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Abstract

The construction of two different representations of special Appell polynomi-
als in (n+1) real variables with values in a Clifford algebra suggested to explore
the relation between the respective coefficients. Properties of sequences result-
ing from such relation and an interesting trapezoidal array of their elements are
pointed out.
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Introduction

In this paper we focus on polynomial sequences in (n+1) real variables with values
in the real vector space of paravectors in the corresponding Clifford algebra C`0,n. We
start by introducing some basics of that algebra. The reader can find more details in
[4].

Let {e1, e2, · · · , en} be an orthonormal basis of the real Euclidean vector space Rn
endowed with a product according to the multiplication rules

eiej + ejei = −2δij , i, j = 1, · · · , n,

where δij is the Kronecker symbol. This non-commutative product generates the
associative 2n−dimensional Clifford algebra C`0,n over R. The elements z of C`0,n,
called hypercomplex numbers, are of the form z =

∑
A zAeA, where zA ∈ R and the

basis {eA : A ⊆ {1, · · · , n}} is formed by eA = eh1
eh2
· · · ehr , 1 ≤ h1 < · · · < hr ≤

n, e∅ = e0 = 1.
The vector space Rn+1 is embedded in C`0,n by the identification of the real

(n+ 1)−tuple (x0, x1, · · · , xn) with the paravector

x = x0 + x = x0 + x1e1 + · · ·+ xnen ∈ An := spanR{1, e1, . . . , en} ⊂ C`0,n.

The conjugate of x ∈ An is given by x̄ = x0 − x. The so-called scalar part x0

and the vector part x of x can be written in the form x0 = (x + x̄)/2 and x =

(x− x̄)/2, respectively. The norm of x is given by |x| = (xx̄)
1
2 = (x2

0 +x2
1 + · · ·+x2

n)
1
2 .

Consequently, the inverse of each non-zero x is x−1 = x̄|x|−2.
We consider C`0,n-valued functions defined as mappings

f : Ω ⊂ Rn+1 ∼= An 7−→ C`0,n

such that f(x) =
∑
A fA(x)eA, fA(x) ∈ R and Ω is an open subset of Rn+1, n ≥ 1.
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The generalized Cauchy-Riemann operator in Rn+1 is defined by ∂̄ := 1
2 (∂0 + ∂x),

with ∂0 := ∂
∂x0

and ∂x :=
∑n
k=1 ek

∂
∂xk

. Its conjugate, also called the hypercomplex

differential operator, is denoted by ∂ := 1
2 (∂0 − ∂x).

The analogue of a holomorphic function is now a C1-function f that is a solution
of the differential equation ∂̄f = 0 (resp.f∂̄ = 0) and is called left monogenic (resp.
right monogenic).

The concept of hypercomplex differentiability as a generalization of complex differ-
entiability reads as follows. A function f defined in Ω is hypercomplex differentiable
if and only if it has a uniquely defined areolar derivative f ′ in each point of Ω (for
details, see [10]). A hypercomplex differentiable function f is real differentiable and
consequently f ′ is given by f ′ = ∂f = 1

2 (∂0 − ∂x)f . Since a hypercomplex differen-
tiable function f is monogenic, it follows that f ′ = ∂0f = −∂xf (see [9]).

Noting that ∂̄x = 1−n
2 , it is clear that the identity function f(x) = x (and its

integer powers) belongs to the class of monogenic functions only if n = 1, i.e., in the
complex case. Thus, the construction of polynomials which behave with respect to
the derivative like simple powers of x ∈ An is a problem of its own interest. Applying
Appell’s ideas [3], authors of this paper started a systematic study on Appell sequences
in the framework of Hypercomplex Function Theory ([5, 8, 11]).

There are two natural representations of An-valued homogeneous polynomials,
one by using (x, x̄) and the other by using (x0, x). Both representations involve
coefficients whose relation leads to sequences of nonnegative integers. The main goal
of the present paper is to emphasize properties of those sequences and their relation
with Pascal’s like triangles.

Main Results

We focus on the following two representations of An-valued homogeneous mono-
genic polynomials Pnk (x) introduced in [7, 12]:

Pnk (x) =

k∑
s=0

T ks (n)xk−sx̄s (1)

and

Pnk (x) =

k∑
s=0

(
k

s

)
cs(n)xk−s0 xs, (2)

where the coefficients T ks (n) and cs(n) take the form

T ks (n) =

(
k

s

)(n+1
2

)
k−s

(
n−1

2

)
s

(n)k

((a)r denotes the Pochhammer symbol, i.e., (a)0 := 1, (a)r :=
r−1∏
t=0

(a+ t), r ≥ 1), and

cs(n) =

{ s!!(n−2)!!
(n+s−1)!! , if s is odd

cs−1(n), if s is even
,

respectively.
The sequences (Pnk (x))k≥0 are generalized Appell sequences, with Pn0 (x) = 1,

according to the following definition ([7]).
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Definition 1. A sequence of An-valued monogenic polynomials (Qk(x))k≥0 is called
a generalized Appell sequence, if Qk(x) is of exact degree k, for each k = 0, 1, . . ., and
∂Qk(x) = kQk−1(x), k = 1, 2, . . ..

The relation between the representations (1) and (2) is intrinsically linked to
the one of respective coefficients. In order to point out such relation we start by
considering the (k + 1)−dimensional vectors

Tk(n) =
[
T k0 (n) T k1 (n) . . . T kk−1(n) T kk (n)

]T
and

Ck(n) =
[
c0(n) c1(n) . . . ck−1(n) ck(n)

]T
.

Each component of Tk(n) can be written as linear combination of the components
of Ck(n) as follows:

T ks (n) = 1
2k

(
k

s

) k∑
j=0

σks,jcj(n), k = 0, 1, · · · ; s = 0, · · · , k (3)

where

σ ks,j =

s∑
m=0

(−1)m
(
s

m

)(
k − s
j −m

)
. (4)

(cf. [6, Thm. 6]).
Reciprocally, each component of Ck(n) can also be written in the following way:

ck−i(n) =
1(
k
i

) k∑
s=0

(−1)sσks,iT
k
s (n), k = 0, 1, · · · ; i = 0, 1, . . . , k (5)

(cf. [6, Thm. 7]).
The transformation from Ck(n) to Tk(n) can be derived in matrix form. Define

the diagonal matrix Dk = diag[
(
k
0

) (
k
1

)
· · ·

(
k
k

)
] and the matrix Sk :=

[
skij
]k+1

i,j=1
such

that skij = σki−1,j−1. Thus, (3) can be written in the form

Tk(n) = NkCk(n),

where Nk = 1
2k
DkSk. Analogously, the matrix form of (5) is obtained as

Ck(n) = ÑkTk(n),

where Ñk = D−1
k S̃kD, D = diag[1 − 1 · · · (−1)k] and the entries of S̃k are given by

s̃kij = σkj−1,k−i+1.
We observe that the connection between Ck(n) and Tk(n) relies indeed on the

nonnegative integers (4).
The importance of the Pascal’s triangle in issues related to Appell polynomials

has already been studied. For instance, it appears in the matrix representation of real
and hypercomplex Appell polynomials. For details we refer to [1, 2] and references
therein. That relation led us to believe that the integers (4) would also be somehow
linked to triangles of that type.

Let i, j, k be arbitrary nonnegative integers such that j ≤ k. For each fixed i, we
arrange the numbers σ ki,j in a triangle with rows k and ordered from j = 0 to j = k
(see Table 1).
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For each fixed value of i, the coeficients σ ki,j satisfy the recurrence relation

σ
(k+1)
i,j+1 = σki,j + σki,j+1, (0 ≤ j ≤ k − 1, k ≥ i) (6)

with boundary conditions

σki,0 = 1, σki,k = (−1)i, (k ≥ i) (7)

and initial values

σ
(i)
i,j =

(
i

j

)
(−1)j , j = 1, . . . , i− 1 (8)

(cf. [6, Thm. 10]).
Notice that when i = 0, formulae (6)-(7)-(8) coincide with the Pascal recurrence(

k+1
j+1

)
=
(
k
j

)
+
(
k
j+1

)
, for all integers k, j : 0 ≤ j ≤ k − 1, with initial/boundary

values
(
k
0

)
=
(
k
k

)
= 1. As is well known, this formula allows the construction of the

Pascal triangle. Now, the general formulae (6)-(7)-(8) permit, for each fixed i, the
construction of Pascal trapezoids, i.e., each triangle (Table 1) encloses a trapezoidal
substructure in itself (see Table 2) for the cases i = 1 and i = 2).

More details on this subject can be seen in [6].

Conclusion

Two particular representations of generalized Appell polynomials in the hyper-
complex context lead to special integer sequences satisfying a Pascal recurrence. The
construction of Pascal trapezoids resulting from that recurrence has been examined.
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Trapezoids presented in this paper, but not obtained as emerging from hypercom-
plex Appell polynomials, occure also in the expansion of (1− x)i(1 + x)k−i. Indeed,

(1− x)i(1 + x)k−i =
∑k
j=0 σ

k
i,j x

j .
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