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Effect of size dispersion on the optical absorption of an ensemble of semiconductor
quantum dots
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The linear optical absorption of an ensemble of semiconductor quantum dots randomly
positioned in an insulating matrix is studied theoretically and experimentally for the CdTe/glass
system. The calculation of the effective dielectric function of the system, whose imaginary
part determines the absorption, is based on a modified Maxwell–Garnett formalism using a
diagram technique to calculate the average renormalized polarizability of spherical quantum
dots. This approach takes into account both the fluctuations of the polarization interaction due to
the random positions of the spheres and their size dispersion. A comparison of the theoretical
and experimental spectra permits determination of the mean quantum dot size and concentration.
The dependence of these parameters on the postgrowth annealing time of the samples is
not consistent with the existing theories on the spinodal decomposition of solid solutions. ©1998
American Institute of Physics.@S1063-7826~98!01711-6#
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INTRODUCTION

Semiconductor microcrystals~quantum dots! grown
within an insulating matrix are of interest from the stan
point of nonlinear optical effects. The possibility of contro
ling the energy spectrum by altering the size of quantum d
~QD’s! and the large density of states for the correspond
energy values make such systems promising from the st
point of creating lasers as well.

Composite materials containing semiconductor QD
can be produced by using various technologies,1–3 but none
of them makes it possible to eliminate the size dispersion
the semiconductor microcrystals.

The size dispersion of QD’s causes the discrete lin
optical absorption peaks at frequencies corresponding
transitions between quantum-well hole and electron state
broaden dramatically. This effect is usually taken into a
count by performing averaging using the absorption sp
trum of a single QD and a certain size distributio
function,4–6 which is suitable only for obtaining an estimat
Such an approach is valid in the limiting case of a very sm
volume fraction of the semiconductor (f→0), since it disre-
gards: 1! the polarization interaction of the QD’s with on
another and 2! the variation of the refractive index with th
optical frequency in the absorption region.

In this paper we propose a scheme based on a mod
Maxwell–Garnett formalism for calculating the effective d
electric function of a composite consisting of isolated se
conductor QD’s in an insulating matrix. The proposed a
proach takes into account both the size dispersion and
1221063-7826/98/32(11)/5/$15.00
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dielectric fluctuations associated with the random position
of the QD’s. The formulas obtained are used to simulate
experimental linear optical absorption spectra of SiO2 matri-
ces with CdTe microcrystals grown from a melt of a bor
silicate glass with additions of CdO and Te by a series
successive anneals.

THEORY

Effective dielectric function of a composite

Let us consider an isotropic insulating matrix containi
randomly positioned spherical inclusions that are isola
from one another. In the effective-medium approximation
dielectric functione* is related to the~renormalized! polar-
izability a* of the spheres by the Maxwell–Garnett equ
tion:

e* 2eh

e* 12eh

5
4

3
pna* , ~1!

whereeh is the dielectric function of the matrix, andn is the
concentration of the spheres. Ifa* is set equal to the ordi-
nary polarizability of an insulating sphere of radiusa0 with
the constant dielectric functiones in a homogeneous me
dium, i.e., if

a~a0!5
es2eh

es12eh
a0

3 , ~2!

then ~1! gives the familiar Clausius–Mossotti formula.
The general equation fora* has the form7
9 © 1998 American Institute of Physics
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a* 5K a(
j

V↔ i j
21L , ~3!

where

V↔ ik
21V↔k j51↔d i j ,

V↔ i j 51↔d i j 2aDT↔ i j ,

DT↔ i j 5T↔ i j 2^T↔ i j &. ~4!

In Eq. ~4!

T↔ i j 5e2 iq~Ri2Rj !~12d i j !¹ i¹ j

1

Ri j

is the dipole-dipole interaction tensor, 1↔ is a unit tensor,
Ri j 5uRi2Rj u, i andj label the spheres, and the angle brac
ets denote averaging over the ensemble of spheres. Th
pansion ofV↔ i j

21 in ~3! in powers ofaDV↔ i j leads to an
equation resembling the Dyson equation,7,8 in which the av-
eraging over the realizations of disorder in the positioning
the spheres can be performed using the diagram techn
described in Ref. 7.

Apart from the topological disorder, there is also diso
der associated with the size dispersion of the spheres. B
averaging operations can be performed in a certain appr
mation ~which is similar to the averagedT matrix approxi-
mation in the theory of alloys!, and the following result can
be obtained:8

a* 5E da0 a~a0!
12A124u

2u
F~a0!, ~5!

where

u5
8

3
pna~a0!E da

a~a!

~a01a!3
F~a!, ~6!

andF(a) is the distribution function of the sphere radiusa.
Equations~1!, ~5!, and ~6! thus relate the effective di

electric function of a composite material to the dielect
functions of the matrix and the inclusions. The linear opti
absorption coefficient is defined in the usual manner in te
of e* :

g5
2kv

c
,

k5@~ ue* u2Ree* !/2#1/2.

It is not difficult to show that in the limitf→0

a* 'ā5E da a~a!F~a!;

e* 'eh~113 f ā !; g;eh
1/2f Imā.

Dielectric function of a microcrystal

The dielectric function of a microcrystal in the region
interband optical transitions has the form~see, for example
Ref. 9!
-
ex-

f
ue

-
th

xi-

l
s

es5e`F11
4pe2

e`\m2v2V
(

n
UpnU2S 1

vn2v
1

1

vn1v D G . ~7!

HereV is the volume,m0 is the free-electron mass,pn is the
matrix element of the momentum operator between qu
tized states of the conduction band (Ee) and the valence
band (Eh), and

vn5S Ee
n1Eh

n1Eg21.8
e2

e0aex
D /\, ~8!

whereEg is the gap width of the semiconductor,e` ande0

are its high-frequency and static dielectric constants, andn is
the set of quantum numbers which label the dipole-act
electron-hole pair states. The last term in~8! is a correlation
correction,10 andaex is the Bohr radius of a bulk exciton.

In the effective-mass approximation and under the
sumption of an infinitely high potential barrier between t
semiconductor and the insulator, the electron energy le
are specified by the quantum numbersn and l and are given
by the formula11

Ee5
\2Kn,l

2

2mea
2

, ~9!

whereKn,l is thenth root of thelth spherical Bessel function
andme is the electron effective mass.

The pattern of hole energy levels is more complica
due to the mixing of states corresponding to different s
bands of the valence band of semiconductors with a diam
or sphalerite structure; it was examined in Refs. 12–15. T
hole states are classified according to the values of the p
cipal quantum numbern and the total momentumF. For each
value of F there are two different states~an even and an
odd!, but there is degeneracy with respect to the projection
the total angular momentumM.

In the limiting case of strong spin-orbit splitting~D→0!
the hole ground state is 1S3/2 in the notation used in Ref. 15
Its energy is given by the formula

Eh5
\2Kh

2

2mhha
2

, ~10!

whereKh is specified by the equation14

j F11/2~Khb1/2! j F23/2~Kh!

1
6F23

2F13
j F23/2~Khb1/2! j F11/2~Kh!50 ~2!

with F53/2 andb5mlh /mhh . Here mlh and mhh are the
light- and heavy-hole masses.

The same equation specifies the even hole st
2S3/2,3S3/2, . . . @the second, third, and ensuing roots
~11!, respectively, should be taken#, to which transitions of
an electron from the 1Se state are possible.

Transitions of an electron from the 1Pe state to the 1P1/2
l

@Kh5b21/2f1
1 , wheref1

1 is the first root of the first spherica
Bessel function, should be used in~10!#, 1P3/2 ~the equation
for odd states was written out in Ref. 14!, 1P3/2

l @Kh is speci-
fied by ~11! with F55/2#, and ensuing hole states are po
sible.
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All the electron-hole pair states just enumerated are
generate with respect toM and the projection of the tota
electron angular momentumj e5s1 l . The ground state
(1Se ,1S3/2) is thus eightfold degenerate, but onlyg154
combinations of the projections of the electron and hole
gular momenta correspond to states that are radiation-a
in the dipole approximation.

The square of the matrix element in~7! can be written as

P2g1U E ChCe drU2

,

whereP2 is determined by the symmetry of the Bloch am
plitudes~the Kane angular momentum matrix element!,

Ce5~2p2!1/2a23/2j 0~pr /a!Y00,

Ch5Cha23/2FR0~r !Y001R2~r !(
M

Y2MG ,
R0~r !5 j 0~Khr /a!2 j 0~Kh!,

and the spherical harmonicsYlm are orthonormalized. The
part of the hole wave function containingR2(r ) does not
make a contribution to the matrix element under consid
ation; therefore,R2(r ) has not been written out. Forb→0
we haveCh56.044 andKh55.76 ~Ref. 15!, and the calcu-
lation of the square of the integral givesI 150.874.

If the variation ofP2 for different electron-hole states i
ignored, Eq.~7! can be rewritten in the form

es5e`F11
4e2P2

e`\3v2a3(n

gnvnI n

~vn2 idn!22v2G . ~12!

In ~12! we have introduced the natural width of the spect
line \dn , and gn and I n are analogous in meaning tog1

and I 1.

Dielectric function of the matrix

Glasses are known to absorb in the ultraviolet region
the spectrum. In order to take into account this circumstan
the dielectric constanteh should be equated with the imag
nary part, whose frequency dependence can be describe
a Gaussian function:

Imeh5r0

v0

G0
expF2

~v2v0!2

2G0
2 G , ~13!

where r0, v0, and G0 are parameters. The contribution
Reeh corresponding to~13! can be calculated from th
Kramers–Kronig relation.

EXPERIMENT

Samples of glasses with CdTe microcrystals were gro
by fusing SiO2 , B2O3 , Na2O, ZnO, and the dopants~CdO
and metallic Te! in a proportion equal to;1 wt % ~Ref. 3!.
The melt was then rapidly cooled in a stainless-steel ves
Semiconductor microcrystals were grown within the gla
matrix in successive anneals. The annealing regimes w
varied.

Figure 1 shows the absorption spectra of two sample
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the VCS37 series, which were cut from a single origin
matrix and subjected to heat treatment at 560 °C. The b
results ~from the standpoint of the quantum-well effect!
were produced by two-stage annealing. The VCS39 sam
~Fig. 2! were obtained by annealing first at 460 °C over t
course ofta5270 h and then at 540 °C~the duration of the
second anneal is indicated in the caption of Fig. 2!. The
spectra of these samples exhibit a series of features as
ated with transitions between quantum-well states, while
VCS37 samples clearly display only a transition associa
with the ground state of the electron-hole pairs (1Se ,1S3/2).

Some results of investigations of similar samples
other methods were previously published in Ref. 16.

SIMULATION RESULTS AND DISCUSSION

The first step in calculating the theoretical spectra was
determine the best-fit values of the parameters of the op
absorption band of the glass without QD’s using the spe
of samples not subjected to annealing. Thereafter, only
oscillator strength in~13! was varied for the anneale
samples.

FIG. 1. Experimental absorption spectra of CdTe/glass samples of
VCS37 series immediately after cooling of the melt~1! and after annealing
at 560 °C for 22~2! and 32 min~3!.

FIG. 2. Experimental absorption spectra of CdTe/glass samples of
VCS39 series obtained by two-stage annealing. The durationta of the sec-
ond ~high-temperature! anneal at 540 °C, min:1 — 60, 2 — 150,3 — 300,
4 — 420.
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The spectra of the samples with QD’s were simulated
the basis of the fundamental absorption peak. The mean
radius ā, which provides the correct position of the pea
was determined, and the energy was calculated from E
~8!–~10!. The following values of the parameters of CdT
were used in the process:P5731028 eV•cm, Eg51.49 eV
(T5300 K!, mlh5me50.09m0, and DSS50.977 eV. We
note that diverse data have been given in the literature
mhh ~from 0.4m0 to 0.7m0), and that they correspond t
different values ofKh for the 1S3/2 state. The root of Eq.~11!
varies almost linearly withb21, and the value which we
adopted,mhh50.5m0, corresponds toKh53.91.

In addition to the ground state, the electron-hole p
states listed in Table I were taken into account ines . Their
energies were calculated as a function of the QD radius
described above. The best-fit values of the oscilla
strengths of the transitions corresponding to their recomb
tion were determined.

We also note thate` in ~7! is the value of the dielectric
constant for\v@Eg , which naturally differs from the value
of 7.8 known from infrared spectroscopy for CdTe. Our c

FIG. 3. Experimental absorption spectra of a VCS39 sample anneale
420 min ~solid line! and calculated spectra obtained with consideration
the electron-hole transitions from Table I using the Gaussian~1! and
Lifshitz–Slezov~2! size distribution functions.

TABLE I. Transitions responsible for absorption in the optical region of
spectrum for the VCS39420 sample.
n
D

,
s.

or

ir

as
r
a-

-

culation of the contribution of the interband transitions f
bulk CdTe gavee`.6, which corresponds to the value fo
\v!Eg indicated above.

The theoretical spectra were fit to the experimental sp
tra using the Gaussian size distribution function~two param-
eters, viz., the QD concentration and the variance of the
dius, were varied! and the Lifshitz–Slezov size distributio
function17 ~only the concentration was varied!. The simula-
tion results are shown in Figs. 3–5.

As a whole, the agreement between theory and exp
ment is good. The transition frequenciesvn , calculated with
allowance for the mixing of light- and heavy-hole states c
respond to the experimentally observed values, as can
seen, for example, from Fig. 3. We used the same value
\d for all the transitions. Up to 20 meV, this parameter h
scarcely any influence on the form of the spectrum. In pr
ciple, the inhomogeneous broadening associated with dis
tions of the shape of the QD’s can also make a contribut
to \d. This contribution should be larger for transitions wi
larger energies and can lead to further smoothing of the
responding peaks, in accordance with the experime
spectra.

The first absorption peak for the VCS39 samples is
proximated more closely by the Lifshitz–Slezov size dist
bution function than by the symmetric Gaussian distribut

for
f

FIG. 4. Same as in Fig. 3, but for a VCS39 sample annealed for 300 m

FIG. 5. Same as in Fig. 3, but for a VCS37 sample annealed for 22 m
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~see Figs. 3 and 4!. The Lifshitz–Slezov theory,17 which, as
we know, describes the late stage of phase formation in s
solutions~the growth of large grains as a result of the diss
lution of small grains!, predicts growth of the mean grai
radius according to anā;t1/3 law and a corresponding de
cline in their number with time. The latter is inconsiste
with the values ofn determined during the simulation~see
Table II!. The hypothesis that the decomposition of the so
solution in the samples investigated was interrupted in
early stage of growth of the grains of the semiconduc
phase also runs into difficulty. The diffusion-controlle
growth of grains from a supersaturated solid solution sho
be characterized by a dependence of the mean radius on
of the form ā;t0.5, which is faster than the one followin
from Table II. On the other hand, it is not clear how
correctly select the time of onset of this stage of the proc
with consideration of the prolonged primary anneal. Nev
theless, the form of the spectra of the samples after the
mary anneal alone and even after the secondary anne
540 °C for 1 h~Fig. 1! does not provide any basis to presum
the growth of grains during the low-temperature anneal.

The spectra of the samples obtained by a single anne
560 °C are approximated more closely by the Gaussian
distribution function~Fig. 5!. This can mean that the techno
logical process was interrupted back in the nucleation sta
The most probable QD radius in the sample annealed fo
min, however, is only slightly greater than the radius cor
sponding to the spectrum in Fig. 5~the dependence on an
nealing time can be estimated asā;ta

0.1), which is also dif-
ficult to explain within the existing theories. Thus, furth
investigation of the phase-formation processes taking p
during the growth of CdTe nanocrystals according to
technology under consideration are needed.

TABLE II. Best-fit values of the parameters determined during the simu
tion of the spectra of the VCS39 samples using the Lifshitz–Slezov
distribution function.

ta , h 2.5 5 7

n, 1016 cm23 2.683 1.885 2.205

ā, Å 23.6 26.7 28.0
lid
-

t

d
e
r

ld
me

ss
-
ri-
at

at
ze

e.
2
-

ce
e

In summary, we have proposed a scheme for taking i
account the fluctuation polarization interaction betwe
semiconductor nanocrystals grown within an insulating m
trix and the~arbitrary! statistical distribution of their size in
the calculation of the linear optical absorption of such s
tems. The scheme has been tested on CdTe-doped gla
The mean radius and concentration of the QD’s have b
determined by comparing the calculated and experime
spectra. It has been shown that the size distribution func
is asymmetric for samples obtained by two-stage annea
and falls off in the direction of QD radii exceeding the e
pectation value. A very weak dependence of the latter
annealing time, which is not consistent with the existi
theories on spinodal decomposition, has been discovere
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