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Abstract—The purpose of this work is to design an exact
fuzzy observer for a bioprocess switching between two different
metabolic states. A fed-batch baker’s yeast culture is modeled
by two sub-models: a respiro-fermentative state with ethanol
production and a respirative state with ethanol consumption.
An exact fuzzy observer model using sector nonlinearity was
built for both nonlinear models; the observer gains were
designed using Linear Matrix Inequalities (LMI's). The
observer dynamics shows a very good tracking behavior with
respect of the states of the switching partial models. The
observer premise variables depend on the state variables
estimated by the fuzzy observer.

I. INTRODUCTION

The measurement of biological parameters as the cell, by-
product concentrations and the specific growth rate is
essential to the successful monitoring and control of
bioprocesses [1]. However, on-line measurements of all the
state variables of a bioprocess are not always available, due
to the fact that: sensors are expensive, are not completely
reliable and are not always sterilizable, among other facts. A
state observer may be used to reconstruct, at least partially
the states variables of the process. This situation has
encouraged the searching of new software sensors in
bioprocesses. Fed-batch cultures are used to produce high
concentrations of a desired product avoiding undesirable
effects such as substrate inhibition and catabolite repression.
Different application of observers and parameter estimators
are reported n the literature [2], [3] and [4], among others.

In processes with uncertainties and poor known kinetics,
fuzzy logic may help to compensate the lack of information
by adding the human expertise about the process. Different
fuzzy logic applications to bioprocesses can be found in the
scientific literature. For instance, Azevedo et al [5]
proposed a state observer based on a hybrid model, where
the specific kinetic reactions are approximated using fuzzy
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inference systems, other applications are reported in [6], [7]
and [8].

In the case where the nonlinear model of the process is
known, a fuzzy svstem can be used. A first approach can be
done using the Takagi-Sugeno (TS) fuzzy model [9] the
consequent part of the fuzzy rules are replaced by linear
systems. This can be attained, for example, linearizing the
model around operational points, getting local linear
representation of the nonlinear system. Another way for
obtaining TS models can be achieved using the method of
sector nonlinearities, which allows constructing an exact
fuzzy model from the original nonlinear system by means of
linear subsystems [10]. From this exact model, a state
observer may be designed based on the linear subsystems.

Along this line of reasoning, in this work a fuzzy state
observer based on sector nonlinearities is proposed and
applied to a fed-batch baker’s yeast process. An interesting
feature of this model 1s the splitting in two different partial
models: a respiro-fermentative (RF) model with ethanol
production and the respirative (R) model with ethanol
consumption. The switching condition depends on whether
the process 1s consuming or producing ethanol. The observer
premise variables depend on the estimated variables by the
fuzzy observer. The use of fuzzy observers obtained from an
exact fuzzy model, applied to fed-batch culture described by
partial models has not been, to the best authors’ knowledge,
reported in the literature.

II. PRELIMINARIES ON FUZZY MODELS

A. Takagi-Sugeno Fuzzy Models

The Takagi-Sugeno fuzzy models are used to represent
nonlinear dynamics by means of a set of IF-THEN rules.
The consequent parts of the rules are local linear systems
obtained from specific information about the original
nonlinear plant. The ith rule of a continuous fuzzy model has
the following form:

Rule i:
IF z,(8) is M| and...and z (1) is M,
N{x(t) =4 x(t)+ B u(t) (1

vit)=C,x(1) i=1,...,r



where M; 1s a fuzzy set and r 1s the number of rules in the

fuzzy model; x(t) € R" is the state vector, u(f) € R" is the
input vector, ¥t} € R is the output vector, 4, R™, B;e
R™, v Cie R™ are suitable matrices, and z{t)=
[z:(2).....55(#)] 15 a known vector of premise variables which
may depend partially on the state x(#). Given a pair of (x{1),
u(t)) and using a singleton fuzzifier, a product inference and
a center average engine, the aggregate TS fuzzy model can
be inferred as:
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for all £. The term Af ;( 7, (%)) 1s the membership value of
Z{1) in M; . Since
@ (z(1)) 20 and Za‘;i (z(t) =0, i=1..r
i=1

we have that
h(z())=0 and Zhl(z(t)) =1, i=1,.r
i=1
forall ¢

B. Fuzzy Observers

The state of a system 1s not always fully available, so it 1s
necessary to use an observer to reconstruct, at least partially
the states variables of the process. This requires to satisfy
that

hm () = 2(1) = 0

where £(¢)denotes the state vector estimated by the fuzzy

observer. There are two cases for fuzzy observers design
depending on whether or not z(#) depends on the state
variables estimated by a fuzzy observer [10]. Given the TS
fuzzy model (1), the ith rule of a continucus fuzzy observer
can be constructed as:

Observer Rule i

IF z(t) is M| and..and z (t) isM
THEN

= 2 B (24,800 + Bu(t) + K, (»(2) - 9t}

(B) = B (2()C 2(7).

where K is the observer gain for the ith subsystem. If z(?)
depends on the estimated state variables, the observer takes
the following form:

£= Z B, (204, 2(8) + Bu() +K, (30— p()}
P()=h, (2(0))C %)
III. THE BAKER’S YEAST MODEL

A fed-batch baker’s yeast culture is represented by the
following model

(] + pag + 1% =X
g =l ——
x(t) — ( kilurs leis )xl X in 5
(kSﬂs _k4ﬂe )xl _x3 ( )
(—kspt, —kgpe))x, +OTR %

with the additional equation

x=F
The variables and parameter values used in (2) are shown in

table 1.

TABLEI
PARAMETERS AND VARIABLES USED IN THE BAKER’S YEAST MODEL.

Variable / parameter units
x; = Biomass g/l
x; = Substrate g/l
x; = Ethanol g/l
x4 = Dissolved oxygen mg/l
x5 = Volume L
F =Flow rate L/h
D= F/e;= Dilution rate 1/h
Sim = Inlet substrate concentration g/l
4L, g and ﬂ;= Specific growth rates 1/h




The yield coefficients values for k), ks, ki, k. ks, ks are
described in [11]. The oxygen transfer rate is given by OTR
=K;a(C** - x,), where K;a is the mass transfer coefficient
and C** is the oxygen saturation concentration. OTR may
be split in two terms, one that is constant and the other one
depends on the dissolved oxygen.

KLQCM (3) -Kax,, (4)

Pormeleau [12] suggested a reformulation of model (2)
using two partial models: a respiro-fermentative partial
model (RF) with ethanol production and a respirative partial
model (R) with ethanol consumption. With this
reformulation a split process model 1s obtaned switching
from the RF partial model to the R partial model and vice
versa, depending on whether the system is consuming or
producing ethanol. To precise the ideas, consider a nonlinear
system described by the model (2), which can be written as

x(t)= filx@)+g(xu(t)+d
y(2)= h(x(t))

where f.(x(t))describe both the RF and R partial models,

namely

(#siRF + ﬂ;fRF )%,
- (_klﬂj_RF _k2#:_RF )xl

f; B i = far ()
M ey
_k5ﬂ§7RFx1 -K ax,
and for the R model
(ﬂ:_fe + #:_R X
_klﬂso_zexl .
f2 - _k4ﬂ;jx1 ; fR’ (6)

(_ksﬂs_;e _ksﬂ:_fe)xl _KLale

and uft) = D = Fixs.

The input matrix g(x) for both models is given by:
Sl XSy~ fx4]T (7

As previously stated, OTR was split in two terms the first

one (3) was included in the models (5) and (6) and the

second one (4) 1s considered as a constant perturbation, and
thus

d=1[000KlaC**|"

The specific rates for the RF partial model are given by:

X,
o =¥ max cy (8)
»us_RF OZ[QO K0+x4j

x2 x, T
ol = YF buit:)d _ oinax 4 ﬂ .
How [qs Ks+x2 % Ko+x, T, J ®)

For the R partial model the specific rates are given by

# 2 =Yo(q;““ stj " } (10)
and ‘ue”_ = » which can take the following values
. 4, iF 4, <q,
fex ={qez IF g, 24,
where
T an)

Ke+x, Ki+x,

s - Y_O max .X2
Ks+x, (12)

Ko+x, T,
From equation (11) and (12) it can be inferred that the R
partial model given by (6) should be split in two new
models:  (Rgel) and  (Rge2)

when  , =g, . The switching cendition between the RF

Ge, = oze[q;nax

when i = 9.,

and R partial model, as well as, the parameters definition
and values (Ks, K7, Ke, Ko, Yo, Yr, Yo, Yoy, Youe, ¢, g7

and ¢ ) shown on equations 8 to 12 are described m [11]

and [13]. To change between the RF to the R models, F was
varied according to figure 1, while S, was set to 10.
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Fig. 1. The feeding flow signal

IV. THEExacT Fuzzy MODEL

When the nonlmear dynamic model for the baker’s yeast 1s
known, as well as all their parameters, a fuzzy exact model
can be derived f{rom the given nonlinear model. This
requires a sector nonlinearity approach [10]. To construct the
RF and R exact fuzzy models, frr can be expressed as:



RF model
i x‘ P YO] gt xl ]
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From (13-15) the fuzzy exact model using sector

nonlinearities can be constructed. The premise variables are
chosen as:

=% 16 ! 17

40 Ko+x, HE 20 Ks+x, o
X3

= Rern)Kitx) (18)

and from (7) the premise variables for the input matrix gfx)
are given by:
(19)

le(l)=x1’ z)cz(t)=x2’

z, (=x, =z (f)=x, (20)
With these premise variables, assuming the ranges x;(f) €
[0,101, x5(8) € [0, 1], x3(®) € [0, 5]andx4?) & [0, 0.007] and
using the procedure described in [10], the membership
function for M;(z,(t)) for the RF partial model is obtained as
z(t)—a, M, (z ()= —z(t)+aq, ,

Tz a4 —a

M (z()=

The membership functions Mo(za(2), Mafz. (1), Mafzo(t)),
M sn(ze5(8) and Mg, (z,4(1)) are obtained following the same
procedure. The maximum and minimum values for the
premise variables are shown in the table 1. A general fuzzy
rule to infer all the fuzzy rules for the RF partial model can
be stated as:

IF zi(#) is “Mi(z(0) " and zz(8) 18 “Mo(zo(2)) " and z() is
“Maf(za(t)” and  zoft) is “Myg(zo(H)” and  zst) is
Msn(ze5(t) and z,o1) 15 “Ma(zea(1))”

THEN
- RF RF RF
x (t) = Vikdmn x(l) + Byidmnu(l) + d
LpkLmn =12
TABLEII
MAXIMUM AND MINIMUM VALUES FOR THE PREMISE VARIABLES.
Premise ;
; max min
variable
s 2,-0.9859 = 0.1
RE, 1, 2 _ _
R b= 50 b=0.1
775 2,=9.8039 2=0.1
le(t) ¢ =10 =0
z, (1) di=1 d3=0
z, (1) e=3 e=0
z,, (1) f,=0.007 £=0
) o - )
The linear subsystems Ay;dm, By;dm are derived from
- _
age —zﬂ} rh, 0 o
! { R J
i by
Angfm _| % [*hyoz +hT Y_O;J ’kzqusmbj 0 0 (21)
wex Lo rax
’kzaiyr@'o Z L bj 0 0
7k5aI.Ymg;““ 0 0 —Kia
ikl mn=I2
RF T 22
B.Ijkf??i}’i=[_ck’ _d;f+Sm7 € _-ft"l] ( )
Lk timn=12

Taking into account that there are 6 premise variables in the
RT partial model, there will be 2°= 64 linear subsystems that
are constructed from the combination of (19) and (20). The
final aggregated RF model turns to be:

H=>h, (z(r)){Ajgmx(r) +B u()+ d}

S OEDWNE ) &)



where

= n+2m—-1D+410-1)+8(k-1) 23
+16(j—1)+32( 1),

B, (2(0)) =M, (z, (DM, (z,(D))M ,, (z, (2))

XM, (2, (OO, (2, (M, 2 ey )
This fuzzy model exactly represents the RF partial
nonlinear model in the region x;(t) € [0, 10], x,(2) € [0, 1],
x3(t) € [0, 5]and x4t) € [0, 0.007]. The fuzzy exact model
for the models Rgel and Rqe? were constructed following
the same procedure. It is worth to remark that also 64

subsystems are obtained for each partial model Rgel and
Rge2.

V. THEExacTFuzzy OBSERVER

After an exact fuzzy model for the nonlinear baker’s yeast
partial model has been obtained, a fuzzy observer can now
be designed. The following assumptions are made:

H1. The vield coefficients k;, ko ks ke ks and ks are
constant and known.

H2. The ethanol and the dissolved oxygen concentration
are known.

When the ethanol and the dissolved oxvgen are measured on
line all the states variables are observable, so a full state
observer can be built, the procedure described by [10] is
followed. For the RF model the premise variable z;(2), z.s(t)
and z,(t) are taken as in (16) and (20). However for z(1),
Zu(t) and, z.5(t) we have to consider the estimates, namely

5 x
z(H=—"—,
() Ks+%,
thus the membership functions, for Ay(zat)), Adafz(1)
May(zeo(t), are then modified as

fxl (r)=5&1’ E)cz (I)=5&2’

< Z(t)-b x -z, () +
M, (5,1 = % M, (2,0 = %
R z (tH-c R -z (O+e¢
M, (2, ()= M, @) =—2",
G4 G4
. z,(t)—d, . ~Z, ) +d,
M t=—"4"-—-_M y=—"2
WEO=" T MG 0=

The linear subsystems 4% B for the observer are also
k> S kmn

derived from (21) and (22). The fuzzy rules for the RF
partial model observer are stated as

IF zit) is “Mu(zi(t)” and 2,05 is “My(z,en 7" and 2 ()
18 ‘Mgk(gxl (1) and 2,0 18 ‘M41(Z"x2 in)” and  zs(t) 1s

Misu(ze3(t)) and z4ft) 1s “Maizeaft))”
THEN

()= A% HO+BYE u()+K, (30— PO +d
inklmn =12

The aggregated fuzzy observer for the RF model tumns to be

(0= SR, (B0 (47, 30+ B u(n)
VK, (@) $() +d]

) =2 h (ZO)CH(D)

where

B, (2()) =M (£ ()M, (z,(2)M,, (£, (7))
XM, (2, (DM, (2, ()M, (2, (1))

The fuzzy observers for the Rgel and Rge2 partial models
were derived using the same procedure. The observer gains
were calculated using the MATLAB™ Linear Matrix
Inequalities (ILMI’s) toolbox. The observer gains for the RF,
Rgel and Rge?2 are shown in table I11.

TABLEIII
FUZZY OBSERVER GAINS FOR THE RF, RQE] AND RQE2 PARTIAL MODELS.

Observer

gains *i *z *s xe

Kirr -58224 82413 5215 -5167.8

K;rr -27997 2342.1 3312 -3319.5

Ks rr -56608 8065 5079.1 -5035.7

K4 rr -26381 21658 31761 -31874
K1 Rget -95553 -50593 1637.7 -1657.5
Kz Rt -74005 1888 1301.9 -1338.7
K reet -75377 -699.86 1257.3 -1292.1
K4 Rget -53829 | -528.58 921.54 -973.25
Ki rge -44374 5459.5 3614 -3611.4
K3 Rge -25288 1698.6 2603.5 -2630.4
K3 Rrge2 -42980 5330.1 35091 -3509.4
Ks pge -23895 1569.2 2498.6 -2528.4

Also, common positive definite matrices that guarantees
global asymptotic stability [10] were found for each partial
model, namely

1.0954x10°  -8.3895x10°  -6.263x10°  6.0871e-005

| -8.3895x107  11794x10%  3.8171x10°  -3.7069%10°
T 6.263%10°  38171X10°  5.3843%10°  -5.2354%10°
6.0871x10° -37069x10% -52354x10% 5.2541%10°
[2.3943%107  1.0067x10°  -2.7981%10°  2.6675%10° ]
o= L0067x10%  1.55%10°  -1.3877%107  1.3352x107
Bl 27981107 -1.3877x107  3.595x107  -3.4274x107
| 2.6675x107  1.3352%107  34274%107  3.5254x107 |
[ 24873%10° -1.6155x10% -1.2776x10% 1.2396x10° |
_ -1.6155%10%  2.1872x10°  6.4119%10°  -6.2134x10°
B2 T 12776%10% 6.4119%10°  9.2698x10°  -8.9975%10°
| 1.2396x10%  -6.2134x10°  8.9975%10°  9.0991x10° |




However an overall common P matrix for the RF, Rqel and
RqeZ partial model could not be found.

VI. SIMULATION RESULTS

The application of the proposed observer scheme was
simulated using MATLAB™. The fuzzy observers were
tested using the fed-batch RF and the R baker’s vyeast partial
models given in [11]. The feeding flow rate was varied in
order to force the switching between both models. The initial
conditions were chosen as x;(0)=0.1 g/l, x,(0)=0.02 g,
x:070.15 g/, x,{0)=0.0066 mgl and x:(0)=3.5 L. The
behavior of the fuzzy observer for biomass estimation is
shown in figure 2. It can be noticed that the dynamics of the
baker’s yeast switch through the RF, Rgel and Rqe2 partial
models and the observer converges to the real biomass
values. The estimated substrate is shown in figure 3. The
observer performance is acceptable for the range of chosen
values; although its performance may be degraded on initial
conditions far away, from the real initial parameter value,
not shown. An acceptable criteria estimation was sef to + 5
% .
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Pt | l'_"'r4e_1 r-1 r-— . _
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Fig. 2. Biomass estimation for the initial conditions % (0y=1 g/, % 0=
0.75 g/l %, (0)=0.5g/land % (0y=0.2 g/l.

025

— True
- Estimated
— - Estate RF, Rgel, Rge2

Substrate g/l

Tirne ()

Fig.3. Substrate estimation for the initial conditions }"52 (0)=10.15 g/l, ,}2 (0)
=0.1gl, % (0)=005and % (0)=0.01g/

VII. CONCLUSIONS

Based on the idea of splitting the baker’s yeast model, a
novel TS furzzy model was proposed using the sector
nonlinearities method, giving an exact representation of the
original nonlinear plant. Moreover, an observer for each
partial model was constructed. It is worth noting that the
observer dynamics shows a very good ftracking behavior
with respect of the states of the switching partial models,
without performance degradation. Therefore, the approach
presented here may be considered as a valid methodology to
design an observer for this class of systems. Future work
will include the experimental wvalidation of the fuzzy
observer.
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