) |° (1
Qe _ e | | dik ‘ Q(TE). 5.123
1 hi(kaR)| 2 ( )

G. Distribution of light rays inside a sphere according to geometrical
optics

The quantity that describes the density of transmitted radiation in a section dr of the sphere is:

1d¢ 1 dt
- == 5.124
Edr  tiodr ( )
It is shown on section 1.1, that the radius-vector of the ray inside the sphere is:
ry — 71(©
7(t,0,) = 71(8,) + 212t trl( Dy (5.125)
1,2
Using (4.67) and (4.68)), this can be written as:
N 2014 — Rsin(20,)2
F(t,0,) = — Roos(20,) + Rsin(20,)3 4 T2+ Feos( @tt)f Rsin(26,)2, (5.126)
1,2
t t
7(t,0;) = R [(1 + cos(26y)) P cos(2®t)} ¥+ R [— sin(2@t)t— + sin(2@t)} z (5.127)
1,2 1,2
The distance from the centre r will be the modulus of this vector:
; 2 . 2
r=|f1=R {(1 + cos(20y)) o cos(2®t)} + [ sin(2@t)t— + sin(2®t)} . (5.128)
1,2 1,2
Developing the squares, this equals:
2 t
r= R\/[(l + ¢0s(20,))* + sin2(2®t)} o 211 + cos(20y)] . +1, (5.129)
1,2 1,2
2 t
r= R\/Q [1 4 cos(20;)] 7 2[1 + cos(20y)] . +1, (5.130)
1,2 1,2
t2 t
r=R,|4cos?(0y) | 57— — — | + 1 (5.131)
1,2 t1,2
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To obtain —— 4 we can calculate tl,g%:

ty,2 dr
ot Lzlcos?(@ ) L (5.132)
YAt T 2r(t, ©y) Y1 ' '
Evidently, we are forced to invert equation (5.131) to obtain ﬁ(r) From (j5.131) we write:

r? 2 ¢

—5 =4c0s*(0;) | 5 1 5.133

7z = 4cos™(6r) 7, b +1, ( )
t? t 1-1r?/R?

r/R (5.134)

E Ct1y  4cos?(Oy)

t 1. /1 1-12/R2
— =ty . 5.135
ti2 2 4 4cos?(Oy) ( )

Inserting this expression into ([5.132]) we obtain:

dr 2R, [ 1—r2/R?
tl’ga = :l:T COs (@t) 1-— W, (5136)

) 2 -
ha'lp = iwﬁo@(@n —1+12/R?, (5.137)

tl,Q% = ﬂ:m#s(@t)\/ r2 — R2sin*(6,), (5.138)

Thus, the quantity in equation ([5.124)) will be:

1de 1 dt 1

ldg _ 1 de 1 5.139
fd'f' t1,2 dr tl,Q% ( )

1d¢ r
i = + .
§dr 2R cos(0;)1/r2 — R2sin*(O;)

(5.140)

This is only valid as a description of the density of transmitted radiation in values of r where the ray in
Figure [£.10] passes. Values where the ray does not pass will result in a negative argument in the square
root of equation ([5.140f). The minimum value of r is obtained by setting this argument to zero.

72 — R*sin(©;) = 0, (5.141)

min
Tmin = RSin(G)t)- (5142)

This can be seen geometrically from Figure (4.10)) since this corresponds to the mid-point of the ray’s path,
where the r-vector must be perpendicular to the path, causing a right triangle to form with sin(©;) = r/R.

Thus, the real valued density is %[%%]:

+ Z , > Rsin(©
R ldf] _ 2Rcos(®t)\/r2—R2 sin2(©;) " Sln( t) . (5143)

[ >
§dri o, r< Rsin(0,)
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H. Study of the angular term in the local density of states

Term in TE modes
We wish to study the behaviour of (4.118]

O (o) = (ot | (1= ) (0uB @) + 17

P (2)?]. (5.144)

The function ©]*(x), which is the angular part of the density of states, obeys the relation ©,™ = ©".
This is to be expected since nothing in the system studied breaks the symmetry z — —z and the m
angular momentum number represents the projection of angular momentum on the z axis. Therefore we
can consider only positive values of m and then multiply by 2 to add the contribution of the —m modes.
Furthermore, the density of states can not depend on the angle 6, and thus on = = cos 6, because of the
spherical symmetry of the system. We can therefore calculate ©}*(x) for any given value of z and its sum
over all m must be the same regardless of the value of x we used. This will hopefully allow us to solve
the entire sum over all m analytically. A convenient value is x — 1—. The starting point is to apply the

following asymptotic relation, valid for when z — 1— [98, Eq. 14.8.2]

—mt D)oy (1—a\™/?
() ~ (-pymEm (1 ) , (5.145)

m)! 2
where (I — m + 1)2,, denotes the Pochhamer’s symbol, or shifted factorial, defined by:
(a)n =ala+1)(a+2)...(a+n—1). (5.146)

Now, taking just the bracketed part of (5.144)) and using ([5.145)) we get, for x — 1—:

2

POf'(2) = (1= 22) (0 P" (2)) 4+ T B (@)? (5.147)
m m2(l_m+1)§m 1 m—2 2 (1_x)m
pOT(2) ~ ™ (4 (1-2)" " (1-2%) + l_xQ) : (5.148)
Analysing (5.148)) we can already conclude that for m = 2:
1 . (1—2)?
2 - 2
pO; () x 4(1 x) + ;};E T2 (5.149)
1 . (1—x)2
o7 ~(1-2?)+ lim ————>—— =0 5.150
1 . (1—-x)
2 L2 w-z _
pO7 (z) 4(1 x )—l—%lﬁm1 ) 0 (5.151)
Simply looking at the (1 — z) terms in (5.148)) allows us to further conclude that:
pO () =0 ,m > 2. (5.152)

Now we only need to determine pO7*(z) for m = 0,1. For m = 0, the leading factor of (5.148)), with m?,
will be exactly 0, which ensures
pO?(x) = 0. (5.153)
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Finally, for the only surviving term m = 1:

2 /1 1— 22 1-—
PO} (z) = 52 ( lim T 4 lim * >7

and by using L’Hopital’s rule:

PO} (z) =

Taking this all together, we can conclude that:

= ) o . (-1, )
3 o(2) = 6} (2) + ©; L(z) = 20} (z) = (1 +1)

I+ 1)

m=—1

m=l
> o) =1(1+1).

m=—1

Extra term in TM modes

In the local density of states for TM modes, we have the additional term:

[ —m)! m 2
),

o' (z) =

Again, using (|5.145)), this becomes, for z — 1—:

m I—m)(l—m+1)3, (1—-2\"
@~ T me ) ( 2 ) '

This term will be 0 for all m except m = 0, in which case it will be:

(I-0)!(+1)3

() ~ (+0) 02

Y () ~ 1.

Thus,

l
> ot(x) =1.

m=—1
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