ON ROTH’S PSEUDO EQUIVALENCE OVER RINGS*

R.E. HARTWIG! AND PEDRO PATRICIO?f

Abstract.
We characterize the pseudo-equivalence of a block lower triangular matrix T' = [T5;] over a regular
ring, and its block diagonal matrix D(T) = [T};], in terms of suitable Roth consistency conditions.

The latter can in turn be expressed in terms of the solvability of certain matrix equations of the
form T“X - YTjj = Uzg
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1. Introduction and Definitions. Let R be a ring with unity 1, let R,,x» be
the set of m x n matrices over R, and shorten R,,«., to R,,. Throughout all our rings
will have an identity.

An element a € R is said to be regular if a = axa, for some x, which is denoted
by x = a~. R is said to be regular if all of its elements are regular. A reflexive inverse
a is an element z, such that axa = a,xaxr = x. We shall denote such an inverse of a
by a®. The sets of inner and reflexive inverses of a, if any, will be respectively denoted
by is a{l1} and a{1,2}.

DEFINITION 1.1. m,n € R are pseudo-equivalent, m ~ n, provided there exist
regular elements p,q and p~—, ¢~ such that

n=pmq, m=p nq .

We may without loss of generality replace the inner inverses p~, ¢~ by reflexive in-
verses pT,q™T.

A ring R is called (von Neumann) finite if ab = 1 implies ba = 1, and it is called
stably finite if R, is finite for all n € N.

A ring R is called unit regular if for every a in R, aua = a, for some unit u in R.

When p > ¢ then R, finite implies that R, is finite.

Matrices A and B are said to be equivalent, denoted by A ~ B, if A = PBQ
for some invertible matrices P, (). Likewise, matrices A and B are said to be pseudo-
equivalent, denoted by A ~ B, if A = PBQ and B = PTBQ" for some square
matrices P and @, with reflexive inverses PT, Q7.

If A=[A;;]is a block matrix over R with A;; of size p; x ¢;, and i,5 =1,...,n,
then Ay with k& < n, is the leading principal block-submatrix [A;;] with ¢,5 =1,..., k.
The trailing principal submatrix is given by Aj, = [A;;] withi,j = n—k+1,...,n—1,n,
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ie.,

Ay ?
A=l

DEFINITION 1.2. For a block matrix A = [A;;] we define its diagonal as the block
matrix D(A) = diag(Ai1, ..., Ann). We further set Dy (A) = diag(Ai1, ..., Akk).

2. Roth Conditions. Consider the matrix

A 0

v={7 5]

When the matrix equation DX — Y A = B has a solution pair (X,Y’), onde checks
that

2.1) I 0][A o[ o] _[4 0
’ Y I B D -X I | |0 D|’
i.e., M is equivalent to its block diagonal matrix N = diag(A, D).
On the other hand, for regular matrices A and D, the consistency of DX — YA =B
is equivalent to the condition (1 — DD~)B(1 — A~ A) = 0, for some and hence all
D= A,

Given consistency, it was shown in [4] that over a regular ring, the general solution
to DX — YA = B is given by

X=D B+D ZA+(I-DD )W
Y =—(I—DD )BA™ +Z — (I — DD")ZAA",

where W and Z are arbitrary.
In 1952, W.E. Roth proved the converse of 2.1 for matrices over a field F [16],
ie.,
. . . A 0 A 0
(2.2)DX — Y A = B has a solution pair if and only if { B D } ~ [ 0 D } .
A ring R is said to have Roth’s equivalence property if the equivalence 2.2 is valid

for all matrices over R. Roth’s equivalence property was extended in [10], where it
was shown that over a unit regular ring,

a 0 a 0 . .
{b d]N{O d}@dwyabhasasolutlonpalr(x,y).

This result implies that such rings must be finite, and have Roth’s equivalence prop-
erty.

This result was later extended to regular rings by Guralnick [6], who showed that over
a regular ring, Roth’s equivalence property holds if and only if R is stably finite. In a
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parallel paper [7], Gustafson proved that a commutative ring also must have Roth’s
equivalence property.

We shall show that in Roth’s equivalence property, we may replace equivalence
by pseudo-equivalence, provided the diagonal blocks A; are regular and R, is finite,
for suitable 7.

3. Lemmata. We begin by deriving some simple consequences of pseudo equiv-
alence.

LeEMMA 3.1. If n = m, then

(i) =~ is symmetric.

(ii) m is regular if and only if n is regular.

(iii) nR = pmR, Rn = Rmy.

(iv) mR = nR.

Proof. (iv) Let ¢(mz) = ngx. Then ngry = ngrs = mxy = pngr; = pnqre =
maxy. Also for any s, ns = ngq™s = ¢(mq™s). As such ¢ is a one-one onto module
isomorphism, and therefore mR and nR are isomorphic. O

We may at once apply these to the matrix rings over R, and state
COROLLARY 3.2. If M = D and M ~ M’, then R(D) = R(M’).
The following lemma was proved in [11] and characterizes the finiteness of R,,.
LEMMA 3.3. Let e, f € R with e? = e and f2 = f. The following conditions are
equivalent:
1. R is finite.
2. eRC fR,eR= fR = eR = fR.
3. ReCRf,ReZXRf = Re=TR{f.
We shall apply this to regular matrix rings.

A key result in our reduction is the following “corner” lemma.
LEMMA 3.4.
(a) When yd* = 0 then { 0

Z d+y } - [ (1—dd+)Z(1—a+a) 2]

(b) If M = [ i 2 }, with r = (1 — dd™)b(1 — a¥a), then there exists a 1-2
inverse
Mt — at (1—ata)rt(1—dd")
|1 0 dr
such that

aat 0
0 ddt+rrt(l—ddt) |

ata+ (1 —ata)rtr 0
0 dtd |-



4 R.E. Hartwig, P. Patricio

Proof. (a)

1 0 a 0 1 0] a 0
—ba™ 1 b d+y —d™b(1—a*ta) 1| | (1—dd")b(1—a%a) d
(b) This fundamental result was shown in [9], pg 211 eq. (3.5). O

4. The Cornered Canonical Forms. We next turn to the block triangular
case. Let R be a regular ring and let

L .
BQ A2
. f whee
| B, | 42 |

be a lower triangular block matrix with D = D(M) = diag(Ay, .., Ay).

n
We shall assume that A, is p; X ¢; and M is p x ¢, where p= )" p; and ¢ = ) g;.
i=1 j=1
Our aim is to address the question of how to characterize M ~ D and M < D. The
former was done in [12], with aid of the canonical form

C A 0
Y, A
(4.2) PMQ=P(D+B)Q=N=D+Y = - - 4 ,
K
I Yo | An ]
where
B P,y 0 P 0 ] [A, 0
S R B R A |
(4.3)
_ QQ 0 Qn—l 0 o Tk 0
Q‘[ 0 In_, 0 1|9 0 Iy |’
Peoi 0 P, 0 A1 0
Ak_P’“[ 0 1} [0 Ik_g]_P’C[ 0 1
and
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In these expressions

(4.4) I

P, = [ T (1) ] and
a-| Y=
k —AfBymp—1(I = Df | Dy—q) 1

—Byme_1 Dy,
In_q1 O ]
] { —qp 1

are both k x k.

In addition, the submatrices Y3 of N, are defined by
(4.5) Vi = (1 — A A} )Bymg—1(I — D Dy—1).
The reduction as given in 4.2 is equivalent to the “horizontal” reduction
(4.6) VMU 'Z)=N=D+Y
in which U = I+ DB,V =1+ BD% and Z =1+ DYBDD™ are all invertible.

In order to solve the pseudo-equivalence problem, we shall need a second parallel
canonical form, which again uses Lemma 3.4,

_Al 0
Ry A,

(4.7P'MQ =P (D+B)Q =N'=

Y —orE

—r—

The steps in this reduction are identical to those used to obtain N, except that
we replace Dy by the principal block Nj, at each stage. This gives

I s P I e I |

0 Ik 0 I, o 0 Iy g
(4.8)
QR 0 Q. 0 T, 0
’_ r_
Q' = { 0 I, | 0 I, QL= 0 I, |’
and
P 0 P 0
! / k—1 2
Ak—Pk[ 0 I}[ 0 I}qq}and
(4.9)
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In these products,
(4.10)

are both are k x k.

It should be noted that

I 0
Tré:ﬂ-2:Q2:|:—B2Ai‘r I:|
and

;o - I 0
A2= o= [ —A3By(I— AT Ay) 1 ] '

The submatrices Ry of N’ in 4.7 are defined by
(4.11) Re=(1- AkA:)BkW;c—l(I — (Nj—1) ")

There does not seem to be an obvious “horizontal” reduction (using D, B and (.)")
that is equivalent to this “total” block reduction!

We next take advantage of the special form of N’. Using Lemma 3.4 we obtain the
following
THEOREM 4.1. Let N’ be as in 4.7. Then there exists a reflexive inverse (N')*
such that
N'(N"Y* = diag(A1 AT, Ag AT + Ro RS (1— A AS), ..., Ap A+ R R (1- A, A)) =D
N, 0
’_ k—1
Proof. If N, = [ Re A,
(Nl)+ — (N’)Z_l (- (N/)I—lNllf—l)RkJr(l - AkAg)
; 0 A :

Recalling that A Ry, = 0 and Ry (N'){_; = 0, we may conclude that

} then by Lemma 3.4 we can find a reflexive inverse

vyt = | Ve (N 0
(4.12) (N)p(NV ); = [ : 0 o AkA;-l-Rk(Rk)Jr(l _AkA;)' }

We note in passing that R;CD,JCr # 0 in general.

It now follows by induction, that if Nj_,(N’){_, is diagonal, then so is N, (N'){, and

has the form

N (N")} = diag[A1 AT, A2 A + Ra(R2) T (1— A2 A7), .., A Al + Ry (Ri) T (1— A A
fork=1,...,n.
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When k = n, we arrive at © = N/ (N’);, as desired. O

Because the product of AkAg and I — AkAg is zero, we see that
R[ARAL + Ri(Ri) ™ (1 = ApAy)] = RIAGAL] + R[Ri(Re) " (1 — ApAf)]
as an internal direct sum, and hence that
R(Ag) = R(ALAL) C RIARAL + Ri(Ry)™ (1 — Ap AL

This allows us to conclude that
COROLLARY 4.2.

R(A;)
i (1 _ +
R(D) = : c R(As) +R[R2(f:72) (1 — AzA7)] _ R®) = R(N!)

We may now combine Corollaries 3.2 and 4.2 to conclude that
(i) R(D) C R(D).
(i) R(M) 2 R(N') = RIN'(N")*] = R(D).
(iii) If M = D then R(D) = R(M) = R(D).

Now if Ry is finite then by Theorem 1 of [10], we may conclude that R(D) = R(D)
and thus R[RkRz(l - AkAz)] = 0. This means that Ry = Ri(Ri)TRr = 0, for
k=1,2,...,n and we have the Roth Consistency Conditions R = 0, i.e.,

(4.13) Ry, = (1= AgAf) By (I = (N');_ Nj_y) = 0.

In order to relate these conditions to the condition that Y = 0, we shall need the
following

LEMMA 4.3. Let N’ be as in 4.7. For each 1 < t < n, the following are equivalent.
(i N,’C(N’);: = DkD;f, k=1,...,t
(i) Re =0,k =2,...,t.
(iif) (N))* N, = D} Dy, k=1,...,t.
(iv) V=0, k=2,...,t.

Proof. We shall use induction in all four cases.
(i) = (ii) From Theorem 4.1 we see that for k < ¢,

oot [ (Ve (N 0
Ni(N)g = { 0 ApAT + Re(Ro)* (1= AAT) ]

If this equals DD, then we must have Ry (Ry)" (1 — AyAf) = 0 for k < t. Post-
multiplication by By, (I — (N'){_,N/_,) then shows that Rj, = 0.
(ii) = (i). Indeed, if Nj_,(N")}, = Dy_1Dj_, then setting Ry = 0 in 4.12, we see
that

NI/C(N/); _ [ Nllcﬂ(N/)Z—l 0 ] _ { Dk’—lDl—:—l 0

_ +
0 ApAf 0 AuAf ] = DDy
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(ii) = (iii). One checks that N;'Ny = DJ D,. Next we assume it holds for k =

— 1. Then from Lemma 3.4 we see that for NTN, = N2y Ny 0 =
r . . +N, = 0 ArA, | =

D} D,y 0
+ _ N7t +
()= (). T NF N = [Nk_lNkH-(I ONk_lNkfl)RkRk A+0A } _ DDy,
k k

then
Nt Neoi+ (I = NP Ny1)Rf Ry = DDy

For k = 2 we have Df Dy = Nj Ny and thus (I — AT A;)Rf Ry = 0. This gives
Ry = 0. Assuming Ry = 0 for k < r, shows that

D+DT _ N+NT _ |: (Nl):r—l(N/)Tfl(I - NrJr—lNTfl)R:rRT 0 :|

0 Af A,
[ DY D,y +(I~-D} D, 1)R}R. 0
- 0 AfA,

This gives (I — D;" ;D,_1)R} R, = 0 and hence that R, = 0.
(il)= (iv). If N;Nk = D:Dk for k <t then 7}, = m, and Ry =Y.

(iv)=(ii) If Y3 = 0 then clearly Ry = 0. So assume that R; = Y; = 0 for i =
2,...,k — 1. Then for these values of i, N;'N; = D D; and 7} = m;. Consequently
Ry, = (I — AkAD) By, (I — N Ny) = (I — Ay A )Bym—1(I — D Dy) =Y, = 0. O

We may now combine all the above in
THEOREM 4.4. Let M be a block triangular matrix as in 4.1 and suppose that
Rpxp is finite regular, then the following are equivalent:

(i) M (M)-
(i) M = D(M).
(iii) k—O k=2,.
(iv) Yy =0,k =2,.

5. Back to the Roth Conditions. Let us now turn the Roth conditions Y = 0,
into matrix equations. It should be noted that the equivalent condition R = 0 is not
so transparent. When k = 2, we see that the first Roth consistency condition becomes

Ry = (1 — A2A3)B1(I — AT A)) =0

which return us to Ao X —Y A =
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For general k, we recall the consistency condition [12]
(I-E)BUTY(I-F)=0

in which E = DD' and F = DTD. Using path products this gives for the (p,q)
block,

(5~1) (I - APAZ)[(BUil)quI - A;Aq);
where .
(BU_l)pq = Dpq + Z (_1)k E prilAZBilai2A’j;"'Bik717ikA;:BikQ'
k=1 p>i1>02>.. >0, >q

This leads at once to the Roth-matrix consistency condition
(5.2) A X —YA,=BU Y, pag=1,...,n

We may now combine the above with the results of [6] and [7].

THEOREM 5.1. Let R be a regular ring. The following are equivalent:
(i) R has Roth’s pseudo equivalence property, i.e., M ~ D(M) =Y, =0 (R =0).
(ii) R has Roth’s equivalence property, i.e., M ~ D(M) =Y, =0 (Ry =0).
(iii) R is stably finite.

Proof. (i)=-(ii). This always holds.
(ii)=-(iii). This was shown in [6].
(iii)=-(i). If R is stably finite and regular, then Ry is finite for all N. Now if
in addition, M ~ D(M) then by Theorem 4.4, we see that the Roth consistency
conditions Y; = 0 hold for k=1,...,n. O

6. The Rowspace Case. The key condition in Theorem 4.1 was that R, is
finite. This condition can be weakened when ¢ < p, to R, being finite. To do this we
have to repeat the above procedure with column spaces instead of row spaces.

The canonical form in this case can be obtained by using Lemma 3.4 starting
from the lower right corner rather from the upper left corner and using trailing prin-
cipal submatrices Mj,. Again we have two canonical forms. One involves Dy, which
corresponds to the second horizontal factorization WV~ MU = N =D+Y. In
this case it is more convenient to reverse the numbering of the blocks.

A, 0

(6.1) M = =D+C

ce Ay

Oy ] Ay

Even though the new Consistency conditions take a different form from the original

Roth conditions, we shall show that we actually do get the same canonical matrix
M’!" This will become clear once we identify this reduction with the factorization
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WV IMU— =M

Our aim is to show that the reduction in this case can actually be obtained from the
first procedure. We need two concepts.

DEFINITION 6.1. If A = [a,;] is m X n then

(i) A = [a;;], where a;; = Gmy1—jnt1—i

(ii) A~ = [aj;] where in af; we reverse all products, if any.

The former can be thought of as A = (FAF)T, where F is the ‘flip” matrix

0 1

provided we block transpose. -
In particular if D = diag(A1, .., A,,) then D = diag(A,, .., A1).
We shall need
THEOREM 6.2. Consider the matrices Ay xk, Brxe and Cyx, over an arbitrary
ring. Then (ABC’) CBA
Proof. (CB ) Z Z (C)iw(B)uy(A)y which in turn equals
u=1v=
’
Z ZCZ+1 u,n+1— 'Lbk:+1 v, l+1—ulm+1— —Jk+1—v-

Now set r =44+ 1—w and s = k+ 1 —v. This gives

¢k
- § E Crn41—i sraerl 7,8+

r=1s=1

k¢
On the other hand, (ABC);; = > > a;sbsrcy; and hence

s=1r=1

kL
ABCN ZZC,.jbsrais.

s=1r=1

k¢
Next we have ((ABC’) ) Z Z Crm+1—ibsr@mt1—j,s, which is the (¢, 7) entry in

the RHS. O
We shall apply this to the reduction P"MQ" = N’, as given in 4.8-4.11.
Theorem 4.4 ensures that Q"M P’ = N’, in which

A, 0
Anfl
(6.2) N = ,
Rn Rn—l T AQ
| Ra | Ay



On Roth’s pseudo equivalence over rings 11

with Rk = (I — N;Q,l(N')}:,l)ﬁkqu(I — A—]:Ak) and

P = |: Ino 0 :| p/n: [ Ik 0 :|’

0 Py 0 Ay
I Iy — 0 1 0 5
with A, = [ kO 2 P, } . { 0 P ] P’} and

s A, I, 0 | In—x O
Q_Qn|: 02 Ql2:|_|: 0 7Tk:|’

— 1 0
P = -
¥ { (N m1Cr Iia ]
and

o 1 0
F —(I = Ny (N1 O AL Iy |

To identify this canonical form we recall that

Al 0 Aj 0
/ — / k = k
Ak+1_Pk+1|: 0 1I:|_|:Bk+17TkD]-:A;c 1:| and
(6.3)
/ M /
’ _ ’/Tk 0 12 _ ﬂ—k 0
ﬁk+1_[ 0 I}Qk“_ | Qi1 1}
Again using Theorem 4.4 we now obtain
. 1 0 Al 1 0
. . [ _ ~ _ _
(6.4) T k1 = |: _qlk+1 ' ] and Ak_;,_l i _AkD:W/ka+1 Aly ] .
In particular,
1 0
(6.5) Q =
__q/n o 1
. e

From the form of Q’ we see that Q' = [—(I—DD*)Q'CD*, in which DD*Q’ = DD*
(Here D is labeled backwards!). This gives Q'(I+CD%) = I+DD*TCD? from which
we see that Q' = (I + DD*CD*)(I + CD*)". Since M = D+ B = D+ C
(with column partitioning and reverse numbering), we can identify these matrices as
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Q' =WV~ where W =1+ DDTCD%" and V =1+ CD™.

? 9
Lastly, if U=1+D"C= |, .. | then
?7 U

Ul — { 1 0 ]
Rl D Cri1 Uy

and consequently,

S 1 0
k+1 7U];1D:Ck+l Uk_l .

On the other hand, we may match this with 6.4 in which U, ' = Ay. Note that this
uses D; 7', = D;! We have thus shown that U~ = P’

Remarks

(i) The “horizontal” reductions V"'MU~1Z and WV ~1MU~1!, respectively, corre-
spond to the “row” and “column” partitioned cases.

(ii) Since VMU 'Z =WV IMU ' =D +Y = D + Y, we see that we have two
sets of consistency conditions for M ~ D, ie., Y =0 and Y = 0. That is,

(66) Yk = (17AkA;:)Bk7Tk_1(IfD:_1Dk_1) :0, kz?,...,n
and
(67) Yk = (1_Dk—lD]—:,l)ﬁ'k—lck(I_A;:Ak) =0, k=2,...,n.

These respectively correspond to the rows or columns of Y being zero.

In conclusion, let us return to Theorem 4.1.

Consider

A
N=19 §,

and Ry as given in 6.2. We may again apply Lemma 3.4 together with RkAz =0
and N’ :_1Rk = 0, to obtain a reflexive inverse inverse N’j such that
0 N Ny
It now follows by induction, that if (N/)}_ | N’;_1 is diagonal, then so is N’y N'j,
and has the form
N’:N’k = d’LCLg[AzAk + (I — A;:Ak)R;:Rk, e A;AQ + (1 — A;AQ)R;R27 ATAl]
fork=1,...,n.

NN — {
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. = Gt .
When k = n, we arrive at ® = N’ N';,, as desired.

As before, because the product of A;Ak and I — A;Ak is zero, we see that
RS[A] A + (1 — AL Ap) R Ri] = RS(A] Ax) + RS[(1 — A A) R} Ry
as an internal direct sum, and hence that
RS(Ag) = RS(A; Ay) € RS[AL Ap + (1 — AL Ap) R Ry)).

This allows us to conclude that
COROLLARY 6.3.
+ i A+ P+ P
RS(Ay) RS[AF A, + (1 | AT ALRTR,)
RS(D) = : C e
RS(A ) RS[AQ A2 + (1 - AQ A2)R2 RZ]
" RS(AfAl)

We may now combine Corollaries 3.2 and 6.3 to conclude that
(i) RS(D) C RS(D)
(ii) RS(M) = RS(N') = RS[N'"N'] = RS(D)
(iii) If M = D then RS(D) = RS(M) = RS(D).

Now if R;x, is finite, then by Theorem 1 of [10], we may conclude that RS(D) =
RS(D) and thus RS[(1 — A Ax) R} Ri; = 0. This means that Ry = EkRiRk =0, for
k=1,2,...,n and we have the dual Roth Consistency Conditions R = 0, i.e.,

(6.8) Ry =(I— N Ny )7k 1Ce(1 — A Ay) =0,

with reverse numbering.
As before, we can use the ‘barred’ version of Lemma 4.3 to show that these are
equivalent to the simpler consistency conditions that Y; = 0 of 6.7.

7. Questions. We close this section with several open questions.

1. Can we improve on the matrix consistency conditions of 5.2 in terms of matrix
M?
Can we use the above to derive consistency conditions for the Stein equation?
What is the block form of NTN? Can we use induction?
Are there any other applications of the “bar” lemma?
What horizontal consistency conditions does the second canonical form cor-
respond to?
6. In Theorem 6.2 do two factors suffice?

A e
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