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Abstract-The equivalent annulus width concept is used to characterize a small commercial thermogravitational 
thermal diffusion column and its validity checked experimentally by separating batchwise in the column mixtures of 
n-heptane-benzene with different initial concentrations. The equation of Ruppell and Coull was used to analyse the 
data in the short separation times range and determine the equivalent annulus width. 

Good agreement was obtained between the experimental and predicted time-separation curves when using the 
equivalent annulus width value and on averaged value of the thermal diffusion constant. A new method is presented 
for the simultaneous determination of the equivalent annulus width and the thermal diffusion constant of a binary 
mixture from a single set of experimental data. 

1. INTRODUCTION 

The mathematical theory of the thermogravitational 
thermal diffusion columns leading to the transport 
equation, as first developed by Furry, Jones and 
Onsager [ 11, involves a considerable number of simplify- 
ing assumptions regarding the column geometry, the 
hydrodynamics in the annular space and the physical and 
transport properties, besides the usual mathematical 
simplications and the quasi-stationary assumption. 

The extensive research in the field shows that in general 
the above theory is adequate for many practical 
situations, though significant discrepancies have been 
reported regarding the theoretical and the experimental 
functional relationship between the transport coefficients 
and the annular width 20. 

Another source of difficulty is the value of the thermal 
diffusion constant: for a given mixture, temperature and 
composition, the reported value of this constant may vary 
by an order of magnitude, specially when one compares 
values obtained in horizontal cells with those obtained 
from vertical columns data. Also the variation of the 
thermal diffusion constant, (Y, with the temperature, 
though relatively small, should not always be neglected [2] 
and its dependence on the concentration is 
appreciable[3-71; facts which are ignored in the majority 
of published papers. This has led some authors[8.111 to 
consider (Y as a parameter to be determined experimen- 
tally. 

This practice however, makes the comparison of the 
published results rather difficult, particularly as regards 
the fitting of experimental separation curves with the 
theoretical predictions. Similar considerations could be 
made about the ordinary diffusion coefficient and other 
physical properties, but it should be emphasised that the 
difficulties above mentioned do not invalidate the theory; 
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for instance, the functional dependence of (Y with 
concentration can be accommodated in the transport 
equation, it merely making the subsequent integrations 
rather more cumbersome. 

The validity of the relationship relating the transport 
coefficient to the annulus width, 20, has however, been 
questioned. In a paper published in 1963, Hoffman and 
Emery[12] correlated their own results and those 
obtained by other authors[5,13-151 and concluded that 
the deviations observed among the several sets of 
experimental data and between these and the theory were 
not accidental but statistically significant; they attributed 
these deviations to the difficulty of measuring accurately 
(20). Romero[16] and Romero and Bott [17] using the 
“floating column” method, studied the performance of 
several sections of a carefully constructed thermogravita- 
tional column and showed that the deviations found 
resulted from the irregularity of the annular space along 
the length of the column. By comparing the hydrodynamic 
behaviour of truly concentric and eccentric columns, they 
note that “. . . the existence of eccentricity means that the 
convection currents increase and therefore that their 
remixing effect also increases relatively to the thermal 
diffusion separation. The degree of separation as well as 
the relaxation time will thus decrease and it can be said 
that the physical situation becomes equivalent to the use 
of a thermal diffusion column with a larger annulus width, 
the other parameters being kept constant”. The same 
authors stress however, that “. . . the real situation is more 
complex since it is not likely that the eccentricity be 
uniform along the column and therefore the flow rate 
varies also in the vertical direction. The problem then 
becomes similar to the forgotten effect, as it was 
interpreted by Korchinsky and Emery”. 

Korchinsky and Emery [9] have indeed demonstrated 
that small irregularities in wall spacing could create 
concentration reversal regardless of the sign of the 
forgotten effect. Their work, explains the anomalous 
behaviour referred in some papers[l& 191 as caused by 
geometrical non-uniformity and points out its formal 
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similarity with the forgotten effect. It is worth nothing K=&+K.j 
here that Korchinsky and Emery concluded, in their study 
of the forgotten effect, that it could be important in 
transient batch operation, particularly for very narrow 

K 
c 

= P*P~‘WAV*(~~)’ 
9!Dq2 

annulus, but has no influence at the steady state. 
It can therefore be concluded that the irregularities in 

the annular space have the following implications: 
(i) A decrease of the equilibrium degree of separation 

and, in principle of the relaxation time, due to the fact that 
the hydrodynamics of the column lead to higher values of 
the vertical convection currents. 

(ii) In the transient state the irregularities cause a 
behaviour of the system similar to the variations of 
density with concentration, with the existence of trans- 
verse flows within the column and the consequent 
variation of longitudinal fluxes. 

Kd = pDB(20). (5) 

For steady-state conditions (T = 0) the integration of eqn 
(1) yields the following solution, expressed in terms of the 
separation factor, 4 

where A, the dimensionless length of the column, is given 

byt 
From a practical viewpoint, the above results mean 

that, even if a rigorous profile of the annulus width along 
the length of a commercial column could be measured, the 
theoretical analysis of that particular column would be too 
complex to warrant the effort, keeping in mind that the 
results would not be valid for any other column; in fact it 
is not to be generally expected that any two columns have 
identical profiles for their annulus widths. To overcome 
this difficulty, Bott and Romero [ 171 have introduced, the 
concept of the “equivalent annulus width”, which they 
defined as the annulus width of a geometrically perfect 
column achieving the same degree of separation as the 
actual imperfect column, all the other parameters being 
the same. These authors showed how the value of the 
equivalent annulus width can be determined from 
unsteady state experimental data using the equation of 
Ruppel and Coull, but their own data was insufficient to 
test the usefulness of the concept. 

= ;;$$/[’ •t “j7’ (&&))‘] (7) 
For unsteady-state conditions, the solutions of the 
transport equation so far obtained involve an infinite 
series. Hoffman[28] and Majumdar[27] found a solution 
that converges rapidly for large values of time. In fact, 
Hoffman and Emery[2] using numerical analysis techni- 
ques concluded that after a time t P O-3 t, the terms of the 
series beyond the first can be neglected with an error less 
than 1%. In this case, the concentration difference 
between the extremities of the column, A is simply given 

by 

HL HL 1 
“=K=K(l t KJKc) 

It is the purpose of the present work to continue this 
line of research by using the equivalent annulus width 
concept to predict the behaviour of a commercial column. 

2. THE TRANSPORT EQUATION AND ITS SOLUTIONS 

A good review of the derivation and integration of the 
transport equation for batch thermogravitational columns 
closed at both ends has recently been presented by 
Romero[lO] who discussed in detail the assumptions 
involved in the mathematical development. Here, only the 
equations relevant to this work are referred. 

The basic transport equation derived by Furry et al. [ 11 
and de Groot [20] has the form 

A = A,( 1 - k, e-“‘4) (8) 

where A--the steady-state separation-, r,-the relaxa- 
tion time-and the coefficient k3 are determined by the 
following expressions 

A,= 
(ecaA - l)(e* - ecO*) 

ecoA (e” - 1) 

PK 1 10 T#*(20J)* 1 
t~'H2*1?r2=T(h~)2a2~*i7 (10) 

49 27 

r=Hc(l-c)-Kg 

where the transport coefficients are defined by 

(1) 

k, = 2c0(l - co)n2(1 t e-*O*)(eA - l)(e+ t e*‘2) 8 

*3(b~+~)(~t~)(eco’-l)(e*-ecoA)~;;i’ 

A solution for unsteady-state conditions that converges 
rapidly for small values of time was proposed by Ruppel 
and Coull[29]. For sufficiently small values of the time 
variable, the terms of the infinite series beyond the first 
can be neglected. In this case the Ruppel and Coull 
solution[30] is reduced to 

Whe critical nature of the annuhrs width and its effect on 
separation can be appreciated by eqns (6) and (7) and, it is 
interesting to point out that many experimental research have 
been carried out in columns with reported annulus widths of about 
0.03 cm [&lo, 21-261. This means that deviations of only 0.003 cm, 
i.e. 10% of the actual value of (20) imply an error of 40% in the _ 
computed value of A. . ., 

A=4ca(l-co) ; J 

(11) 

(12) 
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where 8, the dimensionless time is defined by 

The range of time to which eqn (12) applies is such 
that [29] 

j.APPAItATUSANDEXPlWMENT AL CONDITIONS 

The commercial column usedt whose main dimensions 
are shown in Table 1 is identical to others described in the 
literature[8,18] apart from a few modifications specified 
when ordering the column. These included the provision 
of additional thermocouples in the hot wall and a redesign 
of the sampling ports whose caps were adapted to take 
syringes and provided with hollow stems to reduce the 
dead volume in the outlet nipples. 

Table 1. Basic dimensions of the column (as indicated by the 
manufacturer) 

I.D. ouf*r cylinder: 1.654 cm 

O.D. inner cylinder: 1.593 cp 

Annulus vidth. (r2-r1): 0.0305 cm 

Lenah: 182.56 cm 

The experimental technique was analogous to that 
described by Bott and Romero[UJ except the rate of 
sampling which was zero (1 sample per run) in 
accordance with the recommendations of Vichare and 
Powers[311. 

The temperature difference between the hot and cold 
walls was (15?0*5)“C and the mean temperature (27* 
2)“C. The vertical temperature gradient was kept below 
0*5”C. 

Mixtures of n -heptane-benzene were used in this work 
since there is considerable information in the literature 
about their physical and transport properties [33] and has 
become almost a “standard” system for the study of the 
performance of thermal diffusion equipment. The purifi- 
cation of the solvents and methods of analysis are 
described elsewhere [34]. 

4. RF.SULTS AND DISCUSSION 

4.1 Experimental results 

Three feed concentrations were investigated in the 
thermal diffusion column, namely, co = 0.25, CO = 0.50, 
co=O*75. For each feed mixture the evolution of 
concentration was determined experimentally, the whole 
time range of interest being virtually covered, i.e. from 
very short times to times where the concentration profiles 
are very near equilibrium. The experimental points 
obtained are shown in Figs. 1 and 3 as plots of A against t 
and ti. 

4.2 Equivalent annulus width eoaluation 
As in most practical cases, the term (G/K) in eqn (7) 

tSupplied by M. Fink Co., Cleveland, Ohio, U.S.A. 

K , min’12 

Fig. 1. Separation against the square root of time in the short 
experimental time range where the Ruppel and Coull equation 

applies. 

is very small and can be neglected as compared to unity 

with an error less than 1%. The equation of Ruppel and 
Coull can, then, be written more simply as 

or 

B = 4co(l- co)(AT) 

45 T, (1% 

A=rn&qt 

in which “m” represents the term between square 
brackets in eqn (15) depending only on the properties of 
the mixture and the experimental conditions, and, 
therefore, can be evaluated accurately. 

In the range of time where the Ruppel and Coull 
equation applies, the plot of A vs G must, thus, be a 
straight line of slope “s” such that 

a s -=- 
20 m’ (17) 

Statistical analysis using the least squares method 
showed, indeed, a godd linear regression between A and 
ti for all the three feed compositions. A summary of the 
results is shown in Tabie 2 and Fig. 1 and it is seen that the 
intersept A,, for t = 0 is not zero as predicted by eqn (15). 
The explanation was given by Madariaga et al.[35] who 
showed that the non-zero intersept was due to the very 
small “reservoirs” that build up at the extremities of the 
column without, however, affecting the value of the slope, 
S. 

Equation (17) can, now, be used for two different 
objectives as suggested by Bott and Romero[l7]: 

(A) To determine a knowing (20) 
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Table 2. Linear regression analysis (A = sG+ A,) 

Peed Slope. s.102 IXlterSept. Correlation 
composition -I (min ) iIo * 102 coefficient. r 

0.25 1.07 -3.59 0.969 

0.M 2.17 -7.10 0.994 

0.75 2.32 -4.46 0.971 

(B) To determine (2o)-the equivalent annulus width- 
knowing CL 

In case A the column is assumed to be perfect, i.e. 
(2~) = (r2 - rl) = 0.0305 cm (cf. Table 1). Substituting 
then (20), “m” and “s” by their values in eqn (17), the 
following values for (Y are obtainedt 

oo.2~ = 0.42 (18) 

ao.50 = 0.69 (19) 

(Y0.75 = 1.07. (20) 

These values of a! are quite low in comparison with 
others reported in the literature obtained also in 
thermogravitational columns (see Table 3) therefore 
suggesting that the value of (2~) must be higher than 
0.0305 cm, or, in other words, that an “equivalent annulus 
width” must be considered. 

Table 3. Values of the thermal diffusion constant for the 
n -benzene-heptane system 

I.1 
Reference 

co - 0.25 co - 0.50 co - 0.75 

(32) 1.19-1.26 

(6) 1.1 _ 

(10) 1.02 

(7) 0.06 1.19 1.67 

(6) 0.99 1.36 1.89 

(4) 0.86 1.27 1.75 

(3) 1.0 1.24 1.45 

(5) 0.6 1.35 1.69 

Present work 0.71 -* 0.07 1.16 t 0.09 1.64 t 0.10 
be" method) 

Before case B can be examined it is, however, 
necessary to find a reasonably accurate value of a. The 
dispersion of the reported values is, though, quite 
appreciable which renders the choice somewhat arbitrary. 
In this case, by consideration of the average and median 
values of the distribution of (Y,,.~o in Table 3 the following 
value was chosen: 

(~0.50 = 1.24. (21) 

tAccording to the usual convention, the thermal diffusion 
constant, a, for the system n-heptane-benzene is negative. 
However, for simplicity the minus sign is omitted. 

The values of a0.25 and ao.75 are determined through the 
relations below derived from eqn (17) 

SO.25 mO.50 
a045 = (~0.50 -- = 0.74 

~0.50 m0.25 
(22) 

so.75 mo.50 
a0.75 = (~0.~~ - - = 1.77 

~0.50 m0.75 
(23) 

The computation of ao.25 and (Y~.T~ in this manner is 
justified not only by the comparatively small number of 
points that constitute their distributions (see Table 3) but 
principally because the procedure implies that the value 
of the equivalent annulus width determined through eqn 
(17) is the same irrespective of the feed-composition data 
used. Thus, 

26~ = y = 0.055 cm. (24) 

It is seen that this value of (20) is significantly different 
from the value of 20 = 0.0305 cm indicated by the 
manufacturer (Table 1). 

The corresponding values of (Y and (20) for cases A 
and B are summarized in Table 4 for the three feed 
compositions used. 

Table 4. Values of a and(2o) for cases A and B 

‘0 
Core A case B 

20 - 0.0305 an 2w - 0.055 cm 

0.25 0.42 0.74 

0.M 0.69 1.24 

0.75 1.07 1.77 

For each feed composition it is now possible to 
determine the theoretical separation curves given by eqn 
(8)-the Hoffman and Emery equation-for cases A and 
B and compare them with the experimental separation 
curve. In doing so, it is found that for all values of co a 
much better agreement is obtained in case B as illustrated 
in Fig. 2 for co = 0.50. (For the other feed concentrations, 
co = 0.25 and co = 0.75 the relative position of the curves 
is identical.) 

The good fit obtained between the experimental points 
and the theoretical separation curve calculated using an 
equivalent annulus width value of 20 = 0.055 cm and an 
average a in eqn (17) suggests two important observa- 
tions: 

(1) The equivalent annulus width is an adequate means 
of characterizing the performance a non-perfect column. 

(2) The equivalent annulus width determined in the 
short experimental times range through the Ruppel and 
Coull equation can be used to describe the performance of 
the column at any higher value of the time variable, i.e. 
the equivalent annulus width does not change as the 
separation proceeds. 
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Fig. 2. Comparison between the theoretical and experimental 
separation-curves when using the equivalent annulus width (case 
B) or 20 = r2 - r, (case A): -, experimental; -.-, eqn (8), 

case A; . . . . . . .+, eqn (8), case B. 

5. A NEW METHOD FOR TRE SIMULTANEOUS 
EVALUATION OF a AND (20) 

The process of evaluating the equivalent annulus width 
presented in the preceding section is not entirely 
satisfactory since it requires the use of an accurate value 
of the thermal diffusion constant, a, which is still an 
“open question”. If, however, the final observations of 
the previous section are considered, it is possible to derive 
a new method for computing the equivalent annulus width 
independently of a and, simultaneously, to obtain the 
mean value of the thermal diffusion constant on the 
experimental conditions used. 

In fact, the apparent non-dependency of the equivalent 
annulus width on separation suggests that its value can be 
determined either in the transient “Ruppel and Coull” 
period (as done before) or in any other region of the 
separation, namely, the steady-state region in which 
minor variations on (AT) or the existence of the so-called 
“forgotten effect” do not affect the separation. 

The new method requires the experimental determina- 
tion of the steady-state composition at the extremities of 
the column which will enable the evaluation of the 
parameter A through either eqn (6) or (9). 

The defining equation of h-eqn (7)-tan be written in 
a form similar to eqn (17) as 

where 

504D~)L 
n=PgT, 

/\ 
(26) 

is independent of both a and (20) and may be evaluated 
separately with reasonable accuracy. 

Dividing, now, eqn (17) by eqn (25) 

and 

(281 

Equation (28) allows, thus, the determination of the 
equivalent annulus width independent from a, and it is 
worth noting that the error in (20) is one third of the error 
involved in the evaluation of (20)’ in eqn (27). 

The thermal diffusion constant may now be determined 
through eqn (17) using the value of (20) from eqn (28) 

.=s. ns ( > 
ID 

m mh * (29) 

In Tables 5 and 6 the application of the new method to 
the experimental results for co=0.25, 0.59 and 0.75 is 
presented. It is apparent the good agreement existing 
between the data for the three different feed compositions 
and the satisfactory agreement between the values of a 

obtained and those reported on Table 3. 
The theoretical curves given by eqn (8) for 20 = 

0.052 cm and the most probable value of a of Table 6 are 
plotted in Fig. 3 together with the experimental points 
obtained. It is seen that the agreement is good. 

6. CONCLUSIONS 

It is thought that the following conclusions can be 
derived from the present work. 

(i) The applicability of the Ruppel and Coull equation in 
the short experimental times range is confumed. 

(ii) The equivalent annulus width concept seems to be a 
valid way of characterising the effective distance between 

Table 5. Experimental values 

co 
s. lo2 

ml-~)) 

0.25 1.07 t 0.04 0.60 f 0.05 0.04 * 0.01 0.61 t 0.03 

0.50 2.17 f 0.05 0.95 * 0.02 0.08 * 0.02 0.66 * 0.04 

0.75 2.32 t 0.07 0.97 * 0.02 0.06 f 0.02 0.91 * 0.01 
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Table 6. Calculated values 

co 
m. 103 Il.102 A (2d3.106 2w (cm) I.1 

0.25 0.801 4.11 4.0 * 0.3 138 f 14 0.0520 f 0.0025 0.71 * 0.07 

0.50 0.974 3.56 5.5 f 0.4 145 * 15 0.0525 t 0.0025 1.16 t 0.09 

0.75 0.659 3.16 9.6 f 0.5 120 f 16 0.050 t 0.0025 1.64 f 0.10 

a 
- 
5 

0.6 - 

.- 

;; _ 

2 

& 

* @4- 

,: 
029 

,"' 
0' 
Y 
0 

0 

o- 
0 20 40 so 

Time, hrs 

Fig. 3. Experimental points and the theoretical separation-curves 
for the pairs of values (a, 20~) evaluated through the new method. 

the hot and cold walls of a thermal diffusion column both 
in the steady and unsteady state regimes. However more 
experimental work in particular with a variety of mixtures 
is needed to confirm this conclusion. 

(iii) Assuming that the equivalent annulus width is 
indeed an adequate parameter for the characterization of 
a thermal diffusion column, a simple method is available 
for the computation of this parameter and of the thermal 
diffusion constant of a mixture, using a single set of 
experimental data relating the degree of separation to 
time. 
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NOTATION 

column width in the Y-direction 
l/2- co 
mole fraction of specified component (benzene) 
original mole fraction 
diffusion coefficient 
acceleration due to gravity 
transport coefficient due to thermal diffusion 

(eqn 2) 

K transport coefficient to allow for remixing effects 

(eqn 3) 
Kc, Kc, transport coefficients to allow for remixing by 

correction and ordinary diffusion, respectively 

(eqns 4, 5) 
ks 
L 
m 
n 

; 
t 
t, 
z 

dimensionless parameter (eqn 11) 
length of column 
coefficient defined by (eqns 15, 16) 
coefficient defined by (eqn 26) 

slope of the curve A vs d defined by (eqn 17) 
mean temperature inside the annulus 
time 
relaxation time, (eqn 10) 
vertical coordinate 

Greek symbols 
a thermal diffusion constant (thermal diffusion 

factor) 

P 
A 

coefficient of thermal expansion 
mole fraction difference between the column 

ends 
A, mole fraction difference between the column 

AT 

d 
0 

17 
A 

P 

P 
7 

w 

ends at steady state, (eqn 9) 
temperature difference between walls 
separation factor defined by (eqn 6) 
dimensionless time = H’t/pK 
viscosity 
dimensionless length of column = HLIK 
mass or moles per unit length of column 

(CL = 2oBp) 
molar density 
total transport of specified component in the 

vertical direction 
half distance between hot and cold surfaces 

Subscripts 
T top 
B bottom 
m equilibrium (steady-state) 
m average 
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