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ON THE SHEAF OF SMOOTH FORMS ON LIE ALGEBROIDS
OVER TRIANGULATED SPACES

JOSE R. OLIVEIRA

ABSTRACT

Cohomology of a compatible family of Lie algebroids defined on a family of trans-
verse manifolds is defined. A sheaf of differential forms on a compatible family of Lie
algebroids defined over regular open subsets of a simplicial complex is constructed.
It is proved that sheaf is fine.

1. INTRODUCTION

Mishchenko and Oliveira in their paper [7] considered families of transitive Lie
algebroids obtained by restriction of a Lie algebroid to the simplices of the base, in
which the base is smoothly triangulated by a simplicial complex. They defined a
cochain algebra of differential forms in similar way to the ones presented in [12] by
Sullivan or in [I3] by Whitney and proved that the cohomology of such algebra is
isomorphic to the cohomology of the Lie algebroid considered.

The work developed by Mishchenko and Oliveira led the author of the present
paper to consider in [I0] compatible families of transitive Lie algebroids defined not
only on triangulated manifolds but on general simplicial complexes.

In the present paper, we consider compatible families of transitive Lie algebroids
defined over a family of manifolds with transverse intersections in an ambient space.
The construction of the cochain algebra of piecewise forms follows the construction
developed in [7] or in [I0]. We focus our work mainly on compatible families of
transitive Lie algebroids which are defined over the family made of all regular
open subsets of a simplicial complexe. These families of Lie algebroids allow us to
construct a sheaf of Lie algebroids. We will prove that the correspondent sheaf is
fine.

Throughout the paper, all manifolds are smooth, finite-dimensional and possibly
with boundaries of different indices. All simplicial complexes considered are finite
and geometric. Simplex means always closed simplex. For each simplicial complex
K, its geometric realization will be denoted by |K].

If M is a smooth manifold, TM the tangent bundle to M and T'(T'M) the
Lie algebra of the vector fields on M, a Lie algebroid on M is a vector bundle
m: A — M with base M equipped with a vector bundle morphism p : A — T M,
called anchor of A, and a structure of real Lie algebra on the vector space I'(A) of
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the sections of A such that the map pr : I'(A) — T'(TM), induced by p, is a Lie
algebra homomorphism and the action of the algebra C>°(M) on I'(A) satisfies the
natural condition:

€, fnl = fl§;ml + (pr(§) - f)n

for each &, n € T'(A) and f € C*°(M). The Lie algebroid A is called transitive if the
anchor ~ is surjective. Let ¢ : N < M be a submanifold, possibly with boundaries
of different indices and assume that A is transitive. We recall that the Lie algebroid
restriction of A to the submanifold N, denoted by A', is the Lie algebroid ¢"A
constructed as inverse image of A by the mapping ¢ (see [1, [2] and [7] for more
details). The papers [], [5] and [6] contain a summary of those issues.

Acknowledgments. I want to thank to Aleksandr Mishchenko, James Stasheff,
Jesus Alvarez and Nicolae Teleman for their strong dynamism to discuss several
topics concerning cohomology of Lie algebroids.

2. ALGEBRA OF PIECEWISE SMOOTH FORMS

Let K be a simplicial complex. A complex of Lie algebroids on K is a family
A = {Aa}tack such that, for each A € K, Ax is a transitive Lie algebroid on A
and, if A and A’ € K are two simplices of K, with A’ face of A, the Lie algebroid
restriction of Aa to A’ is the Lie algebroid Aa/. Following the idea of differential
forms on cell spaces given in Whitney book’s [I3] or in Sullivan’s work [12], a
piecewise smooth form on the complex of Lie algebroids A = { A }ack is a family
w = (wa)aek such that, for each A € K, wa € QP(Aa;A) is a smooth form on
Ana and, if A" is a face of A, (wa)/ar = war (cf. with [7] or [10]).

The direct sum

04 K) = P (A K)
p=>0
of all piecewise smooth forms on A, equipped with the exterior product and the

exterior derivative by the corresponding exterior product and exterior derivative on
each algebra 0 (A A) = D, 2 (Aa;A), is a cochain algebra defined on R.

Let L be a simplicial subcomplex of K and Al = {Aa}acr the complex of Lie
algebroids given by restriction of A to L (see [I0] for definition of complex of Lie
algebroids restriction). If w = (wa)aecx € QP(A; K) is a piecewise smooth form,
we can define the restriction of w to the subcomplex L, denoted by w,r, to be the
form

wyp = (wa)acr € (A" L)

The equality d(w/r,) = (dw),r, holds. We obtain a new cochain complex of forms,
the cochain complex Q*(A"; L). For each p > 0, denote by

TiK : QP(A; K) — QP(AL;L)
the map induced by restriction, that is, for each w € QP (A; K),

K
P

s (w) = w/rL
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PROPOSITION 2.1. Keeping these hypotheses and notations as above, the follow-
ing properties hold.

e Forp =0, r(LJK : Cps(JK;R) — Cps(|L;R) s a homomorphism of alge-
bras, in which Cps(|K|;R) denotes the algebra over R made by all continu-
ous maps [ : |K| — R that are compatible with restrictions to the faces of
K and with smooth restrictions to the faces of K.

e For each p > 0, rf{K = idor(A;K)-

e The map riK C (A K) — QP(AY; L) is a morphism of cochain algebras.

o If T is a simplicial subcomplex of L and AT = (Aa)acr then, for each
p>0, T‘I;K = TI;L o er and so the diagram

K

*

L QP(AL;L)
)

QA K

)
AT T

is a commutative diagram of cochain algebras.

. . K . . .
By the proposition 3.5 of [10], the map 2" is surjective.

3. SHEAF OF PIECEWISE SMOOTH FORMS

In next section, we are going to consider a generalization of the concept of
piecewise smooth cohomology given in the previous section by taking any family of
smooth manifolds with transverses intersections. This will allow to construct a sheaf
of the piecewise smooth forms which will be fine. As remarked in the introduction,
all simplicial complexes considered are finite and geometric. Simplex means always
closed simplex. For each simplicial complex K, its geometric realization will be
denoted by |K]|.

DEFINITION 3.1. Let K = {Ny,..., N4} be a finite family of submanifolds of
a smooth manifold M. The family K is said to be transverse if all intersections
N;, Nn---N Nj,, for any j1, ..., je € {1,...,s}, are transverse in the ambient
manifold M (cf. with []]).

DEFINITION 3.2. Let K = {Ny,..., N} be a transverse family of submanifolds
of a smooth manifold M. A complex of Lie algebroids on K is a family A =
{Aj}jeq,....sy such that, for each j € {1,...,s}, A; is a transitive Lie algebroid on
N; and, for each 4,5 € {1,..., s}, one has

(Aj)!]!viji = (Ai)!]!vjﬂNi

It is obvious that, by transitivity of restrictions of Lie algebroids, for any subset
Jof {1,...,s} and any partition {{j1,...,7}, {é1,...,i:}} of J, we have

(AR, = (AR,
inwhichNT:leﬂ-uﬁer andNt:Nilﬂ-~-ﬁNit.
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Keeping the same hypotheses and notations from previous definition, we give
now the definition of piecewise smooth form on the complex of Lie algebroids A.

DEFINITION 3.3. A piecewise smooth form of degree p (p > 0) on A is a family
w = (w1 ...,ws) such that, for each j € {1,...,s}, w; € QP(A;; N;) is a smooth
form on A; and, for each i,5 € {1,..., s}, one has

wj/N,LﬁNj = Wiy, NN

The set of all piecewise smooth forms of degree p on A will be denoted by
OP(A; K). This set is a real vector space. A wedge product and an exterior deriva-
tive can be defined on Q*(4; K) = €D, 27 (A; K) by the corresponding operations
on each algebra Q*(A;; N;) = D, QP(A;j; N;), giving to Q*(A4; K) a structure of
cochain algebra defined over R. The cohomology of this cochain algebra will be
denoted by H*(A; K).

We notice that piecewise smooth cohomology of a complex of Lie algebroids
defined on a simplicial complex is a particular case of this generalization. Let us
briefly look at another cases made by families of manifolds on which we can define
piecewise smooth cohomology. A first example is take a simplicial complex and to
fix our attention on an open star of one its vertex. The family of submanifolds made
by those simplices without the faces opposite to the vertex satisfies the conditions
required in our definition of complex of Lie algebroids given at the beginning of
this section. Any transitive Lie algebroid over the open star gives, by restriction,
a complex of Lie algebroids. Another illustrative example consists of taking the
family defined by intersections of open stars with any open subset of the geometric
realization of a simplicial complex. The first example is obviously a particular ex-
ample of this second case. The construction of a complex of Lie algebroids can be
done in similar way. Our third example extends the second one and and consists of
taking intersections of generalized stars with open subsets of the geometric realiza-
tion of a simplicial complex. This third example is not quite different of previous
examples. Nevertheless, it enhances the construction of the sheaf of the piecewise
smooth forms on a complex of Lie algebroids. We provide below a description of
this third example as well of the corresponding sheaf of piecewise smooth forms.
Definitions and main properties of regular open subsets can be seen in [3] or [I1].
The idea of construction of the sheaf of the piecewise smooth forms on a complex
of Lie algebroids comes from [9].

Let K be a simplicial complex and |K| its geometric realization. Consider a
point a of |K|. We recall that the generalized star of a, denoted also by St a, is the
union of the interiors of all simplices of K such that a belongs to those simplices
(cf. with the definition 2.4.2 of [3]). When the point a is a vertex of K, it is obvious
that the generalized star of a is the same as the star of a. We notice that, for each
a € K, there is a unique simplex A, of K such that the point a belongs to the
interior of the simplex A, (see the proposition 2.3.6 of [3]).

PROPOSITION 3.4. Let K be a simplicial complex and consider a point a of |K]|.
Denote by A, the unique simplex of K such that a belongs to the interior of A,.
Then, the generalized star of a coincide with the star St A,. Consequently, the
generalized star of a is an open subset of |K]|.
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PROOF. If a is one of the vertices of K, then A, = {a} and the result is proved.
Suppose now that a is different of any vertex of K. Then a belongs to the interior
of A,. We shall see first that St a C St A,. Let A be a simplex of K such that

a € A. Since a is different of any vertex of K, it follows that a Eg, for some face s

of A. But a € Aoa and so §=AC)Q. Hence s = A, and therefore A, is a face of A.
We conclude then AC St A,. Now, let Abe a simplex of K such that A, is a face

of A. Then, a € A and so AC St A,. The other inclusion is obvious. The second
part of the proposition is immediate. O

Consider now a € |K| and U an open subset of |K| with a € U. In according
to [9], the open subset U is called regular open neighborhood of a if U is the
intersection of an open neighborhood of a in |K| with the generalized star of the
point a (cf. [T1], ninth section of the second chapter). Given any open subset V' of
|K|, V is called a regular open subset of |K]|, if there exists a point a € |K| such
that V is a regular open neighborhood of the point a.

Obviously, a star of any simplex of a simplicial complex is a regular open subset
of its geometric realization.

We describe now a special construction of a complex of Lie algebroids based in
regular open subsets.

Derived complex corresponding to reqular open subsets. Let K be a simplicial
complex and A = {Aa}aeck a complex of Lie algebroids on K. Let U be a regular
open subset of |K | and consider a € |K| such that U = Z N St a, in which Z is an
open neighborhood of a in |K|. Consider the unique simplex A, of K such that a
belongs to the interior of A,. For each simplex A € K such that A, is a face of A,
denote by Ay the set Ay =U N A.

PROPOSITION 3.5. Keeping the same hypotheses and notations as above, the
collection KY, made by the manifolds Ay = U N A such that A, is a face of A, is
well defined and is a transverse family.

PRroOF. Let us check that the triangulation obtained in U does not depend on
the point a chosen, that is, if ZN St a = Z NSt b, then St a = St b. To see this,
denote by A, and A, the unique simplices of K which contain a and b in its interior
respectively. Then, St a = St A, and St b = St A;. Since b € V N St a, there
exists a simplex A’ € K such that A, is a face of A’ and b belongs to the interior of
A’. Hence, Ay, = A’ by uniqueness of A, and so A, is a face of A,. Analogously,
we conclude can that Ay is a face of A, and so it holds that Ay, = A,. This show
that the set KV is well defined. The set Ay is a submanifold of A. If A’ is other
simplex of K such that A, is a face of A’, then A, is a face of AN A’ and the
intersection U N (A N A’) is a submanifold of U/. This shows that the family K is
transverse. [J

Keeping the same hypotheses and notations as above, the Lie algebroid Aa is
transitive and so we can take the Lie algebroid restriction (Aa)A, to Ay. There-
fore, we can consider the family

Ay = {(Aa)X, A €K, A, <A}
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Fix two simplices A and A’ of K such that A, is a common face of A and A’. Let
s=ANA" We have
" " "

((An)ay) e = (An)ns = ((An)Y) pne = (As)iins

and analogously
n Tl

(Aa)hy )i oy = (A

Hence, we proved the following proposition.

PROPOSITION 3.6. The family Ay is a complex of Lie algebroids defined over
the family of manifolds KY. The complex Ay is called the derived complex of the
complex A corresponding to the reqular open subset U.

The cochain algebra of the piecewise smooth forms on the derived complex of a
complex of Lie algebroids will be denoted simply by €27 ().

Keeping the same hypotheses and notations as above, let U and V' two regular
open subsets of | K| such that V' C U. We shall construct now a restriction mapping
from Q7 (A7) to Q7 (Av). Let a and b € [K| such that U and V' are regular open
neighborhoods of a and b respectively. Denote by A, and A the unique simplices
of K which contain a and b in its interior respectively. Since b € U, there exists a
simplex A € K such that A, is a face of A and the point b belongs to the interior
of A. Hence, A, = A and so A, is a face of A,. If A’ is a simplex of K such
that Ay is a face A’, then A, is a face of A’ and, consequently, every V N A of
KY = {Ay : A € K,A, < A} belongs to KV = {Ay : A € K,A, < A}. Let
w = (Wap)ayexv € 255(Ay) be a piecewise sooth form on the complex of Lie
algebroids 207, For each simplex A € K such that A, is a face of A, we have that

((AA)ZU)ZV = (Aa)4, and we can restrict the smooth form

way € V' ((Aa)a,; Av)
to the submanifold Ay, obtaining the smooth form

way = (Wag)a, € ((Aa)a,;Av)
Therefore, we obtain the differential form (wa, )a, cxv - Basic arguments show that
the form (way )a, exv is a piecewise smooth form and so it belongs to € € (Ay).
As done before, the piecewise smooth form (wa, )a, cxv is denoted by wy .

The following proposition is easily derived.

THEOREM 3.7. Let K be a simplicial complex and A = {Aa}ack a complex
of Lie algebroids on K. Let U and V be two regular open subsets of |K| such
that U C V' and consider the derived complexes of Lie algebroids Ay and 2y
corresponding to U and V' respectively. For each p > 0, denote by

K
rP QgS(QlU) — Qgs(mv)

L

the map induced by restriction, that is, for each w € QF (Ar),
U
o (w) = wyv
v
e For eachp >0, " =idgr (a,)-

U

o i 1 (Ay) — Q. (Av) is a morphism of graded algebras.
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o IfW is other generalized reqular open subset of | K| with W C V and Ay is
the derived complex of Lie algebroids corresponding to W, then the diagram
below is a commutative diagram of cochain complexes

U

*
T

Qs (2Av) i Qs (2Av)

Qps(2Aw)
A direct consequence from the previous proposition is the following corollary.

COROLLARY 3.8. Keeping the same hypotheses and notations from the previous
theorem, for each p > 0, the correspondence which associates, to each regular open
subset U of | K|, the real vector space Qb (A7) of the piecewise smooth forms defined
on U and, to each pair of reqular open subsets U and V' of |K| such that V C U,
the homomorphism rﬁU, is a presheaf. This presheaf is called the presheaf of the
piecewise smooth forms of degree p on the complex of Lie algebroids A.

The previous proposition leads us to the following definition (cf. with [9]).

DEFINITION 3.9. Let K be a simplicial complex and A = {Aa}ack a complex
of Lie algebroids on K. For each p > 0, the sheaf of the piecewise smooth forms
of degree p on the complex of Lie algebroids A is the sheaf constructed canonically
from the presheaf of the piecewise smooth forms of degree p on the complex of Lie
algebroids A.

We state now the last result of this paper.

THEOREM 3.10. Let K be a simplicial complex and A = {Aa}ack a complex
of Lie algebroids on K. Then the sheaf G of the piecewise smooth forms of degree
p on the complexr of Lie algebroids A is fine.

PRrROOF. Let Yl = {U;}jes be a locally finite open covering of |K| by regular
open subsets of |K|. Since the set of all regular open subsets of |K| is a base
for the topology of | K|, we can assume that each open subset U € 4l is a regular
open subset. If {¢;},cs is plecewise smooth partition of unity subordinated to the
covering 4, the homomorphisms of presheaves h; : QO (Ary) — Qb (Ary) defined
by hj(w) = ¢;,,w for each w € QF (Ay) induce homomorphisms from AP to AP
satisfying the conditions which characterize the definition of fine sheaf. Therefore,
the result is proved if we find a piecewise smooth partition of unity subordinated to
the covering {l. By lemma shrinking, there is an open covering U = {V;},e; such
that, for each j € J, V; C U;. Let U € 4 and V € U such that V C U. Consider
a € |K| such that U is a regular open neighborhood of @ in |K|. For each simplex
A € K such that A, is a face of A, consider the closed subset VN A of A. Take the
union of all V N A such that A, is a face of A and denote that union by W. Since
|K| is compact, the topology of |K| coincide with the topology induced from the
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Euclidian space. We have that W a closed subset of the Euclidian space. The open
star St A, is open in |K| and so there is an open subset Z of the Euclidian space
such that St A, = Z N |K|. The closed subset is contained in the open subset Z.
Hence, we can fix a smooth function ¢ : Z — R such that ¢ does not vanish on
W. By restriction to each submanifold Ay = U N A, we have a piecewise smooth
function on U which does not vanish on each VNA. Take the sum of these functions
and consider the quotient of each function by the sum. This defines a partition of
unity made by piecewise smooth functions. O
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