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1 Introduction

While variational inequalities where introduced in 1964, by Fichera and Stampacchia in the framework of
minimization problems with obstacle constraints, the first evolutionary variational inequality was solved in the
seminal paper of Lions and Stampacchia [24], which was followed by many other works, including the extension
to pseudo-monotone operators by Brézis in 1968 [7] (see also [23, 33]). Quasi-variational inequalities were
introduced later by Bensoussan and Lions in 1973 to describe impulse control problems [5] and were developed
for several other mathematical models with free boundaries (see, for instance [25, 3]), mainly as implicit
unilateral problems of obstacle type, in which the constraints depend on the solution.

The first physical models with gradient constraints formulated with quasi-variational inequalities of evo-
lution type were proposed by Prighozhin, in [29] and [28], respectively, for the sandpile growth and for the
magnetization of type-1l superconductors. This last model has motivated a first existence result for station-
ary problems in [21], including other applications in elastoplasticity and in electrostatics, and, in [31], in the
parabolic framework for the p-Laplacian with an implicit gradient constraint, which was later extended to
quasi-variational solutions for first-order quasilinear equations in [32], always in the scalar cases.
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2 Evolutionary quasi-variational and variational inequalities with constraints on the derivatives

In this work we consider weak solutions u = u(z,t) to a class of quasi-variational inequalities associated
with evolution equations or systems of the type

Ou+ L a(Lu) + b(u) = f (1.1)
formally in the unsaturated region of the scalar constraint
|Lu| < Glu]

i.e., in the domain {(z,t) : |Lu(x,t)] < Glu](z,t)}, with a nonlocal positive and compact operator G,
where O;u denotes the partial time derivative, L is a linear partial differential operator in x with bounded
coefficients and L* is its formal dual. Here the monotone vector fields a and b are of power-type growth, and
the boundary value problems may be coercive or not. However in the region {(x,t) : |[Lu(z,t)| = Glu](x,t)}
the equation (1.1), in general, does not hold unless an extra term is added, raising interesting open questions.
The general form of L covers, in particular, the gradient, the Laplacian and higher order operators, the curl,
the symmetric part of the Jacobian or classes of smooth vector fields, such as those of Hormander type.
Weak quasi-variational solutions, which in general are non-unique and do not have the time derivative in the
dual space of the solution, are obtained by the passages to the limit of two vanishing parameters, one for an
appropriate approximation/penalisation of the constraint on Lu and a second one for a coercive regularisation,
as in [32]. This method allows the application of the Schauder fixed point theorem to a general regularised
two parameters variational equation of the type (1.1) and extends considerably the work [2].

When the constraint GG, which may depend on time and space, is independent of the solution, i.e. G =
g(x,t), the problem becomes a variational one with the solution belonging to a time dependent convex set
of a suitable Banach space. In this case, if the vector fields a and b are monotone, there holds uniqueness
of the weak solution. Under additional assumptions on the data, we show the existence, uniqueness and
continuous dependence of the stronger solution of the corresponding evolution variational inequality, when the
time derivative is actually an L? function. Here our method is adapted to gradient-type constraints and it
develops and extends the pioneer work of [34], which was continued in [35], extended to a p-curl system in
[26], and to thick flows by [30] (see also [27]). Although variational inequalities with time dependent convex
sets have been studied in several works (see, for instance [17, 20] and references theirin), for the case of
a convex with gradient constraint, only a few results have been stated, namely in [6], as an application of
abstract theorems, which assumptions are difficult to verify and, in general, require stronger hypotheses.

Recently, other approaches to evolutionary quasi-variational problems with gradient constraint have been
developed by Kenmochi and co-workers in [16, 11, 18, 19], using variational evolution inclusions in Hilbert
spaces with subdifferentials with a nonlocal dependence on parameters, and by Hintermiiller and Rautenberg
in [13], using the pseudo-monotonicity and the Cy-semigroup approach of Brézis-Lions, and in [14], using con-
tractive iteration arguments that yield uniqueness results and numerical approximation schemes in interesting
but special situations. Although the elegant and abstract approach of [13] yields the existence of weak quasi-
variational solutions under general stability conditions of Mosco type and a general scheme for the numerical
approximation of a solution, the required assumptions for the existence theory are somehow more restrictive
than ours, in particular, in what concerns the required strong coercive condition. Other recent results on
evolutionary quasi-variational inequalities can be found in [36, 20], both in more abstract frameworks and
oriented to unilateral-type problems and, therefore, with limited interest to constraints on the derivatives of
the solutions. Recently, in [15], a semidiscretization in time, with monotone non-decreasing data, was used
to obtain non-decreasing in time solutions to quasi-variational inequalities with gradient constraints, including
an interesting numerical scheme.

This paper is organized as follows: in Section 2 we state our framework and the main results on the
existence of weak quasi-variational solutions and on the well-posedness of the strong variational solutions; in
Section 3 we illustrate the nonlocal constraint operator G and the linear partial differential operator L with
several examples of applications; Section 4 deals with the approximated problem and a priori estimates; the
proof of the existence of the weak quasi-variational solutions is given in Section 5 and, finally in Section 6 we
show the uniqueness and the continuous dependence on the data in the variational inequality case.
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2 Assumptions and main results

Let 2 be a bounded open subset of RY, with a Lipschitz boundary, d > 2 and for ¢ € (0, 7] denote Q; = Q x
(0,%). For a real vector function u = u(x,t) = (u1,...,un), (z,t) € Qr, and a multi-index a = (a1, ..., aq),
8‘”“11,1,
6x(f1 -~»8$Zd

Given real numbers a,b we set a V b = max{a, b} and a A b = min{a, b}.
We introduce now several assumptions which will be important to set the functional framework of our

problem.

, we denote 0%u; = the partial derivatives of u;.

with a1,...,aq € Ngand oy + - + ag = |

Assumption 2.1. Forp € [1,00], let L be a linear differential operator of order s > 1, given by
L:V,— LP(Q) such that V, = {u € LP(Q)™ : Lu € LP(Q)*}
is endowed with the graph norm, ¢, m € N.

In general, the operator L can have the form

m

(Lu)j = > Y N 0%,

|a|<s k=1

where j =1,....0, a = (ai,...,a4) € N¢ is a multi-index and each )\fx k is in L>°(€2) but we shall consider
mainly the following four illustrative examples with constant coefficients, although we can consider also their
generalizations with variable coefficients, as in the fifth example:

1. Lu = Vu (gradient of u; m=1,£=4d );

2. Lu = Au (Laplacian of u; m =€ =1);

3. Lu=Vxu (curl of u; d=m=1£=3);

4. Lu = Du = £(Vu + VuT) (symmetric part of the Jacobian of u; d = m, { = m?);

d
5 Lu= (Xiu,...,Xu), where X; = Z aji%, where oj; are appropriate scalar real functions (subel-

=1
liptic gradient of u; m=1,1<j<¢,1<i<d).

Assumption 2.2. Leta: Qr x RY = RY and b : Q1 x R™ — R™ be Carathéodory functions, i.e., they are
measurable functions in the variables (x,t), for all € € R® and n € R™, respectively, and they are continuous
in the variables & € R® and n € R™, for a.e. (x,t) € Qr. Suppose, additionally, that a and b satisfy the
following structural conditions: for all £,&' € R® and n,n’ € R™ and a.e. (z,t) € Qr,

la(z,t, &) < a*|g]P, (2.1a)
(a(z,t,€) —a(z,t,¢')) - (£ - &) >0, (2.1b)
[b(, t,m)| < b%[n| P~V (2.1c)
(b(z,t,m) = bz, t,1')) - (n—n") >0, (2.1d)

where a* and b* are positive constants and 1 < p < oo.

Assumption 2.3. For a given p € (1,0¢), we work with a closed subspace X,, of V', such that X,, C L?(2)™
and ||v||x, = ||Lv||1» ()¢ is @ norm in X, equivalent to the norm induced from V.

Remark 2.4. For simplicity, in this work we consider a functional framework where we suppose the Poincaré
and Sobolev-type inequalities to be valid, as in the Dirichlet problems of the five examples. However our
approach is still valid for more general frameworks to include Neumann and mixed-type boundary conditions.

Assumption 2.5. There exists a Hilbert subspace H of L?(2)™ such that (Xp, H, X;,) is a Gelfand triple and
the inclusion of X,, into H is compact for the given p, 1 < p < 0.
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From now on, we set
¥, =LP(0,T;X,), # =LF0,T;H), 1<p<oo,

and we observe that L?’ (0,T;X7) =¥, with p’ = b5 for 1 <p < 0.
By well-known embedding theorems on Sobolev-Bochner spaces (see, for instance, [33, Chapter 7]), we
have

Yy ={ve,: dwe¥}cE(0,T];H) (2.2)

and Assumption 2.5 implies, by the Aubin-Lions lemma, that the embedding %}, — J¢ is also compact for
1<p<oo.

Assumption 2.6. We consider a nonlinear continuous functional G : 7 — LY(Qr), such that its restriction
to ¥, is compact with values in € ([0,T]; L*()), i.e., G : ¥, — € ([0, T]; L°(Q)) is compact. In addition,
we assume

0 < g« < Gu|(z,t) < g* forall w e ¥, forallt €[0,T] and a.e. x € Q2

for given constants g, and g*.

Since G is compact in ¥}, in particular, for any sequence {v,,},, weakly convergent to v in ¥, there exists
a subsequence, still denoted by {vy, },, such that {G[v,]},, converges uniformly to G[v] in € ([0, T]; L>(92)).
For v € ¥, and a.e. t € (0,T) we define the nonempty convex set for G[v](t) € L>(2)

Kol = {w € X, ¢ |[Lw| < G](t)}, (2.3)

where | - | is the Euclidean norm in R and we denote w € Kgpo) if and only if w(t) € Kgp) for a.e.
te(0,7).

For 1 < p < oo, we denote the duality pairing between X}, and X, by (-, -), and we consider the
quasi-variational inequality associated with (1.1) and (2.3). Find u € ¥, satisfying

uc Kg[u],

/0T<6w, v — ), + /Q a(Lu) - L(v —u) + /QT o (24)

1
> @y o) -l

Vv € %, such that v € Kgy.-

Theorem 2.7. Suppose that Assumptions 2.1 to 2.6 are satisfied, f € L?(Q7)™ and ug € Kguo)- Then the
quasi-variational inequality (2.4) has a weak solution uw € ¥, N L*(0,T;L*()™).

We note that, by Assumption 2.6 the solutions have bounded Lu but, in general, this may not imply that
u is itself bounded. We also observe that, by insufficient regularity in time, we could not guarantee that the
weak solution u satisfies the initial condition in the classical sense, but only in the generalised sense (2.4) as
in [7, 23].

We consider a positive bounded function g : Q7 — R™ and the special case of the convex set (2.3), with

Gv|(z,t) = g(z,t) for a.e. t € (0,T).

So,
veK,iffv(t) e Ky ={veXP:|Lv|<g(t)} forae te(0,T). (2.5)

In this case, being the convex set independent of the solution, the problem becomes variational and the weak
solution of Theorem 2.7 is unique by the following theorem.
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Theorem 2.8. The variational inequality (2.4) with a fixed convex K, as in (2.5), for a given strictly positive
function g = g(z,t) € €([0,T]; L>=(2)), uo € Ky0) and f € L*(Qr)™, has at most one solution provided
X, C H and one of the monotonicity conditions is strict, i.e.

(b(z,t,m) = bz, t,n)) - (n—n") >0 form #1,

or
(a(z,t.€) —a(z,t,€)) - (&) >0 for € £ ¢,
and Assumption 2.3 holds.

We can now introduce the strong formulation of the corresponding variational inequality. Find w €
¥, N H'(0,T; L*(Q)™) satisfying, for all t € (0,T7:

w € Ky, w(0) = wo,

5 dw - (v —w) + / ,, a(lw) - L(v —w) + o b(w) - (v - w) (2.6)

> f-v—w), VveK,Nn%,.
Qt

We observe that if w is a strong solution to (2.6) it is also a weak solution to (2.4). Indeed, if we take
ve,NK, C€(0,T;L*()™) in (2.6) with t =T, since

T
| o 0w =), = 4 [ o) —w = [ o(r) —wm)P <4 [ o) -k,

we immediately conclude that w also satisfies (2.4).
We consider also a stronger non-coercive framework with a potential vector field a and a lower order term
b with linear growth, by replacing the Assumption 2.2 by the following.

Assumption 2.9. Leta: Qr x R = R and b : Q1 x R™ — R™ be Carathéodory functions, i.e., they are
measurable functions in the variables (x,t), for all € € R® and n € R™, respectively and they are continuous
in the variables € € R and € R™, respectively, for a.e. (x,t) € Qr. Suppose, additionally, that there exists

A:Qr x RY = R, such that, for all ¢ € R® and a.e. (x,t) € Qp, the function A is differentiable in t and in
&, and
A= A(x,t,§) isconvex in§, VeA=a, (2.7a)

0< A(x,t,8) <a’§]F, [0A(z,t,8)] < Ay + A2[€], (2.7b)
and b satisfies the following structural conditions: for all n,' € R™ and a.e. (x,t) € Qr,

(b(z,t,m) —b(z,t,n') - (n—n') 20, (2.7¢)

b(z,t,m)| < b|nl, (2.7d)
where a*, Ay, Ay and b* are positive constants, 1 < p < .

In the non-coercive case, we have the well-posedness result on the existence, uniqueness and continuous
dependence of the (strong) variational solution (2.6). Under the additional strong monotonicity assumption,
for instance for operators of p-Laplacian type, when a (&) = [£[P~2¢, the continuous dependence result in the
coercive case also holds in the space 7},.

Theorem 2.10. Suppose that Assumptions 2.1, 2.9, 2.3 and 2.5 are satisfied and
FeL?*Qr)™, wo€Kypy, ge€WH>(0,T;L°(Q)) withg > g. > 0. (2.8)

Then the variational inequality (2.6) has a unique solution w € ¥, N H*(0,T; L*()™).
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Theorem 2.11. Suppose that the assumptions of Theorem 2.10 hold and for i = 1,2, let w; be the solution
to the variational inequality (2.6) with data f,, w;,, g; satisfying (2.8). Then there exists a positive constant
C = C(T), such that,

[w = wa|F e (0,712 (2ym) < C(||f1 — Falli2(pym + w1, — wa, [ 22(0ym + 91 —92|\L1(0,T;L°°(Q)))~ (2.9)
If , in addition, a satisfies

a.le — €| ifp>2,
a. (€] +1€) 2 —¢ R ifp<2,

where a., is a positive constant depending on p, 1 < p < oo, then there exists C, = C(ax,p,T) > 0 such that

(a(I,t,S) - a’(xvtaél)) ' (5 - 5/) > { (210)

2
le0r = wal[ 3 0 712y + 101 — w2327
< C(Ilf1 = Fallfai@uy + s = w[Faye + 91 = gellroramcap)- (211)

Remark 2.12. For strong solutions w € Ky N H*(0,T; L*(Q)™) the variational inequality (2.6) is, for a.e.
t € (0,T), equivalent to

[ o) 2 wie) + [ altLw®) - L(z - w(®)
Q Q
+ [ btw) - wt) = [ 10 - w), vzeke, (212

provided we assume g € € ([0, T]; L>(S2)), g > g« > 0. Indeed, for arbitrary § >0, 0 < § <t <T — 6, for

fixedt € (0,T), wesetes =  sup  |[|g(t) — g(7)||z(q) and we may define
t—0<T<t+d
0 ifr & (t—4t+9),
(1) = N if
P ifr € (t—4,t+90),

which is such that v € ¥, K, whenever z € K. Hence we can choose this v as test function in (2.6) with
t =T, divide by 2§ and let § — 0 obtaining, by Lebesgue’s theorem, the inequality (2.12) for a.e. t € (0,T).

As a Corollary of Theorems 2.8 and 2.10, we can drop the differentiability in time of g and still obtain an
existence and uniqueness result for the weak variational inequality (2.4) with K, extending [18, Theorem 3.8].

Theorem 2.13. Suppose that Assumptions 2.1, 2.9, 2.3 and 2.5 are satisfied and
FeL?*Qr)™, g€ ([0,T;L>(Q)) withg>g. >0, wy € Ky ).

Then the variational inequality (2.4) for K, has a unique weak solution w € ¥, N € ([0, T]; L*()™).

3 Applications with particular G and L

In this section we present some examples of compact nonlocal operators GG, satisfying the Assumption 2.6,
and linear operators L, satisfying the Assumption 2.1.

3.1 Nonlocal compact operators

Here we are interested in two examples of compact operators GG given in the form

Glv] = g(z,t,¢(v)(2,1)) ae. inQr, (3.1)

where g = g(x,t,¢) : Qr x R™ — R is a positive function, continuous in (z,t) € Q7 and in ¢ € R™, and
C: Yy — €(Qr)™ is a completely continuous mapping.
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3.1.1 Regularization by integration in time

We define the compact operator by

C(v)(z,t) = /0 v(z,s)K(t,s)ds, forae. (z,t) € Qr,

where K = K(t, s) is a given kernel satisfying
K,0,K € L>((0,T) x (0,T)). (3.2)
For simplicity, we assume here the existence of a constant g. and a real bounded function g* such that
0<gs <g(x,t,€) <g*"(M) forae. (x,t)€Qr, VE: €] < M.
We also assume that the embedding
Xp < €(Q)™ is compact, (3.3)

which, by the Rellich-Kondratchov theorem, is satisfied if X, C W*2(Q)™ with ¢ > g.
Suppose ¥, = L*(0,T;X,), p > 1, and observe that, by assumption (3.2), not only {(v) € ¥, but also
0iC(v) € ¥, ie.
¢(v) e WhHP(0,T;X,).
Hence, by [4, Lemma 2.2], for instance, the image by ¢ of a bounded subset of %, being bounded in
WP (0,T;X,), by (3.3) is relatively compact in €(Qr)™. So ¢ : ¥, — € (Qr)™ is a completely continuous
mapping and, therefore, G defined in (3.1) satisfies Assumption 2.6.

3.1.2 Coupling with a nonlinear parabolic equation

We may define the compact operator through the unique solution of the Cauchy-Dirichlet problem for the
quasilinear parabolic scalar equation

atC -V a(x, t7 VC) = Pv in QT’ (34)
¢=0 ondNx(0,T), ¢(0)=¢ onQ, (3.5)

where ¢, = ¢(z,t) depends on v € ¥}, and the vector field a satisfies (2.1a) and (2.10) with p = 2 and
¢=d.

It is well known that for each ¢ € L*(Qr) and (s € L*(), the weak solution { € L>(0,T; L*(©2)) N
L?(0,T; H} () to (3.4), (3.5) and (2.6) depends continuously, in these spaces, on the variation of ¢ in
the weak topology of L?(Qr). Moreover, if (s € €7(Q) is Holder continuous for some 0 < v < 1 and
¢ € LU(Qr) for g > %2, the following estimate holds (see [22, p. 419])

IKlker @,y < € (Iollgn + Iellzoen )

for some X\, 0 < A <~ <1, where C > 0 is a constant independent of the data ¢.
Now, for each v € ¥, with p > &2 (p = 2 if d = 1) and given ¥ € L®(Qr)™ and 1 € L>(Qr)*, we
may choose ¢ = ((v) in (3.1) as being the solution of (3.4), (3.5), with a given (; € €7(2) and

Yo =wo+ -v+n-Lve LP(Qr), (3.6)

for some fixed ¢y € LP(Qr). Hence, by (3.6) and the Ascoli theorem, the mapping v — ¢, +— ((v) is
completely continuous from ¥, into ¢ (Qr). Indeed, if v, — v in %, {{(v,)}, is bounded in €*(Q7) N
L?(0,T; H§(R2)) and, for some subsequence, ¢(v,,) — ¢ weakly in L?(0,T; H}(£2)) and uniformly in Qp, for
a ¢ € L?0,T; Hj(2)) N€(Qr), where we have ¢ = ((v) by monotonicity and uniqueness of the solution
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of (3.4), (3.5). Then the whole sequence converges and the complete continuity of G = G[v], from ¥, into

% (Qr), is guaranteed by the assumptions.
We observe that, if X, C WP(Q)™, s =1,2,..., in (3.4) we can also choose

9 )

po=p0+ > t, 0,

0<]al<s

with v, € L (Qr)™, provided p > %, and even more general terms involving linear combinations of the
gradients of the ¢, - 9%v € LP(Qr), 0 < |a| < s, provided p > d + 2.

3.2 Linear differential operators

In this subsection we illustrate some concrete results for the operators L referred to as examples in the
Introduction for convex sets of the type (2.3). For simplicity, in all the examples we consider the vector fields

a(é) = a|EP72%, € € R, a=a(z,t)>0ae in Qr and b=0

and we assume that the operator G satisfies the Assumption 2.6.

3.2.1 A problem with gradient constraint

Corollary 3.1. Let Q be a bounded open subset of R with a Lipschitz boundary, ¥;, = L?(0,T; W, (Q2))

and p > max {1, 25} Let f € L*(Qr) and ug € Kgyy,). Then the following quasi-variational inequality
has a weak solution

u € Kay),

T
/ <8tv,v—u>p—|—/ a|VulP2Vu - V(v —u) > flo—u)— 1/ [v(0) — up|?,
0 Qr Qr 2 Ja

Vv € %, such that v € Kgy)-

O

Actually, with Lu = Vu and V,, = W1P(Q), Assumptions 2.1 to 2.6 are satisfied because the inclusion of
X, = Wy () into H = L?(Q) is compact for p > max {1, 51

The degenerate case o = 0 corresponds to the variational model of sandpile growth where G models the
slope of the pile (see [29]). In [29], Prigozhin introduces an operator G which is discontinuous in the height

u of the sandpile and leads to a quasi-variational formulation that is still an open problem.

3.2.2 A problem with Laplacian constraint

Corollary 3.2. Let Q2 be a bounded open subset of R? with a "' boundary, ¥, = LP(0,T; Wg'"*(2)) with
p > max {1, dz—_&}. Let f € L*(Qr) and ug € Keguo- Then the following quasi-variational inequality has a
weak solution

u e KG[u]>

T
/ <8tv,v7u>p+/ a|AulP2AuA(v —u) > (v—u)— %/ [v(0) — ug|?,
0 T Q

f
Qr
Vv € %, such that v € Kgy-
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Here we choose V,, = {v € LP(Q) : Av € LP(Q)}, i.e. the operator L is the Laplacian. The subspace
X, = WZP(Q) is endowed with the norm

[ollx, = [Au]l Ly

which is equivalent to the usual norm of W2P((2) because A is an isomorphism between X, and L?(). Be-

sides, (X, L*(€2),X}) is a Gelfand triple and the inclusion X, C L?(£2) is compact because p > max {1, 7% }.

3.2.3 A problem with curl constraint

Corollary 3.3. Let ) be a bounded open subset of R® with a Lipschitz boundary, p > &, f € L?(Qr). Define

X, ={vell(Q)?: Vxvell(’V-v=0vn,, =0}

|99
or

X, ={vell(Q)?: Vxvell(Q)?’ V- v=0vxn,, =0}

|00

If ug € Kgpu,), the following quasi-variational inequality has a weak solution

u € Kgu)s

T
/ <8tv,v—u>p+/ a|lVxuP™?V xv-Vx(v-—2)
0 T

1
2/ f.(v—u)—§/|v(0)—u0\2 Vv € %, such that v € Kgpy,.
T Q

O

Here Lv = V x v and %, = {v € LP(2)3 : V x v € LP(Q)3}. In both choices of X,,, corresponding
to different boundary conditions, it is well known that X, is a closed subspace of W?(Q)3 and that the
semi-norm ||V X - || s ()2 is a norm equivalent to the one induced in X, by the usual norm in WP (Q)? (for
details see [1]). Here X, is compactly embedded in H = {v € L*(Q)%: V-v = 0}.

This model is related to the Bean-type superconductivity variational inequality, which was solved in [26],
with prescribed critical threshold G. If we let here this threshold be, for instance, dependent on the temperature
¢ defined by (3.4) and (3.5) and we impose p > 2, we obtain the existence of a weak solution to the
corresponding thermal and electromagnetic coupled problem.

3.2.4 Non-Newtonian thick fluids - a problem with a constraint on D

Set
Du = 3(Vu+ VuT),
V,={ver’(Q)?: Dverr(@)¥}, JT={vez()?:V v=0}
and
_wrLp d
X, =" " forp>1, d>2.

Let ¥, = LP(0,T;V,) and observe that X,, is compactly embedded in H = {v € L}(Q)¢: V- v = 0} =
12/00d
JL @ , ifp > %, by the Sobolev and Korn inequalities. Hence, using the results of [30, 27] for the

variational inequality for incompressible thick fluids in the simpler case of the Stokes flow, we obtain the
following conclusion:
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Corollary 3.4. Let Q be a bounded open subset of R with a Lipschitz boundary, d > 2, p > 2%, f €

L*(Qr)? and ug € K¢(uo)- Then the quasi-variational inequality

u € KG[U]?

T
/0 (Opv, v — U,y +/ a|DulP?>Du - D(v —u) > o f-(v—u)— %/Q [v(0) — ug|?,

T

Vv € %, such that v € Kgjy

has a weak solution. O

3.2.5 A problem with first-order vector fields constraint

Let © C R?, d > 2, be a connected bounded open set and L = (X1,...,X,) be a family of Lipschitz
vector fields on R? that connect the space. We shall assume that the regularity of 9Q and the structure of L
support the following Sobolev-Poincaré compact embedding for p > 2,

X, = L*(Q). (3.7)
This is the case of an Hormander operator with
d
Xj:Zaijami, j:l,...,g7

i=1

with a;; € €°°(€2) such that the Lie algebra generated by these ¢ vector fields has dimension d, when the set
X, is the closure of Z2(Q) in
Vo ={velP(Q): XveLP(Q),j=1,...,0}, withp>2,

with the graph norm and 92 € €. Indeed, in this case, it is known (see [10, 12, 9]) that the extension of
the Rellich-Kondratchov theorem,

X, = .@(Q)Vp < L?(Q) is compact for p > 2,

holds and so (X,,, L*(2), X)) is a Gelfand triple with compact embeddings. For other classes of vector fields,
namely associated with degenerate subelliptic operators, and a characterization of domains where (3.7) holds,
see for instance [12, 8]. By the application of Theorem 2.7 we can now conclude the following existence result:

Corollary 3.5. Suppose that Q) is a bounded open subset of R% with a smooth boundary. Under the assumption
(3.7), ifp>2, f € L*(Qr) and ug € Ky, the quasi-variational inequality

u € Kapu),
T £ 4 p=2
/ (3tv,vfu>p+/ QZ(Z|XW|2) ’ XijuX;(v—u)
0 Qr  j=1 =1
1
2/ f(v—u)—i/\v(O)—qu, Vv € %, such that v € Ky
T Q

has a weak solution.

4 The approximated problem

In order to establish the existence of a solution to the quasi-variational inequality (2.4), we start by proving
the existence of the solution to the problem of an approximated system of equations, defined for fixed ¢ € J7,
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§ € (0,1) and € € (0,1). With this regularisation and penalisation of the quasi-variational inequality (2.4)
with convex sets Kgppy1), t € [0,T], we apply a fixed point argument. Consider the following increasing
continuous function k. : R — R{:

0 if s <0,
ke(s)=<e:—1 if0<s<i, (4.1)
ee% -1 ifs> %
Observe that the function k.s = § + k. approximates the maximal monotone graph
— {6} if s <0,
k €
5(s) {[5,00[ if s =0.
We start with an auxiliary lemma.
Lemma 4.1. Let v be a scalar real function defined in Q. Then, for p € (1,00), the operator
To(x,t,&) = ke (€] — ¥(x,1))[€[P%€ (4.2)

is monotone.

Proof. To simplify, we omit the argument (x,t) and we denote k. (|&| — ) simply by k. (|€]). We may assume,
without loss of generality, that |£| > |¢'|. Because S(&) = |£[P~2¢ is monotone and k. is a nonnegative
increasing function, we have

(T-(&) —T=(&") - (6 - &) = (k-(IEDS(&) — k=(1€')S(€)) - (€ - &)
= k:(1€)(S(€) — S(&)) - (€ = &) + (k=(1€]) — k=(1€']) ) [€[" %€ - (€ ~ &)
> (ke(1€]) = ke(I€7])) 16177 (Il — 1€7]) > 0.

O

Proposition 4.2. Suppose that Assumptions 2.1 to 2.5 are satisfied. Considering functions
f S LQ(QT)m, (NS J and wug € Kg[¢](0)7 (4—3)

the problem that consists of finding u.s, such that
Orteso(®): W)+ [ alt s plt)) - Lo+ [ bt s o(t) - 6
Q Q
[0 b Ereso )] = Gl 0) | Eat O L) L o
Q .

= / f(t) -, Vi € X,, forae te(0,T),
Q

Ues,,(0) = uo
has a unique solution ucs, € ¥y, with dyuuzs p € V), i.e. s, € %y C €((0,T]; H).

Proof. The existence and uniqueness of the solution of problem (4.4) is a consequence of a general result
for parabolic quasilinear operators of monotone type (see, for instance, [33, Theorem 8.9, p. 224 or Theorem
8.30, p. 243)). O

Proposition 4.3. Suppose that Assumptions 2.1 to 2.5 are satisfied. Under the assumption (4.3), the solution
Ucgs,, Of the problem (4.4) verifies the following a priori estimates

||u56,cp||Loc(07T;L2(Q)m,) S C7 (45)
||LU56,Lp |Lp(QT)14 S 6%7 (46)
lOvucselli,y < S

where C' and C. are positive constants independent of ¢ and of 4, and C' is also independent of .
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Proof. Using w = us as a test function in (4.4) we get, for a.e. t € (0,7,

<6tw(t),w(t)>p+/9 alt, Lw(t /bt w(?)) - w(t)
. / (5 ke (Lwlt) ~ Gl ) 1Lwl)” = [ ) wio)

Set Q¢ = Q x (0,t). Integrating the last equality between 0 and ¢, recalling the monotonicity of a, b and
of T'. defined in (4.2), and applying the Holder and Young inequalities to the right-hand side of the above
equation, we obtain the inequality

/Q o ()]? + 26 /Q Ll < [w]220,m + 1 12200m + /Q o 2. (4.7)

By the Gronwall inequality we conclude that

lwl| Lo 0,7;22(0)) < €T(||f\|%2(QT)m + ||u0H2L2(Q)7")

and so we proved (4.5). From (4.7) we immediately obtain (4.6).
Next we prove that, given 9 € X,

[ vt | < Cmax [l . ol Hl, (45)
T

with C being a positive constant. We notice that, by the Assumption 2.3, X, C L?(Q)™. So, there exists a
positive constant C' such that, for all v € X,,, we have

vl 2ve@ym < Cllv|x, .

We split the proof in two cases.

)l<p<2
T
‘/ b(aw) -«p] <o [ [ il
. o Ja
T
Sb*/o lw(®)|L2(@)m 1]l 22 @)m
< OO T ||wl| poe (0,752 () | |Ix, -
i)p>2

. * p—1
‘QT"(“’) w]sz) /QT'“" 9l

T
<b /0 lw @Iy [l 2y
< Cb*TPH’wHLp @y 1P, -

From the first equation of (4.4), we conclude that

(Ouw(t), $),| < Cr (@ + 6+ ) | Law(t) 55 oy | L vy

o max ([l gy 0l 2o 0,732 @ I, + 1022y 98] 22y )



Fernando Miranda, José Francisco Rodrigues, Lisa Santos 13

and so, using again the Assumption 2.3,

T , .
| oo, vl it < Co((a" + e Ll g
%,

+ maX{HwHiP(QT)W |w||Loo(0 T;L2 Q)m)} + ||f||L2 QT)m)
concluding now easily that

P’ r p’ C-

sl = [ s |@(t) 9"t <

llllx, <1

O

Proposition 4.4. Suppose that Assumptions 2.1 to 2.5 are verified. Assuming also (4.3), define the function
S H — %, by S(p) = Ues,p, Where U5, is the unique solution of problem (4.4). Then S is continuous.

Proof. Let us consider a sequence {¢,, }, converging to ¢ in JZ. Setting w, = U5, and w = ugs,, We
need to prove that
w, —w in¥, and dw, — dw in ¥,
n n

The argument is standard but we present it here for the sake of completeness. Both functions w,, and w
solve (4.4) so, for any ¥ € X,,,

(@ (wat) = w(t)) ), + [ (alt. Lw, (1) ~ alt, Lw(t) - Ly

Q
+ / (b(t, wa (1)) — b(t,w(t))) - + 6 / (|Zwn (8)P~2Lawn (t) — | Lw(t) P2 Law(t)) - Lo
Q Q
+ /Q (ke (1L ()] — Clipy (1)) [ (0] Law, (1)
— ke (|Lw(t)] - Glel(1) ILw ()" Lw(t)) - Lp = 0.

Replacing v by w,,(t) — w(t) in the last expression and integrating it over (0,t) we get

;/Q|wn(t)—w(t)2+/t (a(Lw,) — a(Lw)) - L(w, — w)

+/ (b(w,) — b(w)) - (w, —w) + (5/Q (|Lw, [P~?Lw, — |Lw|[’?Lw) - L(w, — w)
+ / (k5(|Lwn| — Glp,)) |Lw, "% Lw,, — k. (|Lw| — Glep,]) |Lw["~? Lw) - L (w, — w)

N / (k- (1w = Glg]) = ke (ILw] = Gl,) ) [Lw] ™ Lw - L{w, —w). (4.9)

Using the monotonicity of a, b and the operator T'. defined in (4.2), we can neglect the second, third and
fifth terms of the inequality above.

In the case p > 2, we obtain, applying the Holder and Young inequalities, and denoting by D,, the constant
related to the strongly monotone term in ¢ (see (2.10)),

3 [ Jwntt) w460, [ 11w, - w)p
S/t

C P
< g7 [ [kl =Gl — ()~ Gle,)) [ (aor

4]
+SDy [ L —w) P,
Q:

(L] = Gl]) = ke (|Lw| = Gl )| |Lwl ™ |I (w, — w) |
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and therefore we get

lwn = Wil 0, riz2(@)m) + 3 DpllL(wn = )l g,
_ 26,

S 5ot

[ Jre (1) Gtg)) = (L0l = Gla)| It (420

Consider now the case 1 < p < 2. From (4.9), we get again

1
7/ lw, (t) — w(t)]* + 0 (|Lw, [P~?Lw,, — [Lw[’~?Lw) - L(w, — Lw)
Q

2 Q.
</

and, using also the coercive condition on ¢ (see (2.10)) and the Hélder inverse inequality, we obtain

ke (1Lw| = Glp]) — ke (1Lw] = Gle,)) | [Lwf™ |L(w, — w)|

p—2

1 2 P 2
5/9 ’wn(t) - w(t)’ +0D, <||Lwn||lzp(QT)z + HLw||I£p(QT)e) (| L(wy — w)”Lp(QT)l

<J.
Q1

[ Lawn |

ke (1w = Glg]) = ke (| Lw| — Gle,]) | |1Lwl* ™" |L(w, —w)].

Recalling, by (4.6),

cr cP
p P
r@ne S 5 Il g = 5

and applying the Holder and Young inequalities to the right-hand side, we obtain

2
|w, — w||2Loo(o,T;L2(Q)m) + 07 Col| L(wn, — w)H%p(QT)E

1 / 4 7 o7 )
< 5 ke (|Lw| — Gle]) — ke (| Lw,| — Glep,, pr> + L(w, —w)|5,
ez ([ Pzl =Gt k| 1wl )+ G 1w~ w0l

and so

Cob7
|wy, — w||2Loo(o,T;L2(Q)m) T 1L (wn — w)H%p(QT)Z

o

1
< ——
2C567°

P

([ [kzwl ~ Giel) = ke (izawnl ~ Gl 12wl?) . (311
Qr

Observe now that we have

’

ke (1Lw] = Glg]) — ke ([Lwal = Gl )| 1Lw]” < (zeé)p' |Lwl”

a.e. in Qr, and k. is a continuous function. By recalling that ¢,, — ¢ in JZ, the Assumption 2.6 implies
n

that Gp,,] — Glep] in L*(Qr). Hence, at least for a subsequence,

Glpy] — Glp] ae in Qr

and, by the dominated convergence theorem

ke(|Lw| = Glp,]) — ke(|Lw| = Gle]) in L (Qr).

Therefore, the right-hand sides of (4.10) and (4.11) converge to zero a.e., when n — oo.
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’

By definition,
’ T p

at n — p/ = at nt - t 3
Jor . —wl = | S (0 () = w(0) ), )

:/OT< sup (/Q(a(t7Lw(t))—a(t7Lwn(t)))-LQ/J

19 [lx, <1

+/ (b(t,w(t)) — b(t, wy(t))) -1
Q

/N

4o /Q (1Lw(®)| 2 Lw(t) — |Lwn(®)[" > Lwa (1)) - Lap

/Q k. ([Lw(t)] - Gl)(t)) | Lw(®) [~ Lw(t) - L
/ ke (|Lw, ()] — Gle, (1)) |Lwn (8)]7 L, (¢) - L¢>)p .
Q

But

’

P
— b(t,wn (1))l L2)m ¢||L2(Q)m)

h

(/Q(b(uw(t))—b(uwn . )

’

< (||(<> b(wn)) | <0732 1911, )

Applying the Holder inequality, we conclude that
N
18 (wy, —w)], < O (/Q Ja(Lw) - a(Lw,)[")’
T

1

+ H (b(w) — b(wn)) ||LOO(O’T;(L2(Q)771) + (5(/Q HLwn‘p_ZLwn — |Lw‘P—2Lw’p’) »
T
1

(., )

and, arguing as before, we conclude the proof. O

k5(|Lw| — G[(p]) ‘Lw‘p_QLw - k5(|L'wn| — G[cpn]) ‘Lwn’p_2Lwn

Theorem 4.5. Suppose that Assumptions 2.1 to 2.6 and (4.3) are verified. Let i be the inclusion of %, into
H and S : S — %, the function defined in Proposition 4.4. Then the function i o S has a fixed point in
€. This fixed point solves the problem that consists of finding u.s € %, such that

Orucs(t). )y + [ alt. Luas(t) - L+ /Q b(t, ues (1)) -
[ |Dues (02 Lues (1) Lt

+ / ke (| Lues (1)) — Glues (1)) |Lues (8)[P? Lues(t) - La
—Zf(t)-w v € X,

ue5(0) = up.

(4.12)

Proof. We use the Schauder fixed point theorem. We already proved the continuity of S. By Assumption 2.5

and the Aubin-Lions lemma the embedding %}, < ¢ is compact, for 1 < p < oo, and so i 0 S is completely

continuous as a map of . into itself. By Proposition 4.3, given ¢ € J, we have |[ucs4llv, < £ where
op

C'is a constant independent of ¢ and § (it may depend on ). Because i is continuous, there exists C such
that [|[v|l» < Ci|lv]|a, and we get
[ioS(p)llwe <CCi.

Then the image of i0 .S is bounded, so we may apply the Schauder fixed point theorem, obtaining immediately
the conclusion of the existence of a uzs =140 .5(us) in %,. O
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5 Weak solutions of the quasi-variational inequality

In this section, we prove the existence of a solution of the quasi-variational inequality (2.4) by taking suitable
subsequences of solutions of (4.12) first as ¢ — 0 and then as § — 0.
Firstly we collect the a priori estimates for the solution u.s of problem (4.12) which are independent of .

Proposition 5.1. Suppose that Assumptions 2.1 to 2.6 are verified. Assume that f € L*(Qr)™ and ug €
K{G(ug)]- Let ucs be a solution of the approximated problem (4.12). Then there exists a positive constant C,
independent of € and 0, such that

lwes || o0, 1;2(2)m) < C, (5.1)
C
[uesll», < — (5.2)
or
C
la(Lues)llv; < — (5.3)
5
C
[b(ues)|lvy < — (5.4)
5
ke (|Lucs| — Gluss]) ||l (qr) < C- (5.5)
Proof. The first two estimates are direct consequences of the inequalities (4.5) and (4.6) respectively, taking

P = Usgs-
Given 9 € 7, we have

‘/ a(LuE(;)-LdJ‘ < a*/ |Lucs [P~ | Lap|
Qr Qr

* —1
<a ||Lu55||1£p(QT)e HL"»Z"HLP(QT)’Z

Lot
<a —

7

I1L3],,

proving (5.3).
From (4.8), we have

16(w)]l vy < Cmax ([l s 0]l e 0,220 }-

But [|w|| £ (0,7;12(0)m) is uniformly bounded by (5.1) and

Cy
Hw”LP (Qr)m = ClHLwHLP (Qr)™ , < (5%7
P

by (5.2).
Choosing u.; as test function in (4.12), and integrating between 0 and ¢, we get

1
5/ luss ()2 +/ a(Lugs) - Lugs + b(ues) - Ues
Q t Q1

1
+5/ |Lu55|p+/ ks(|Lu55|fG[ua;])|Lu55|p:/ f~u55+7/ug.
: Q Q 2 Ja

Therefore, because a and b are monotone, a(0) = 0, b(0) = 0 and by using the Gronwall inequality, we
obtain

/ ke (| Lucs] — Gluss]) | Lucs]? < Ci, (5.6)
Q¢

where C} is a constant independent of € and 0. As Glues] > g« > 0 and k. = 0 in {|Lugs| < Glues]}, we
obtain

/ k5(|Lu€5| — G[ug(;]) = / k€(|Lu55| — G[UE(;])
T {|Lues|>Glues]}
|Lu55|”

< ks lLueé‘ - G[usﬁ]) .
/{|Lu55|>G[uea]} ( (g+)P
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Using (5.6), we obtain
Gy

(g.)P"
concluding the proof of (5.5). O

ke (ILues| — Glues)) L1 (@r) <

Lemma 5.2. Letu.s be a solution of the approximated problem (4.12). If us is the weak limit of a subsequence
of {ucs}e when e — 0 then us € Kgpy,)-

Proof. To prove that u; belongs to the convex set Kgiy,,], we use arguments as in [26], which we adapt to
our problem. We split Q1 in three sets:

Acs = {(z,t) € Q7 : |Lu55(ac,t)’ — Glues)(z,t) < e},

B.s = {(a:,t) €EQr:Ve< ‘Lua;(as7t)| — Glugs)(z,t) < é},

Ces = {(2.1) € Qr * |Lucs(z,t)| — Glucs](z,t) > 1} (5.7)
We recall that, by Assumption 2.6, the operator G is compact. So, as a subsequence of {u.;}. (still denoted by

{ues}e) converges weakly to us in ¥, we obtain that G[u.s] converges to Glus] strongly in € ([0, T]; L°°(€))
and

/QT (ILus| - Glus])" = /QT tin ((1Zucs| ~ Glues)) A é v VE)

< lim o ((\Luea\ — Glucs]) A % Vv \@)

e—0

:iijn(l) (/Aas \/g+/355 (ILucs| — Glues]) —&-/CE& é)

We observe that

/ VE < VAQr| — 0,
As e—0

ke(|L -G 1 C
|Baé|:/ 1§/ E(l 'u’aél \}[uaé])"r < T —0
Bes T eve

e\/g e—0
and
[ Lol G o,
Ces € € T 6572 — 1 5(6572 — 1) =0
Besides,
1
| (Lual = Glucs) < I 2ucs] - Glucsllnian Busl ¥ 50
Bsé e—0
So

/ (|Lus| — Glus)) " =0,

T
which means that
|Lus| < Glus] a.e. in Qr.

O

Lemma 5.3. Let v € ¥, = LP(0,T;X,) be such that v € Kg,], and z € Kgyj(0). Then there exists a
regularizing sequence {v, },, and a sequence of scalar functions {gy, },, with the following properties:

i) v, € L*(0,T;X,) and Oyv,, € L>*(0,T;X,);

i) v, —wv strongly in V,,;

T
iii) M/ (Opvn, vy — V), < 0;
nJo
iv) |Lv,| < gn, where g, € €([0,T]; L>(Q)) and g, — G[v] in € ([0, T]; L>(%)).

n
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Proof. Let v, be the unique solution of the ordinary differential equation v,, + %@vn = v, with v,(0) = z.
The function v,, has the following expression:

t
vp(x,t) = e_"t/ v(z, T)ne"dr + e "z (x)
0

and it is well known that it satisfies i), i) and iii) (see [23, p. 274] or [33, p. 206]). Therefore, it follows

t
| Lo, (z,t)] < e_"t/ |Lv(z, 7)|ne""dr + e~ ™| Lz(z)|
0

t
< e_"t/ G[v)(z, T)ne""dr + e ™ G[v](x,0), fora.e. (z,t) € Qr.

0

Defining
t 0 _
gn(x,t) = e_"t/ Gv](z, T)ne"dr + e " Gv](z,0) = / Glv)(x, T +t)e'ds,
0 —o0

where G[v](z,t) denotes the extension of G[v] € % ([0,T]; L*(2)) by G[v](z,0) for t < 0, we have

O ~

|gn(x,t) — G](z,t)] < [ |Gv](x, & +1t) — G[’v](:c,t)|esds

and, by the uniform continuity of G[v](t) in [0, T] with values in L>°(2), we also have the uniform convergence
of g, — G[v] in €([0,T]; L>*(£2), concluding iv). O

Proof of Theorem 2.7. The boundedness of {u.s}. in L(0,T; L?(Q2)™) N ¥, implies that there exists a
subsequence, still denoted by {u.s}., converging weak- to a function us when e — 0, in L> (0, T’; L*()™) N
7p. So, by the Lemma 5.2, us € Kgjy,;) and we may extract a subsequence of {us}s converging weakly-x to
some w in L>(0,T; L*(Q)™) N ¥, when § — 0.

Observe that, for any measurable set w C Qr,

/|Lu\§@ |Lu5|S/limG[utg}g/G[u]7
w 6—=0Jw w90 w

using the Assumption 2.6. Consequently,
|Lu| < Glu] a.e. in Qr

and so u € Kgjy-
Step 1: The limit when € — 0
From estimates, (5.3), (5.4) and (5.2) in Proposition 5.1, there exist x; € ¥,, Y5 € ¥, and As €

LP'(QT)E, such that, for subsequences,
RN | /
a(Lucs) o Xs i 7, weak,
b(uss) — Y5 in ¥, weak.
e—0
|Lucs” *Lucs —> As in LP (Qr)" weak. (5.8)
e—

Define the operator As : ¥, — 7, by

(Asv,w) = / (a(Lv) + 8| Lv|*Lv) - Lw +/ b(v) - w.

T
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Given v belonging to the space %, defined in (2.2), we have

T
/<atuas, ), fﬂ/\usg _ (D) + /|uo—v )2+ /<atv,v—uas>p
0

1 T
<5 [l —oF + [ 00w,
0

From now on, we denote k.(|Lu.s| — Glucs]) simply by k., with no risk of confusion.
Using u.s — v as test function in (4.12) and integrating between 0 and 7', we obtain

/ lug — v(0)]* + / (Opv, v — Ues)p + (Asucs, )

+/ kE|Lu65|p_2Lu55 - L(v—ugs) —
T QT

<A6us5au€5
f-(v—wuy). (5.9)

Hence, for all v € %,

1 T
)25 [ lwo—v@F + [ (00,0~ ues)y + (Asucs,0 - w)
Q 0

+ ke|Lues|P?Lues - L(v — ues) —
QT

(Astcs, ues —u
f-(v—wus). (5.10)
QT

Let u,, be the regularizing sequence of w, defined in the previous lemma. Using u,, as test function in

(5.10), we get

T
<A5u567u56 - u> < / <8tun7'u'n - u56>p + <~A5u667un - u>
0

+/ ko|Lues|P 2 Lugs - L(w, — uos) — f(up —ugs). (5.11)
T Qr

But

/ k5|Lu55|p’2Lu55~L(un7u€5)§/ Ee|Lues|P~ (| Lw, | — |Lues|)
T Qr

| el (] = Gluas) + [ el Euas (Gluss] L)
Qr
g/ ko|Lucs [P~ (|Luy| — Glues]).  (5.12)
Qr

T

In fact, the term k.|Lucs|P~1(Glucs) — |Lucs|) is less than or equal to zero, because when |Lu.s| < Glus]

then k. (|Lucs| — Glues]) = 0.
Then, recalling (5.5) and (5.6), we conclude that

/ el Lties P (| Lt | — Gluuas]) < / el Lttes |~ (G — Gluses])
< ( / k) ( / el Lues ') 7 [1Go = Glutes] | (@r) < ClIGn = Glutesl (@ (5:13)

Going back to (5.11) and using (5.12) and the estimate above, we get

T
(Astes, ues —u) < / (O, Wy, — Ues)p + (AsUes, Ur, — u)
0

+ C||Grn = Glues]| L= (@) — / I (u, —ues).
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So, noticing that G[u.s] — Glus] in ([0, T]; L>(Q2)) and recalling (5.8), we obtain
e—

T T
lim (Astes, es — u) < / (Ot U, — Us)p + / (x5 + 0As, L(u, —u))
e—0 0 0

T
+ [ O )+ CIG, — Clusllimion = [ F+ (1 = us).

T

Step 2: The limit when § — 0
Because there exists a positive constant C', independent of € and § such that

Ix5llv; < lim [la(Lucs)||l v, < C,
e—0

15l < lim [|b(2es) | o (gpym < O,
e—0

1431 (@rye < M [ Zues|* ™ Lttsll o gy < C.
£

we obtain, for a subsequence,
— in v/
Xs 6—0 X P
YTs—" in ”I/p,’

6—0

§As — 0 in L” (Qr)".
§—0

Since Glus] = Glu] in L>®(Qr), we obtain
—

T T
lm lim (Astes, Ues — u) < / (Optp, Uy, — U)p +/ (x, L(up, —u))
0 0

§—0e—0

T
+/0 (L2, — ) + C|Gor — Gl = (1) — /Q £ (un— ).

T
Letting n — oo in the above inequality, using that/ (Optn, up—u), < 0and G, — Glu] in € ([0, T]; L>=(Q2)),
0 n

we conclude that

Tim lim {Asu.s, tes — u) < 0.
6—>05%0< sUs, Ues ) <

If A: ¥, — 7, is defined by

(Av, w) = /T a(Lv) - Lw +/ b(v) - w,

T

then
<Au667 Ues — u> = <-A6u667 Ues — u> -4 |Lu55|p72Lus6 : L(usé - 'U')a
Qr
yields

lim lim (Aucs, ues — u) = lim lim (Astes, ues — u) < 0.
6—0e—0 §—0e—0

Step 3: Conclusion
Let as = lim (Aues, ues — u). As lim as < 0, given i > 0, there exists §,, > 0 such that a5, < g But,
e—0 5—0 1

Uc5, —u) = ag,, we can find e, = £(d,) > 0 for which (Au,, s ,u., s, —u) <n. So,

n? 0t

because lim (Aus
e—0

%%(Auanén’ uan(sn - u> S 0.

From now on we set u, = u., s, and k, = ke, .
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As the operator A is bounded, monotone and hemicontinuous, it is pseudo-monotone. Therefore, as
lim (Aw,, u, — u) < 0, we obtain
T (A — ) <

(Au, v —v) < lim (Au,, u, —v) Yo € K.
n—0
Finally we conclude, going back to (5.9), that if v € K¢y, then
T
uu—o) < tim (4 [ uo—o(0)F + [ @0 - u),
Q 0

n—0

+/ k,,|Lun|p*2Lu77 -L(v —uy) — f-(v— un))

Qr
But, as v € Kgjy), as in (5.12) and (5.13)

/ kn|Lun‘p_2Lun “L(v —u,) < / k/’n‘Lun|p_1(|Lv| — | Luyl)

T Qr
< /QT k| Ly [P~ H(Gluwy] — [Lug|) + /QT k| Ly [P~ H(Glu] — Gluy))

< C||Glu] = Gluy]ll(o,m;1 (2))-

Then

lim ky|Lw, P2 Lu, - L(v —u,) <0

n—=0JQr
because 71]1_% Glu,] = Glu] in €([0,T]; L>=(R2)). Hence,

T
(Au,u—v>§5/|u0—v(0)|2+/ (O, v — u) — f-(v—u),
Q 0 Qr

concluding the proof, since we already know that u € Kgjy. O

Proof of Theorem 2.8. Let u,us € K, be two solutions of (2.4) and denote by {w,},, and by {g,,}» the
regularizing sequences of Lemma 5.3 of w = % € Kq and g, respectively, with z = uy. Considering
[
en = |lgn — glle(o,1;L()) and  pp = — 1,

9« +ée, n

we have w,, = p,w, € K;N %, and it may be chosen as test function in (2.4) for u; and uy. We obtain,
by addition,

T
2/ (O w— )+ (A, 1 — )+ (At g — ) < 2 f~(w—ﬁ:n)+(pn71)2/ o2 (5.14)
0 Q

Qr
Observing that

<8tﬁ\)na {Bn - w>p = pn<8twna wy, — w>p + pn(pn - 1)<8twna wn>p

and integrating in time, since w,, € W'#(0,T;X,) C €(0,T; L*(2)™), we have
T T
/ <8tibna ’a\)n - w>p = pn/ <8twna Wy — w)p
0 0

+50n(1 = pn) (1ol Z2(0)m = [1wn () Z20ym) < 3on(1 = pn)l[th0llZ20ym — 0.

Therefore, taking the limit in (5.14), since w,, — *1£%2, we obtain
n

/ (a(Luy) — a(Lus)) - (Luy — Lug) —|—/ (b(u1) — b(uz)) - (u1 —uz) = (Aug — Aug,u1 —ug) <0

T T

and the conclusion u; = wus follows by the strict monotonicity of b or a with the Assumption 2.2. O
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6 Solution of the variational inequality

We study now the variational inequality case as well as the continuous dependence of its solution on the given
data. We obtain different stability results whether we consider the case where the operator a is monotone or
strongly monotone.

Proof. of Theorem 2.10 We penalise the variational inequality using the function k. defined in (4.1),
as we have done in Section 4. For ¢ € (0,1) and 6 > 0 let us consider the problem of finding w.s €
¥, N H(0,T;L*(2)) such that

/Qatwgg(t) S+ /Q a(t, Lws(t)) - L +/ b(t,w.s(t)) - Ly

Q

+ /Q (54 ke ([Lawas(P — g(0)7) ) [Lwes( Luwes(t) - Lap o

= / f@) - Vi € X,, forae. te (0,7)
Q

Wes (0) = wo.

The proof of the existence of a solution for this problem is similar to the proof of Proposition 4.2 and can be
done with the Galerkin method (see, for instance, [33, p.240]). We observe that we here consider the function
ke (|Lwes|P — gP), instead of k. (|Lw.s| — Glwes]).

As in the estimates (4.5), (4.6) and (5.5) we obtain, with a constant C' > 0 independent of ¢ and 0,

||w65||Loo(07T;L2(Q)m) < 07 (62)
||Lwa6HLp(QT)tz < 6% (63)
1< ([Lwes|” = g") |21 (@r) < C- (6.4)

Using Galerkin's approximation, we can argue formally with d;w.s as a test function on (6.1) and we get

/Q|6tw€5(t)|2 +/Qa(t,Lw55(t)) -0y Lwes(t) +/ b(t, wes(t)) - ywes(t)

Q
+ / (6 + ke (|[Lwes|P — g(t)P))|Lwes ()P 2 Lwes(t) - 0, Lw.s(t) = / f(t) - Orwes(t). (6.5)
Q Q

Set ¢c(s) = /G k.(7)dr and observe that
0
L5 (O = ¢ (0)| Laoes (0> Luo.s(0) - O Lawes (1)
= %ke(\Lwes(t)lp = 9" )0 (ILwes ()P — g"(1)) + ke (| Lwes (1) — g7 (£))g"~ (1) Deg(t)
= ;1)@ (0 (|Lwes ()7 = g7 (1)) + k(| Lwes (1)7 — g7 (£))g" " (£)Deg(2).

Integrating (6.5) between 0 and T', we obtain

/ Opwes]? + /QA(T, Lwes(T)) - /Q A(0, Luwy) — /Q (0,4) (Lw.s)
6 p 6 p 1 P __ 4P
+2 [ Jws(np -2 /Q|Lwo| + /Q¢E<|Lw55<T>\ ¢"(T))

P Jo
_z% /Q¢E<|Lwo|p—gp(o)>+ he(|Lwes P — g7)g" ™ 0ng = / (f = b(wes)) - Owes, (6.6)

Qr T
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since A satisfies (2.7a). But
¢e(|Lwes(T)P — g"(T) 2 0, d=(|Lwo|” — g?(0)) = 0 because | Lwo| < g(0),
and, using assumption (2.7d), the Holder and Young inequalities,

/ (f - b(weé)) . 8tw55 S / (‘f| + b*|w55\)|8tw55|

T Qr

y 1
S C(”f”%Q(QT)"L + b ||w55||2L2(QT)m) + §||atw55||2L2(QT)m

and (2.7b), from (6.6), we have

L1905 By < CUIF IR @y + 5 lh0es ()
+ 20 | Lol 0y + A1l Q| + Aal s g, + 10y
+ ke (| Lwes | = g2 @m 19175 (0 10eal 2= (-
From (6.2)-(6.4) we obtain, with a constant C” > 0 independent of € and 4,
10wesll L2 (@rym < C"(1+ [ Lwes|To(gry0)- (6.7)

Then, recalling that Assumption 2.5 implies, by the Aubin-Lions lemma the compactness of %}, — ¢,
there exists a subsequence that we still denote by {w.s}. such that, for every ¢ € (0,7
wes — ws in L*(Qr)™,
e—0
Lw.s — Lwgs in LP(QT)K weak,
e—0

Orwes m Jyws in LQ(QT)m weak.

Recalling Lemma 4.1 and observing that k.(|Lv|? — ¢gP) = 0 if v € K, we have, for any ¢ € (0,77,

k5(|LwE5|p - gp)|Lw55‘p72Lw55 . L(’U - w66)
Qt

- / (k€(|Lw€5|p — )| Lwes|P 2 Lwes — ko (| Lol — gp)|Lv|p_2Lv) L(v — wes)

t

+/ k(| Lol — ¢7)| Lo Lo - L(v — wes) < 0, Yo € K,. (6.8)
Qt

Using v — wes as test function in (6.1), integrating over (0,¢), by (6.8) and by the monotonicity of the
operators a, b and & — |L&[P~2LE, we obtain

0, Owes - (V — wes) + / t a(lv) - L(v —wes) + / t b(v) - (v — wes)

+0 |Lv[P72Lv - L(v — wes) > I (v—wegy).
Qt Qt

Passing to the limit when ¢ tends to zero, we get

Ows - (v — wy) —|—/ a(Lv) - L(v — wy) —|—/ b(v) - (v —wy)

Qt t t

+90 |Lv[P~2Lv - L(v — w;s) > f-(v—ws). (6.9)
Q: Q:
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Arguing as in Lemma 5.2 we also prove that ws € K.
The next step is to let 6 — 0. From (6.7) we have

10003l 2@y < lim 19ywes | r2(@pyn < €' (14 lim | |L(wes]?).
e—0 e—=0JQr

Using the sets defined in (5.7) we get

/ Lwesl? = / |Lwegl? + / (ILwas? — g7 + ¢7) + / |Lw.s|?
T Acs B.s Ces
Ch

< 2ol + 111+ [ = hLwal - )+ = <

because, for s € (0,2) £ < k.(s) and, by (5.6),

Ve

/ (e —1)\Lw€5|p=/ k(| Lwes]” — ¢7)| Lwes]? < O,
CE(; CEJ

so {Oyws}s is also uniformly bounded in L?(Qr)™. Since ws € K,, we have |Lws| bounded in L>(Qr)
independently of §. Then, for a subsequence, we have

. 1 T2 m
Wy SQHO w in H (O,T,L (Qr) ) weak,
Lws — Lw in L®(Qr)" weak — x,
0—0

w;s(t) o w(t) in L?(Q)™ weak, for all 0 < ¢t < T.

We can pass to the limit, when § — 0, in (6.9), writing

Oyws - v —|—/ a(lv) - L(v —ws) + b(v) - (v — wy)
t Q+

1 1
+5/ \Lv|p*2Lv~L(vfw5) > fo('vfwg)Jrf/ \w(;(t)|277/ \w0|2.
t Qt Q 2 Q

Q1

2

2 foreach 0 <t < T, we

Because ws(t) — w(t) in L%(2)™-weak yields him/ lws (t)]? > / |w(t)
0—=0JQ Q

recover, in the limit, that w satisfies

Ow - (v —w a(Llv) - L(v—w bv)  (v—w)> (v—w), VvekK,.
o)+ [ ai) b —w)+ [ bw) w2 [ fwow), e

Finally, as in the proof of Theorem 2.7, w also belongs to K,. We may apply Minty’s lemma and conclude
that it solves (2.6).
The uniqueness of the solution is immediate since, if w; and wy are two solutions of (2.6), then

O(wy —ws) - (w1 —w2) +/ (a(Lwy) — a(Lws)) - L(w; — w>)
Qt t
+/ (b(wl) — b(’lUQ)) . ('w1 — ’UJ2) S 0
and, by monotonicity of a and b, we get

/ lwi(t) —wo(t)|]*> <0 forallt € (0,T),
Q

concluding that w; = ws. O
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Next we prove the stability of the solutions of the variational inequality (2.6) with respect to the given
data. The results we obtain depend on the assumptions on a, and we are able to give a result even in the
very degenerate case a =0 and b= 0.

Proof. Theorem 2.11 Considering the threshold functions g1 and g3 satisfying (2.8), let K,, +) and K, ) be,
respectively, the corresponding convex sets defined in (2.5). For 3(t) = |gi(t) — g;(t)|| L (). for 4,5 € {1,2},
i # j, and given w; such that w;(t) € K, ) for a.e. t € (0,7, we define the functions

g*wi(t)

Choosing C' > max {Q%HwiHLz(QT)m, - Lwi||Lp(QT)z} we observe that

[wi(t) — wi; ()l 2@ < CB(E)  and [|L(wi(t) — wi;(1))||Le()e < CB(). (6.10)

Considering, for i,5 € {1,2}, i # j, the solution w; of the variational inequality (2.6) associated to the
constraint g;, and using wj, as test function, we have, for ¢t € (0,7,

o, (“)twi . (wl — wji) + /Qt a(sz) . L(’w, — wji) + /Qt b(wl) . (wz — wji) S /Qt fi . (UJz — wji)
and so
&g’wi . ('wi — ’U.Jj) +/ a(sz) . L(wl — wj) + b(wl) . (wi — wj)
Q¢ t Q¢

S f1 . (’LUZ — 'lﬂj) + 8twi . (w]'i — 'wj) +/ a(Lwl) . L(’LUJZ — ’ll)j)
Q+ Qt t

+/ b(w;) - (w;; —w;) + 0 fi(wj —wj,).

Adding the inequalities we obtained in the former expression to (i,5) = (1,2) and (i,5) = (2,1), and setting
w = w; — wy we get

atw~w+/ (a(Lwl)fa(L'wg))-Lw+/ (b(wy) —b(ws)) - w S/ (fi—f2) w+0O(t), (6.11)

Qt t t
where
Ot) = [ Brws - (war —wa)+ | Bws - (wis —wr) + / a(Lw:) - L(wsy — ws)
Q¢ Q¢ t
+/‘MMMYLWm—wO+ uwn«wm—wg+/"ngwwm—wn
t Qt t

+ f1-(we —way) + o (wy —wia).
Qt Qt

The estimates (6.2), (6.3), (6.7) and (6.10) allow us to conclude that there exists a positive constant C'
such that, for any ¢t € (0,7),

t
01 <C [ (r) = (r) (o) d. (612)
0
From (6.11) and (6.12), using the monotonicity of a and b, we obtain

d
Tlw®liz@m < lw@)7@m + 118 = F2@72@m +2C191(1) = 92O 1= (0



26 Evolutionary quasi-variational and variational inequalities with constraints on the derivatives

Applying the Gronwall inequality we obtain

T
w1 (t) — wZ(t)H%Q(Q)m < eT(/O 1£1(t) — f2(t)||2L2(Q)mdt

T
s, =y e + [ on() = (0l o ),
concluding (2.9).

Consider now the case where a is strongly monotone. When p > 2, after integration, from (6.11) and
(6.12) we obtain

1 t
10O oy a0 [ IEw(I gyetr

t
1
< /O [f1(7) — fz(T)HL2(Q)m W(T)HL?(Q)de + §||w(0)H%2(Q)m +Cllgr — 92||L1(0,T;L°°(Q))

and so we conclude that there exists another positive constant C', depending on T, such that

|wi — w2||%°°(O,T;L2(Q)7") + lwi — w2||§/p(QT) < C(||f1 - f2||2L2(QT)m
+ w1, — w2 qym + 191 — g2llr0, i), (6.13)

obtaining (2.11) when p > 2.
If 1 < p < 2, using the strong monotonicity (2.10) of the operator a, from (6.11) we get

rw-w + a, /Q |Laof? (| L | + | Lawa])? 2 < / (F1r— F2) - w. +O(t)

Qt t
Applying the reverse Holder inequality we obtain

p—2

/Qt 6tw-w+a*</Qt Lw|p)§(/Qt (1w + |Lasl)”) * g/ (fi—fo) - w+0O().  (6.14)

t

Since p < 2 and |Lw;| < g* a.e. in Qr, i = 1,2, we have

([ Qe+ iwsly) ™ 20

t
where C'is a positive constant depending only on || f; 1./ (gym and [|wi,|[L2(q)m. From (6.14) we obtain

2

1 ? t 1 t
10Oy + Car( [ 1LwP)” < [, = Fllisar oz + 3100 By + [ ©
2 Q¢ 0 2 0

and so, using the Holder and Young inequalities, we get the inequality
[wl[7 (0.7 2(ymy Hlwl5e < CIF1=Fallfz(@pym +llwi, —ws, 2 (@ym + 1191 = g2ll10,7:0 0))) - (6.15)
From (6.13) and (6.15), the conclusion follows. O

Proof of Theorem 2.13. Consider a sequence of solutions w,, given by Theorem 2.10 for a sequence of
Gn € Whoo (O,T; LOO(Q)) such that

gn —>g inE([0,T]; L>(Q)).

First we show that {wy}, is relatively compact in ¢ ([0,7]; L?(R2)). For arbitrary & > 0, there exists
6 > 0, such that

en= sup |[gn(7)— gn(s)||L°°(Q) <e
|T—s|<d
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9%

+
7€ (s—0,8+0) and p,w,(s) can be chosen as test functlon in (2.1 ) for w,, at t = 7, obtaining

for all n sufficiently large and all 7,s € (0,T). Setting p,, = , we obtain p,wy(s) € Ky (5 for all

/ By (7) - (pn(s) — wa(r)) + / (7,0, (7)) - L(pnton(s) — wn(r))
+/Qb<7-7wn(7))'(pnwn(s /f (ppwn(s) —wn (7). (6.16)

Since 0 < p, < 1 and the solutions w,, € K, are uniformly bounded in L>(0,T; %, N L?(Q2)™), from
(6.16) for fixed s, we can integrate in T on [s, t] obtaining

3 [ wa-wa = 5 [ 4 [ ) -l
<) [ [ o) w4 Cott =1+ [ U

< (1) /Q<wn<t> = wa(s)) - wn(s) + C'lt = 5|3 (% + | £ 2(@ry)
<+t —s]2), forall |t —s| <

and all n sufficiently large. Hence {w,, }, is equicontinuous on [0, 7] with values in L?(2)™. Therefore we
can take for a subsequence

w, —w ing([0,T;L*Q)™) and w, —w in L®(0,T;V,) weak-x,

n

for some w which is such that w € K, N %, N ¢([0, T); L*(2)™) and w(0) = wy.
We conclude that w is a weak solution to (2.4) with K,. Using Minty's lemma and taking v,, = p,v € K, ,
for arbitrary v € K, in

/OT@M,»U" — Wy)p + / ) a(Lv,) - L(v, —w,)

1
b w2 QTf-(vn—wn>—2/Qwo—v

we observe that v,, — v in %},. By the uniqueness, the whole sequence {w,}, converges to w. O
n
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