ON NONLOCAL VARIATIONAL AND QUASI-VARIATIONAL
INEQUALITIES WITH FRACTIONAL GRADIENT
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ABSTRACT. We extend classical results on variational inequalities with convex sets with
gradient constraint to a new class of fractional partial differential equations in a bounded
domain with constraint on the distributional Riesz fractional gradient, the o-gradient
(0 < 0 < 1). We establish continuous dependence results with respect to the data,
including the threshold of the fractional o-gradient. Using these properties we give
new results on the existence to a class of quasi-variational variational inequalities with
fractional gradient constraint via compactness and via contraction arguments. Using
the approximation of the solutions with a family of quasilinear penalisation problems
we show the existence of generalised Lagrange multipliers for the o-gradient constrained

problem, extending previous results for the classical gradient case, i.e., with o = 1.

1. INTRODUCTION

In a series of two interesting papers [13] and [14], Shieh and Spector have considered
a new class of fractional partial differential equations. Instead of using the well-known
fractional Laplacian, their starting concept is the distributional Riesz fractional gradient of
order o € (0, 1), which will be called here the o-gradient D?, for brevity: for u € LP(RY),
1 < p < oo, we set
u 0

= = —1I0 ,u, 0<o<l, j5=1,...,N,
J 8:0;’ &Ejl “ ? J

(1.1) (D7u)

where -Z- is taken in the distributional sense, for every v € €5°(R"Y),

oz,
<%,v> = —<]1_Uu, 66—;]> = —AN(I1—JU)§—; dz,

with I, denoting the Riesz potential of order «, 0 < av < 1:
F(M)

Lou(z) = (I, xu)(z) = VNVQ/ Ad(y, with yv o = —% 2
>

T 20T(2)

As it was shown in [I3], D has nice properties for u € €2°(RY), namely

(1.2) D°u = D(I,_ou) = I1_, x Du,

g

N pe
(1.3) (—A)u=— ~ U,
jz_; Ox§ 0z
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where the well-known fractional Laplacian may be given, for a suitable constant Cy ,, by
(see, for instance, [4]):
u() — u(y)
—A)Yu=Cy, P.V. ———=d
( ) N, /RN |z — y| N2 Yy
It was also observed in [I4] that the o-gradient is an example of the non-local gradients

considered in [9], which can be also given by

in terms of the vector-valued Riesz transform (see [15], with py = F(%)/w%)

Rf(z) = pn P.V. - f() ﬁ dy.

We observe that, from the properties of D7 and a result of [7] on the Riesz kernel as
approximation of the identity as a — 0, the o-gradient approaches the standard gradient
as o — 1: if Du e LP(RM)N N LYRY)N, 1 < ¢ < p, then D7u — Du in LP(RNM)N.

Introducing the vector space of fractional differentiable functions as the closure of
6 (RY) with respect to the norm

lullg = lullfp@ay + 1D7ullf O<o<l p>1,

iP(RN Lr(RN))m>
by [13, Theorem 1.7] it is exactly the Bessel potencial space L7P(RY) «— W#P(RY),
0 < s < o, where W*(RY) denotes the usual fractional Sobolev space. In [13] the
solvability of the fractional partial differential equations with variable coefficients and
Dirichlet data was treated in the case p = 2, as well as the minimization of the integral
functionals of the o-gradient with p-growth, leading to the solvability of a fractional p-
Laplace equation of a novel type.

In this work we are concerned with the Hilbertian case p = 2 in a bounded domain
Q) C RV, with Lipschitz boundary, where the homogeneous Dirichlet problem for a general
linear PDE with measurable coefficients is considered under an additional constraint on

the o-gradient. We shall consider all solutions in the usual Sobolev space
(1.5) Hg(2), with norm |ul|gg) = [ D7ull 2@y, 0<o <1,

which, by the Sobolev-Poincaré inequality, is equivalent to the usual Hilbertian norm
induced from L7?*(RY) = Wo%(RY) = H°(RY), 0 < ¢ < 1 in the closure of the Cauchy
sequences of functions in 65°(€2) (see [13]).

For nonnegative functions g € L*°(2), we consider the nonempty convex sets of the

type
(1.6) K7 ={ve HJ(Q):|D7| < gae. inQ}.
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Let f € LY(Q) and A : Q — RY*N be a measurable, bounded and positive definite

matrix. We shall consider, in Section |2 the well-posedness of the variational inequality

(1.7) u €Ky : /QADUU-DU(U—U) Z/Qf(v—u), Vv € KY.

In particular, we obtain precise estimates for the continuous dependence of the solution
u with respect to f and g, and so we extend well-known results for the classical case o0 = 1
(see [12] and its references).

Extending the result of [2] for the gradient (o = 1) case, we prove in Section [3| the ex-
istence of generalised Lagrange multipliers for the o-gradient constrained problem. More
precisely, we show the existence of (\,u) € L>®(Q)" x T (Q) such that
(1.8a)  (AD%u, D°v) / + / ADu - D%v = / fo, Yo € T2 (),

(L=@n) xL=@N  Jo Q

(1.8b)  |D%u| < g a.e. in , A>0and MN(|D%u| —g) =0 in L=(Q)’

and, moreover, u solves (1.7)).

Here, for each o, we have set
(1.9) T7.(Q) = {ve HJ(Q): D°v e L*()"}, 0<o<l,
and
A, B) (@ yxre@n = (A o B) poyxre@ YA E L™(Q) Va, B € L¥(Q)N.

Finally, in the Section 4| we consider the solvability of solutions to quasi-variational
inequalities corresponding to when the threshold ¢ = G[u] and therefore also the
convex set depend on the solution u € Kg[u}. We give sufficient conditions on the
nonlinear and nonlocal operator v — G[v] to obtain the existence of at least one solution u
of with Kf replaced by K¢, by compactness methods, as in [6] for the case o = 1.
In a special case, when Glu|(z) = I'(u)p(x) is strictly positive and separates variables
with a Lipschitz functional T' : L?(Q) — R*, we adapt an idea of [5] (see also [12]) to
obtain, by a contraction principle, the existence and uniqueness of the solution of the
quasi-variational inequality under the “smallness” of the product of f with the Lipschitz

constant of I' and the inverse of its positive lower bound.

2. THE VARIATIONAL INEQUALITY WITH 0-GRADIENT CONSTRAINT

For some a,,a* > 0, let A = A(z) : 2 — RY*Y be a bounded and measurable matrix,

not necessarily symmetric, such that, for a.e. x € RY and all £ € RV:

(2.1) a.J¢) < A(x)€ - € < a*f¢)”.
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Fixed v > 0, we define
(2.2) Ly(Q) ={ve L2(Q) :v(z) >v>0ae z€Q}.

For any g € Ly°(§2) it is clear that the convex set K defined in (1.6) is non-empty,
closed and, by Sobolev embeddings, we have, using the notation (1.9)), for all 0 < § < o

(2.3) K7 € T(Q) c €%°(Q) c L™(9),

where ¢%?(Q) is the space of Hélder continuous function with exponent 3. Indeed, we
recall (see for instance [3]) the embedding for the fractional Sobolev spaces 0 < o < 1,

1 <p<oo:

Np
N—op?’

(2.4a) WoP(Q) — LI(
(2.4b) WoP(Q) — LI(
(2.4¢) WoP(Q) — L®(Q)Nn€*#(Q), forevay0<B<o— %, if op > N,

Q), for every q < if op < N,
Q), forevery ¢ < oo, if op=N,

with continuous embeddings, which are also compact if also ¢ < NJXZ; - in (2.4a) and
b <o— % in (2.4c)). In particular, we have

(25)  HJ(Q) < L¥(Q) and L**(Q) = H(Q) = (HJ(Q)), 0< o<1,

where we set 2* = N2_A;U and 2% = N%i\ga when o < %, and if N = 1 we denote 2* = g,
2#:q’:q%lwhena:%and?*:oo,Q#zlwhena>%.

Here we are also assuming that Q@ C R” is an open, bounded domain with Lipschitz

boundary, and we may conclude ([2.3) from ({2.4a))-(2.4c) by using a bootstrap argument.
Therefore, in the right hand side of the variational inequality (|1.7)), for g; € L>°(2), we

can take f; € L'(2), and the first two theorems give continuous dependence results with

precise estimates for two different problems with i = 1, 2:
(215)1 u; € K;Z . [)ADUui-DJ(U—Ui) Z /Qfl(’u—ul), Yv € ng

Theorem 2.1. Under the assumptions (2.1)), for each f; € L'(Q) and each g; € L>=(),

gi > 0, there exists a unique solution u; to (2.15); such that
(2.16) u; € K7 N €°P(Q), forall0 < <o.

When g, = ga, the solution map L*(Q) > f — u € HJ(Q) is %—Hé'lder continuous, i.e.,

for some Cy > 0, we have

1
(2.17) [ur — wollmg @) < Cillfr = foll 71 (o
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Moreover, if in addition f; € L**(Q), i = 1,2, 2# defined in [2.5) and g1 = ga, then
L7 (Q) > f — u e HJ(Q) is Lipschitz continuous:

(2.18) [y — uzllug ) < Cyllfr = foll o

for Cy = C./a, > 0, where C, is the constant of the Sobolev embedding HS () — L* ().

Proof. Suppose that f; € L¥ (Q) ¢ H (). Since the assumption implies that
A defines a continuous bilinear and coercive form over HJ(£2), the existence and unique-
ness of the solution u; € K7 to (2.15); is an immediate consequence of the Stampacchia
Theorem (see, for instance, [11], p. 95]), and follows from ([2.3)).

With our notation (L.5]), the estimate follows easily from (2.15); with g; = ¢
and v =u; (1,7 = 1,2, 7 # j) from

@@l oy < / AD - D7 < [l o 2 ) < ColTl o o 115 s

where we have set @ = u; — ug and f = fi — fo.
By (2.3), letting x be such that

(2.19) ]| o) < K, Vv € KY

g1’

we may easily conclude the estimate ([2.17) with Cy = \/2x/a, for fi, f,» € L** (Q) c L}(Q)
from (1.5); and

a|[allzzg ) < 1 Fller@ @l @) < 26 fllzro)-
Finally, the solvability of (2.15); for f; only in L'(Q) can be easily obtained by taking
an approximating sequence of f' € eL¥ () such that f* — f; in L*(Q2) and using
for that (Cauchy) sequence. The proof is complete. ! O

Remark 2.1. As in [13] it is possible to extend the variational inequality with o-gradient
to arbitrary open domains Q C RN with a generalised Dirichlet data p € H°(RY) such
that I, * ¢ is well-defined and D°p € L®°(RY). This would require in the definition
(L.6) of KY to replace Hg(S2) by the space

H;:{UEHU(RN>2UIQD a.e. inRY\Q}

and, in addition, technical compatibility assumptions on ¢ and g to guarantee that the
new K7 # 0.

Remark 2.2. It is well-known that if, in addition, A is symmetric, i.e. A = AT, the
variational inequality (1.7) corresponds (and is equivalent) to the optimisation problem

(see, for instance, [11])

u €Ky : J(u) < J(v), Vv € K7,
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where [J : Kg — R is the convex functional

j(v):%/QAD"v-D"v—/va.

Theorem 2.2. Under the framework of the previous theorem, when f, = fo € LY(Q), the
solution map

LX(Q)>g—ue HJ(Q)

18 also %—Hb'lder continuous, i.e., there exists C\, > 0 such that
1

(2.20) [ur = usllg (@) < Cullgr — g2l q)-

Proof. Let n = ||g1 — 92| 1) and, for i, j = 1,2, i # j, notice that

v
Uij = V—i_n'u,l € ng,

if u; denotes the unique solution of (2.15); to g; and f;.

Denote by k = II_l?Dg{HgiHLOO(Q)’ ||ti|| Lo ()} and observe that for ¢ = 1,2,

n
v+n

i = wi| + D7 (s — wy))| <

T i
(Jus] + [D7wi]) < 25 "

Hence, letting v = u,, in (2.15); and using (2.1) we get

aulls — gy < /QADU(ul ) Dy — )

S /QADUul . D"(u21 — UQ) + /Q ADUUQ . DU(Ulz — U,l) —+ /Q f((u1 — U12) + (Ug — UQI))

n
<2k ;(M||91||L1(Q) + M|\ g2l + 21 fllzve) = Chllgr — g2l (),

with C, = \/QK(MHngLl(Q) + M| g2l 210y + 211 fll 1)) fasr > 0,where M = [ Al oo ()2
which yields ([2.20)). O

Remark 2.3. Using the trick of the above proof, if g, — g in L®() for a sequence
gn € L0(82), it is clear that, for any w € K§ we can choosne wy, € KY - such that w, — w
in HJ(2). On the other hand, also for any sequence w, — w in HJ()-weak, with cach
w, €KY, gn — g in L>(Q) implies that also w € KY. %hese two conditions determine
that if g, =9 7;71 LX(Q2) then the respective convex sets K = converge in the Mosco sense
to K7. An open question is to extend this convergence to the case 0 < o <1, by dropping

the strict positivity condition on g, and g, as in [1] for o = 1.



3. EXISTENCE OF LAGRANGE MULTIPLIERS

In this section we prove the existence of solution of the problem ((1.8a))-([1.8b]).
For ¢ € (0,1) and denoting k. = Eg(Dous) = k.(|D%u®| — g) for simplicity, we define a

family of approximated quasi-linear problems
(3.1) /Q (k.(Dw?)D°uf + ADw) - D70 = /Q fv Yoe HZ(Q)
where k. : R — R is defined by
ke(s) =0 for s <0, ks(s):eg—lforogsgé kg(s):es%—lfors>§.

Proposition 3.1. Suppose that g € L(Q), f € L¥(Q) and A : Q — RVN 45 ¢
measurable, bounded and positive definite matriz. Then the quasi-linear problem (3.1)) has

a unique solution u® € HJ ().
Proof. The operator B, : HJ(2) — H~7(Q2) defined by
(Bev,w) = / (%g(D"v)D”v + ADv) - Dw
Q

is bounded, strongly monotone, coercive and hemicontinuous, so problem (3.1) has a

unique solution (see, for instance, [§]). O

Lemma 3.1. If g € LX(Q), f € L**(Q), A: Q — R¥*N is a measurable, bounded and
positive definite matriz and 1 < q < oo, there exist positive constants C and C, such that,

for 0 < e < 1, setting k. = k-(|D°u®| — g), the solution u® of the approximated problem
(3.1) satisfies

(3.2a) ||E5|DUUE|2||L1(Q) <C,
(3.2b) el ey < €,
(3.2¢) kD7 | oy < C.
(3.2d) el ey < C

(3.2¢) 1D || ooy < Cy.

Proof. Using u® as test function in (3.1)), we get
/ (%5 +a,)| D7 < /@E|D‘7u€|2 + ADw® - D%uf
Q Q

C2 s
= [ 10" < GE U oy + FID
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since A¢ - £ > a,|¢]? for any € € RY by the assumptions on A. But k. > 0 and so

Qs o, |2 0#2 2
> Q|D w|” < 2—a*||f||L2#(Q),

concluding then (3.2a)).
Observing that the function ¢. = k. (2 — ¢2) + ¢*k. > v%k. and using (3.2a)), there

exists a positive constant C' independent of € such that

V2/7<?\5§C.
Q

This implies the uniform boundedness of k. in LY(Q) and also in L>®(Q)’, i.e., (3.2D) and
(3.2d]) respectively.
To prove (3.2d), it is enough to notice that, for 3 € L>*(Q)",

||%6DUU€||(L00(Q)N)/ = sup /%ED"ua-B < (/%6|D"u5|2>2</%6|,3|2>2
BeL=(Q)N Jq Q Q
< OBl (@

Because for t — g > 0 we have k.(t — g) > —(t — g)™, for any m € N, then using (3.2b)
we conclude ([3.2¢€]),(for details see, for instance [10]). O

Proposition 3.2. Forg € L2(Q), f € L¥ (Q) and A : Q@ — RV*N o measurable, bounded
and positive definite matriz, the family {u®}. of solutions of the approximated problems

(3.1) converges weakly in HJ(S2) to the solution of the variational inequality (1.7]).

Proof. The uniform boundedness of {u°}. in HJ(§2) implies that, at least for a subse-

quence,

(3.3) ut —u in HJ(Q).

e—0
For v € K7 we have, since k. > 0 when |D%u.| > g > |D"v|,
k.D?u - D7 (v — uf) < k| D7uf|(|D7v| — | Duf]) < 0

and so, testing the first equation of (3.1)) with v — u®, we get

/QAD"UE -D7(v—ut) > /Qf(v —uf).
But

/ ADuf - D% (v —uf) = / AD? (u® —wv) - D% (v —u®) + / AD%v - D (v — uf)
Q Q Q

< / ADv - D°(v — uf)
Q



So, utilizing the weak convergence u® o in HJ(2),
E—>

/AD"U -D%(v—u) > / flv—u).
Q 0
Let w € KJ and setting v = u + 0(w — u), then v € K7 for any ¢ € (0, 1] and we get
9/ AD (u+0(w —u)) - D7(w —u) > «9/ flw —u).
e 0

Dividing this inequality by 6 and letting # — 0, we obtain ((1.7). The proof is concluded
if we show that v € K7. Indeed we split {2 in three subsets

U= (D76 — g < VE), Vo= {VESIDW—g <1}, W.={D%w|—g> 1)

and, following the steps in [10], we conclude that

107l = 9)" <1 [ (17w - g) voy a2
Q e—=0JQ €

:h%(/ (|D0u5\—g)V0+/VE (ID”uE\—9)+/E%)

< lim (\/E|Q| +[[1D7] — gl 2oy V2|2 +/ %) —2 0
We

e—0 e—0

because

o |Q
o

_ -1 ~
|Ve|§/kf—J{1§C'e\/g—>0 and / l:l/ hetl < Comr 5 Q).
V. eV 55 € : e—0

eve e—0 efz
So |D?u| < g a.e. in , which means that u € KJ.
The uniqueness of solution of the variational inequality (1.7) implies that the whole

sequence {u°}. converges to u in HJ(12). O

Theorem 3.1. If g € LP(Q), f € L**(Q) and A : Q — RV*N is a measurable, bounded
and positive definite matriz, then problem ((1.8a))-(1.8b|) has a solution

(A u) € L=(Q) x T (Q).

Proof. By estimates (3.2¢) and (3.2d)) and the Banach-Alaoglu-Bourbaki theorem we

have, at least for a subsequence,
’

k.D°u® — A weak in (L=()™)

e—0

and
k. — A weak in L™()'.

e—0

For v € H{(f?), since

(3.4) / (h.D7 + AD&) - D70 = / fo,
Q Q



10 J.F. RODRIGUES AND L. SANTOS

we obtain, letting ¢ — 0 with v € TZ_(2),

(3.5) (A, D°v) + /QAD”u - D% = /va

Taking v = u® in (3.4]) we get

(3.6) /EE|DUU€|2+/ADUUE-D” Ez/fua
Q Q Q

Observe first that

(3.7) /QAD"(US —u) - D°uf = /QAD"(ua —u) - D7 (uf —u)

+ / AD?(u® —wu) - Du > / AD?(u® —u) - D°u
Q Q

and therefore

/ ADu-Du <lim [ AD°u - D°u’.
Q

e—=0JQ

So, from(3.6) and (3.5)) with v = u,

lim EE|D(’U‘5|2 + / AD%u - D%u < lim (/ /k?E]D"u‘EP + / AD% " - D“u‘E)
Q Q Q Q

e—0 e=0
= / fu= (A, D%u) + / AD%u - D%u
Q Q

and then

lim [ k| D7u|? < (A, D7u).

e—0JQO
Using k.(|D7uf|? — ¢%) > 0, we obtain
(A, D7) > tim [ T D72 > nm/%eg? — (gt > (A (D7),
e—=0.JQ e—0 Q

We also have

0<lim [ k|D?(u —w)|> =1lim [ k.|Du)* - 2lim %ED"ug-D”u—i—lim//I<\;€|D"u|2
e—=0.JQ e=0JQ =0 Jq =0 Jq

< <A,DU’LL> - 2<A7Dau> + <)‘? ’Dau’2>
= — (A, D) + (\,|Dul?),

and therefore we conclude

(A, D°u) = (\,|D°u|?) and lim %AD"(UE —u)]* = 0.

e—0JQO
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Given v € K,, we have

(3.8) hm‘/k:D"u —w)- D%

e—0

. b
<t ([ R0 (0 = 0P ) 1Rl 1Dl =,

e—0

because, by estimate ([3.2h)), k. is uniformly bounded in L*(Q). So, for any v € K,

fv = lim k: + A)D°u® - D°v = lim </(/k?6 + A)D?(u® —u) - D%
Q

e—0 c—0
+ lim Q(EE +A)D“u-D“v) — (AD°u, D7) + /Q ADu - D7,
concluding the proof of .
Since //k\gv > 0 for all v € L>®(Q) such that v > 0 then, for such v, we also have
(A v) > O,QWhiCh means that A > 0.
For v € L®(Q) set v+ = max{v,0}, v~ = (—v)*. Since k.(|D7uf|? — g?) > 0 then

<)\’92 Ui> < lim EE|D"u€|2vi
e—=0JQ

— lim (/ T D7 (uf — )Pt — 2/ D7 (uf — ) - D uvt + / %E|D°’u|%i)
e—0 Q Q Q
= (A [D7u?v*),  using (3.8),

concluding that
O\ (ID7uf? = g%) v*) > 0.
The fact that k. > 0 and u € K¢ imply k.(|D°ul>—g?)v* < 0 and, therefore, integrating
and letting ¢ — 0, (A, (D°u|?> — ¢g?)v*) <0, and so
(\ (ID7u|* = g*) v) = 0.

Writting v = for any w € L*(Q2), we conclude (|1.8b)). O

_w
[Doul+g°
4. THE QUASI-VARIATIONAL INEQUALITY WITH 0-GRADIENT CONSTRAINT

In this section we consider a map G such that

(4.1) G:L¥(Q) = LZ(Q)
is a continuous and bounded operator, where 2* is the Sobolev exponent as in ([2.5)) for
0<o<l1.

We set

(4.2) Glu] = {ve HJ(Q) : |D7v| < G[u] a.e. in Q}
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and we shall consider the quasi-variational inequality
(4.3) u € Ky, /QADUU D7 (v—u) > /Qf(v —u), Vv € Kgpy-

Generalising a compactness argument of [6] where quasi-variational inequalities of this

type were considered for the gradient case 0 = 1, we may give a general existence theorem.

Theorem 4.1. Under the assumptions (2.1)), for continuous and bounded operators G
satisfying (4.1) and for any f € LQ#(Q), with 2% as in (2.5)), there exists at least one
solution for the quasi-variational inequality (4.3]).

Proof. Let u = S(f,g) be the unique solution of the variational inequality (1.7)) with
g = Gw] for any w € L¥ (Q). If C, > 0 denotes the Sobolev constant as in Theorem ,

since fy = 0 corresponds always to the solution us = 0, we have the a priori estimate

(4.4) lull 2 0y < Cullull gy < &

— s

f”Lz#(Q) = Cy,

independently of g € L°(2).
Set B, = {v € L*(Q) : |Jv||2* () < ¢r} and define the nonlinear map 7' = S o G :
L¥(Q) 3w u € L¥(Q) where u = S(f, G[w]) € K, N € (Q), 0 < § < o by (2.16).
Clearly, implies T'(B.,) C B, and, by the continuity of G and Theorem T is
also a continuous map. On the other hand, GG is bounded, i.e. transforms bounded sets in
L¥ (Q) into bounded sets of L°(2) and S o T is also a bounded operator. Therefore, by
([216), T(B.,) is also a bounded set of C%?(Q). Since the embedding C*#(Q) — L*'(Q2)

is compact, the Schauder fixed point theorem guarantees the existence of u = Tu, which

solves (4.3)). O
Example 4.1. Consider the operator G : L* (Q) — L(2) defined as follows:
(4.5) Glul(z) = F(z,w(z)),

where F : QxR — R is a function bounded in x € 2 and continuous in w € R, uniformly

n x € ), satisfying, for some v > 0,

(4.6) 0<v< F(z,w) < p(Jw|) a.e. x € Q,
and for some monotone increasing function p. We may choose
(4.7 wla) = [ oeg)uts)dy,

where we give ¥ € L*(€y; Lz#(Qy)). For u, — u in L* (Q), from the estimate

sup |w,(r) — w(z)| = sup
zeN €N

Léﬁuwx%mn—u@»mﬂsSgﬂﬁmfmmﬂmm%—umwm
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and by the uniform continuity of F, we have
1Glun) = Glulllze(@) = [ F(wn) = F(w)]|z@) — 0,

implying the continuity of G.
The boundedness of G is a consequence of (4.6 and therefore G satisfies the assump-
tions of Theorem [4.1].

Example 4.2. Consider now the operator G : HJ(2) — L°(£2) given also by (4.5) with

F' under the same assumptions as in the previous example, but now with
(18) wla) = ¥(w(a) = [ Oa.y)- D7uly)dy

where © € %(ﬁx; LQ(Qy)N). Now G is not only bounded but also completely continuous,
since ® 1 HJ(2) — €°(Q) is also completely continuous. Indeed, if u, — u in HJ(Q)-
weak, then w, = ®(u,) — ®(u) = w in €(Q), because { D u, },, being bounded in L*(Q)N
implies {w, }, uniformly bounded in €°(Q),
wa(@)] < 10, 2@ 1D unll 2@y, Yo €Q
and also equicontinuous in Q0 by
|wn () — wn(2)] < ClO(z,-) = Oz, )l 2@

But G is not defined in the whole L? (2) and therefore we cannot apply Theorem [4.1

to solve (4.3). Nevertheless, the solvability of (4.3) in this example is an immediate

consequence of the following theorem.

Theorem 4.2. Assume (2.1) and let f € Lz#(Q) as previously. If the nonlinear and

nonlocal operator G satisfies
(4.9) G : HJ(Q) — LX(2) is bounded and completely continuous

then there exists a solution u to the quasi-variational inequality (4.3)).

Proof. Due to the estimate (4.4) and the assumption (4.9)), the proof is analogous by

applying the Schauder fixed point theorem to the nonlinear completely continuous map
T=S0oG:HJQ)3>w—u=S(f Gw]) € HJ(Q).
O

Example 4.3. By restricting the domain of G and using the same type of Carathéodory

function F' as in Example we can introduce the superposition operator

(4.10) Glu)(z) = F(x,u(x)), u€ e (Q), req.
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In order to guarantee that G : €(Q) — L>(Q) is a continuous and bounded operator
i an appropriate space to obtain a fixed point, we need to require that the function F :
QxR — R is a bounded function in x € ) in each compact for the variable u, continuous
mu € R uniformly in x € ), and satisfying , where the monotone increasing function
© satisfies

(4.11) 0<v<plt)<Co+Cit*?,  teR,

for some p > I and 2* the Sobolev exponent as in (2.5).
This situation is covered by the next theorem, since the assumption (4.11) implies the

condition below.

Theorem 4.3. Assume (2.1), let f € L¥(Q) and the functional G be such that
(4.12) G:6°(Q) — L () is a continuous operator

and satisfying, for some positive monotone increasing function n,

(4.13) IGElzoqey < (e )

for some p > & and 2% the Sobolev exponent of H(Q) — L* (). Then there exists a
solution of the quasi-variational inequality (4.3)).

Proof. As before, we set T = So G : €°(Q) — HZ(Q), where u = S(f, Glw]), for
w € €°(Q) solves with g = Glw].
In order to apply the Leray-Schauder principle, we set
S ={w e’ Q) :w=~0Tw, €[0,1]}

and we show that .# is a priori bounded. For any w € ., u = Tw solves (1.7]) with
g = G[w]. Hence, by (2.4c|) and the assumption (4.13) we have, noting that w = fu,

[wllgo@) < CollD7wl| o)y < Cob||Glw]|| ey

< Conllwllpz+ey) < Conley),
by the a priori estimate (4.4)).
Since, by [2.3), T(¢°(Q)) — €°#(Q) — €°(Q) and this last embedding is compact,

we may conclude that T is a completely continuous mapping into a closed ball of €°(Q)
and its fixed point u = T'u solves (4.3)). O

It is clear that in general we cannot expect the uniqueness of solution to quasi-variational
inequalities of the type (4.3]). However, the Lipschitz continuity of the solution map f +— u
to the variational inequality ((1.7)), given by Theorem , allows us to obtain, via the strict

contraction Banach fixed point principle, a uniqueness result in a special case of “small”
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and controlled variations of the convex sets for the quasi-variational situation with sepa-
ration of variables in the nonlocal constraint G.
We denote, for R > 0,

Br = {v e HJ(Q) : |v]lgg @) < R}.
Theorem 4.4. Let f € L*(Q), p € LP(Q) and
(4.14) Glul(z) = p(x)I'(u),  ze€

where I' : HJ(Q2) — R* is a functional satisfying

i) 0 < n(R) <T(u) < B(R), Vu€ Bg,

i) [U(u1) = D(ug)| < v(R)llur — uzllug ), Vui,uz € Bg,
for sufficiently large R € R™, withn, E and ~y being monotone increasing positive functions
of R.

Then the quasi-variational inequality has a unique solution, provided
V(Ry)
n(Ry)
where Ry = Cyul| f||2# (o) with Cy = C./a. and C, is the constant of the Sobolev embed-
ding as in .

Proof. Let S: Bg > v — u € HJ(2) be the solution map with u = S(f, G[v]) being the
unique solution of the variational inequality (1.7) with ¢ = G[v].
The a priori estimate (4.4) implies S(Bg,) C Bg;.

Given v; € Bpg, let u; = S(v;) = S(f,¢o'(v;)), i = 1,2, and choose u = % > 1,

(4.15) 20,

HfHLQ#(Q) <1,

without loss of generality.

Setting g = ¢ T'(v1), we have pg = ¢ T'(vy) and

S f,ng) = uS(f,9),

D(vs) =T(01) _ 2(By)
I'(v1) ~ n(Ry)
by recalling the assumptions i) and ii) and denoting ||w||, = [[w||zg (@) for simplicity.

Consequently, using and with f; = f and fo = p f, we have
15(01) = S(w2)lle < IS(f,9) = S, ng)llo + 15 (it 1ng) = S(f ng)llo
< (=Dl + (= DC ot
< 204 (0~ DI ot o)

V(Ry)
< 20# H(Rf) ”Ul - vQHaHf“L?#(Q)

p—1= o1 — vals

and the conclusion of the theorem follows immediately. U
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Example 4.4. We can take I' of the form
P = [ ey uly). Dul) dy. we HF (@)
Q

with e : @ x R x RN — [n,00), for some n > 0, under a local Lipschitz condition of the
type

ey, v, €) — ey, w, )| < y(R)(Jv — w| + |§ = nl)
for |v|, |wl|, |€| and || less or equal to R.

Remark 4.1. Assumptions i) and ii) have been used in Appendiz B of [B] under the
implicit assumptions of smallness of the term f, and in [12] in a simplified and more
precise form in the case of gradient type (i.e. o = 1) and for a class of general operators

of p-Laplacian type.

Remark 4.2. The existence of solution of the quasi-variational inequality (4.3)) is obtained
in this section by finding a fized point of the map w — S(f, Glw]) = wu, under suitable
assumptions. But when u = S(f, Glw]) is the solution of (L.7) then there exists \ €

L>(Q) such that (u, X) solves problem (1.8al)-(1.8b)) with data (f, G[w]). In particular,
when w is a fized point w = S(f,Glu]) it solves the quasi-variational inequality, and

we immediately get existence of a solution (X, u) of problem (|1.8al)-(1.8b|) for the quasi-
variational case.
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