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ABSTRACT 

 

The aim of this work is to address the challenges and opportunities that are placed at the 

structural design by the availability of software applications with graphical capabilities able to 

obtain arbitrary geometries, usually called freeform, and its automatic interoperability with 

structural analysis tools. The focus of this dissertation is to establish methodologies and 

interfaces that enable the collaborative and integrated work in real time between Engineers and 

Architects for the design of freeform structures based in reinforced concrete membranes. In this 

context, the concepts of formfinding and morphogenesis  are discussed and explored. The 

presented document also describes the implementation and use of a custom made application, 

developed as part of this dissertation, which enables real-times interoperability between a CAD 

software and a structural analysis software.  

 

Keywords : formfinding, morphogenesis, interoperability, thin concrete shells, optimization 
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RESUMO 

 

Pretende-se com este trabalho abordar os desafios e oportunidades que são colocados à conceção 

estrutural pela disponibilidade de aplicações informáticas com capacidades gráficas capazes de 

obter geometrias arbitrárias, usualmente designadas por freeform, e sua interoperabilidade 

automática com ferramentas de análise estrutural. A presente tese tem como enfoque especial o 

estabelecimento de metodologias e interfaces que permitam o trabalho colaborativo e integrado 

em tempo real entre Engenheiros e Arquitetos para a conceção de estruturas freeform baseadas 

em membranas de betão armado. Nesse contexto, são abordados e explorados os conceitos de 

formfinding e morfogênese. Este documento descreve ainda a implementação e utilização de uma 

aplicação, desenvolvida no âmbito desta tese, que permite a interoperabilidade em tempo real 

entre uma aplicação CAD e uma aplicação de cálculo estrutural. 

 

Palavras-chave:  formfinding, morfogênese, interoperabilidade, cascas de betão, otimização   
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1. INTRODUCTION 

 

1.1. Scope and motivation  

Recently, the modern advances in computational applications for architectural modeling have 

stimulated the imagination of Architects, which in turn are creating rather complex and abstract 

geometries usually referred to as freeform (Vizotto, 2010). Associated with this, comes a re-

awakening of interest in thin shell structures since they provide freedom of design and are able to 

create eye-catching forms (Ochsendorf & Block, 2014). A thin shell can be defined as a surface 

element described by a three-dimensional curved surface, in which one dimension (the thickness) 

is significantly smaller than the other two. As an example of this type of structures, the National 

Museum Honestino Guimarães in Brasilia/Brazil is presented in Figure 1-1a). The Tenerife 

Concert Hall in Tenerife/Spain is also an interesting example, as shown Figure 1-1b). 

 

Figure 1-1 a) National Museum Honestino Guimarães in Brasilia (Inojosa, 2010); b) 

Tenerife Concert Hall in Tenerife (Lightgruppe Gantenbrink, 2005). 

Thin shells are highly dependent on their shape to obtain proper structural performance (Tomás 

& Martí, 2010), and when a proper shape is defined they are able to overcome large spans 

efficiently and economically without compromising the aesthetic component. Two remarkable 
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examples of such efficiency and aesthetics can be found in the wo rks by Félix Candela (see 

Figure 1-2a) and Heinz Isler (see Figure 1-2b). Their works become more relevant when one 

considers the fact that they were made in the beginning of the second half of the twentieth 

century without the aid of advanced analysis tools, using only simplified calculation 

methodologies to study the structural behavior and physical models to define the geometry 

(Billington, 1982).  

 

Figure 1-2 a) Restaurant Los Manantiales in Xochimilco; b) BP Service Station in Deitingen 

(Garlock & Billington, 2014). 

These iconic structures were only created because the structural artists that idealized them 

possessed three important characteristics as stated by Garlock and Billington (2014): "the ethos of 

efficiency, the ethic of economy and the aesthetic motivation in design". In this context, efficiency 

consists in obtaining a structure that minimizes the use of materials with sound performance and 

assured safety, whereas economy is related to the minimization of construction costs consistent 

with low expenses for maintenance.  

Nowadays, however, very rarely these traits are associated with a s ingle entity, dividing the 

characteristics into separate roles: the Architect and the Engineer (Schlaich, 2014). Allied with 

this division is the frequent lack of dialog between both parts, which in turn translates into an 

absence of synergy between structural and architectural aspects due to improper structure shape 

definitions by the Architect. While in other related engineering disciplines (such as aerospace or 

automobile) or much older trades (such as ship building or armory), optimization and 

modification of the geometries is commonplace, this does not generally occur in the creation of 

structures due to time and cost constraints (Ney & Adriaenssens, 2014). This means that the 
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dialogue between the Architects and the Engineer in early stages of development is a very 

important process. 

In situations where this important dialog occurs, the interactive processes between the Architect 

and the Engineer to define the shape, even with the modern advances in computational 

applications, is still relatively slow, with a large time gap between the conceptual discussion of 

the structure geometry and the definition of solutions for discussions. In fact, the analysis of a 

thin reinforced concrete shell requires the creation of rather complex three-dimensional models, 

which sometimes can be time consuming and difficult (Borgart & Eigenraam, 2012).  

However, the possibility of developing automatic connections between software applications, 

commonly referred as interoperability, has become increasingly accessible (Microsoft 

Corporation, 2014). This allows the possibility of developing specific applications to assist the 

interaction between Architects and Engineers in the creation of thin shell structures since early 

stages of the design. 

 

1.2. Objectives 

The aim of this work is to address the challenges and opportunities that are posed to the structural 

design of thin concrete shells by: (i) the availability of software applications capable of modeling 

arbitrary geometries, and (ii) their automatic interoperability with structural analysis software. It 

is remarked that such interoperability is achieved through a custom-devised application, and 

supported by the use of generative algorithms and shape optimization strategies.  

In a more specific way, the achievement of the main goal highlighted above is pursued by a set of 

partial objectives throughout this work which comprise, first of all, a critical discussion of the 

historical background and advantages of structures based on thin reinforced concrete shells, 

highlighting the features that make them so special. Based on the obtained information, it is 

intended to understand and implement some of the existing design techniques, namely the use of 

physical models to define and optimize the shape of a structure by a technique known as 

formfinding. Furthermore, it is intended to deepen the study of a modern trend known as 
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morphogenesis, which is based on the use of the genetic algorithms, as an additional optimization 

technique for the shape definition of thin shell structures.  

In order to aggregate all the obtained knowledge, a set of user-friendly software applications will 

be created to assist the design of thin reinforced concrete shells. The most important of such 

applications is centered in enabling real- time interoperability between a modeling software based 

on the NURBS1 technology and a structural analysis software based on the finite element method. 

This application will allow the user to define a geometry of a possible structure directly in the 

modeling software, and any changes that are performed to the geometry of the structure are 

automatically updated in the structural analysis software, thus allowing an interactive structural 

analysis. In addition, it is intended that the tool will be able to compute stresses/strains of the 

structure, returning the corresponding information in real- time. The developed application also 

incorporates evaluation of results issued by the structural analysis software, with automatic 

verifications of limit states, and even the calculation of the necessary reinforcement for the shell. 

In the same application, it is intended to integrate genetic algorithms in order to perform an 

automatic processes of shape optimization.  

Lastly, and taking into account all the concepts learned during the course of this dissertation in 

junction with the developed applications, it is intended to propose a framewo rk of interaction 

between an Architect and an Engineer for early pre-design stages of a thin shell structure, capable 

of obtaining an optimized structure. The created framework will be the implemented in a set of 

hypothetical scenarios in order to try to obtain thin reinforced concrete shell structures capable of 

performing the design requirements efficiently.  

The aim of the set of proposed interfaces and methodologies is to promote and encourage the 

interaction between the Architect and the Engineer, especially during early stages of development 

in the context of thin concrete shell whose performance is especially influenced by geometric 

conditions. Effective dialogue and high interoperability between software applications will 

hopefully provide the necessary conditions to perform the design of aesthetically pleasing 

structures using optimized quantities of materials and controlled execution costs.  

  

                                                 
1
 NURBS - Non-Uniform Rational B-Splines 
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2. FORMFINDING AND MORPHOGENESIS OF THIN CONCRETE 

SHELLS 

 

2.1. General remarks 

The ideal goal of all structural designers was summarized by A.M. Haas, who wrote (1971, apud 

Bellés, et. al, 2009) "To obtain the greatest structural efficiency, the designer must select a shape 

which, under the project conditions, approximates to membrane stress state as much as possible 

and in consequence, reduces bending or secondary stresses to a minimum. This is not only simple 

from the analysis viewpoint, but also provides the lowest cost structural solution". Although Hass 

was referring to structures in general, his statement has even more relevance when referring to 

thin shell elements since they have greater in-plane stiffness when in comparison with bending 

stiffness, due to the reduced thickness when compared with the other two dimensions. If the 

proposed goal by Haas is achieved, and the entire structure is mainly under membrane stress, the 

entire shell section would have stress uniformly applied thus allowing the full employment of the 

material's bearing capacity (Ramm & Melhorn, 1991). In the case of thin shells made of concrete, 

the material's higher compressive resistance in relation to tensile resistance should be taken into 

account; therefore the structure should be designed to favor this aspect (Tomás & Martí, 2010). In 

order to achieve the goal desired by Hass, the design of a structure cannot be done by traditional 

methods. Traditionally when designing structures, the geometry determines the behavior of the 

structure, while in this case the opposite must be achieved, meaning the behavior determines the 

shape. The process of defining geometry according to the intended behavior defines the term 

formfinding (Tysmans, 2013). 

This chapter presents a brief historical insight into formfinding and its creators, as well as several 

classical and modern techniques for achieving optimum geometry through formfinding. In 

addition, some examples of the importance of a shape in a shell will be given. Ultimately, a 

trending technique in finding shapes, known as morphogenesis, will be presented.  
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2.2. History of thin shells and physical formfinding 

One of the earliest examples of formfinding is attributed to Robert Hooke, most known for 

Hooke's law of elasticity. In 1675, the English scientist discovered "the true mathematical and 

mechanical form of all manner of arches for building", which he then summarized in the 

following statement: "As hangs the flexible line, so but inverted will stand the rigid arch" (Block, 

DeJong, & Ochsendorf, 2006). This relation between a flexible line and an arch can be explained 

with the example of a hanging chain as shown in Figure 2-1. If a chain with constant weight per 

unit length is hung by its two extremities (points B and C), it will eventually reach an equilibrium 

state under pure stress since it has no bending stiffness. If the equilibrium shape is inverted to the 

shape of an arch, the equilibrium state corresponds to pure compression.  

 

Figure 2-1 Poleni’s drawing of Hooke’s analogy between an arch and a hanging chain 

(Block, DeJong, & Ochsendorf, 2006). 

The obtained equilibrium shape is referred to as a catenary (from the Latin word "catena" 

meaning chain) which represents the shape of a hanging chain when only subject to gravitational 

force. This shape can be derived mathematically and is represented by the following equation: 

𝑦 = 𝑎 × 𝑐𝑜𝑠  
𝑥

𝑎
      (2.1) 



7 

 

where y represents the y-coordinate, x the x-coordinate and a is a parameter that changes the 

length of the chain as presented in Figure 2-2. 

 

Figure 2-2 Representation of three catenary curves. 

In 1748, Giovanni Poleni analyzed a real structure using Hooke's idea to assess the safety of St. 

Peter's dome in Rome (schematically presented in Figure 2-3a). Using the principle of the 

hanging chain he divided the dome in slices and hung the same number of slices with weights 

proportional to the weights of the corresponding section. Afterwards he proved that the chain 

could be contained by the dome therefore the structure was considered safe as can be seen in 

Figure 2-3b) (Block, DeJong, & Ochsendorf, 2006). 

 

Figure 2-3 a) Schematic representation of St. Peter's Dome; b) Poleni's analysis of St-

Peter's Dome (Block, DeJong, & Ochsendorf, 2006) 
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Equilibrium in an arch can be visualized using the line of thrust, which is a theoretical line that 

represents the path of the resultant of the compressive forces. If the line of thrust is entirely 

within the section, the structure is in equilibrium. This line is the inverted catenary previously 

discussed. For a more in-depth explanation one should refer to (Block, DeJong, & Ochsendorf, 

2006). 

To illustrate this idea, the following example is forwarded: Three concrete arches (density equal 

to 25 kN/m³), all with a span of 20 meters, a 5 meter width, 15cm thickness, and a maximum 

height in the middle of 4,5 meters were created. The first has the shape of a catenary, whereas the 

second is slightly higher between the extremities and the middle, and the third is slightly lower 

between the extremities and the middle. The geometrical representations of the arches are 

presented in Figure 2-4 as well as the equations used to create the geometries.  

 

Figure 2-4 Three arches' geometry. 

Knowing the arches' geometry, three individual structural finite element models were created to 

observe their performance. The displacements and bending moments of the three arches were 

calculated (see more details about the modeling of these examples in Appendix I), and the 

corresponding results are presented in Figure 2-5 and Figure 2-6.  

Even though the geometry of these three arches may appear similar, the structural performance is 

significantly different. It is clear that the arch created with the catenary has inferior displacements 
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and bending moments when in comparison with the other arches, as evidence in Figure 2-5a) and 

Figure 2-6a). As expected, the catenary curve defines the line of thrust and when the other arches' 

geometry deviates from this theoretical line, bending moments arise which leads to an increase in 

displacement.  

 

Figure 2-5 Map of vertical displacements for: a) Arch 1 (catenary); b) Arch 2; c) Arch 3. 

Units in cm. 

 

Figure 2-6 Map of bending moments for: a) Arch 1 (catenary); b) Arch 2; c) Arch 3. Units 

in kN/m. 

It is fair to state that the hanging chain principle revolutionized the way engineers designed 

structural arches since the late eighteenth century and many designers have experimented with 

hanging chain models since then. During the second half of the nineteenth century, a number of 

books recommended the use of hanging chain models to establish the best geometry for arches 

and vaults, specifically three-dimensional hanging models (Addis, 2014).  

One of the most famous architects who used these methods was Antoni Gaudí, who used three-

dimensional hanging models made of strings and bags of sand to help establish the shape of his 

buildings, and to compliment the use of statical calculations and graphical statical methods 

(Addis, 2014). As an example of a building created by him with the aid of this method, in Figure 
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2-7 the crypt of the unfinished Colònia Güell is presented (Huerta, 2006) and in Figure 2-8 the 

respective hanging models used to define its shape. As an additional note, even though this 

method is often attributed to the creation of the La Sagrada Familia, some authors consider this 

hypothesis unlikely as demonstrated by Huerta (2006) and Tomlow (2002). 

 

Figure 2-7 a) Original design for the Colònia Güell (Hensbergen, 2001); b) Colònia Güell's 

Crypt in 2008 (Canaan, 2008) 

 

Figure 2-8 Hanging model used to define the shape of Colònia Güell: a) uncompleted and 

created by Gaudi (Huerta, 2006); b) recreated by other artist (Addis, 2014). 

In the first half of the twentieth century, contrary to earlier centuries, roof shells tended to be 

mainly based on pure geometrical shapes. These are shapes defined by elementary analytical 
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formulae such as spheres, cylinders, elliptic, paraboloids and hyperboloic paraboloids (Bletzinger 

& Ramm, 2014). One reason, of course, was that geometrical shapes could be handled by 

analytical shell analysis. This reflects interactions of the usual design practice and classical shell 

theory, which only gives closed solutions for analytically defined geometries (Bletzinger & 

Ramm, 1993). These classical shapes do not usually lead to a proper membrane oriented 

response. Consequently, extra elements such as edge beams, stiffeners and pre-stressing had to be 

introduced, as seen in the case of the Sydney Opera House in Sydney (Ochsendorf & Block, 

2014) (seen in Figure 2-9a), and the Kresge Auditorium in Cambridge (Bletzinger & Ramm, 

2014) (seen in Figure 2-9b).  

 

Figure 2-9 a) Sydney Opera House (Utzon, 2002); b) Kresge Auditorium (Bletzinger & 

Ramm, 2014). 

To prove the lack of membrane oriented response in the classical shapes mentioned above, the 

following example is presented: two individual dome geometries were calculated through the 

finite element method, comprising of only shell elements and pinned supports on their 

boundaries. The first dome is a half-sphere with a 12,5 meter radius, and the second, a surface of 

revolution created with a catenary similar to the sphere (see representation and mathematical 

formulation in Figure 2-10). Both domes are made out of concrete (self-weight of 25kN/m³), with 

15cm constant thickness and solely subjected to their self-weight. Further details about these 

simulations can be found in Appendix II.  
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Figure 2-10 Cross-sectional representation of the two domes: sphere-based and catenary-

based. 

A comparison between the maps of displacements and membrane forces of both domes can be 

seen in Figure 2-11, Figure 2-12 and Figure 2-13. It becomes clear that the zones where the 

spherical dome deviates from the catenary shape correspond to the zones where tensile membrane 

forces arise and where the displacements are higher. Nonetheless, both shapes have negligible 

bending moments and consequently, low out-of-plane shearing forces (as seen in Appendix II).  

 

Figure 2-11 - Map of vertical displacements: a) spherical dome; b) catenary shaped dome. 

Units in cm. 
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Figure 2-12 Map of membrane forces in the hoop direction: a) spherical dome; b) catenary 

shaped dome. Units in kN/m. 

 

Figure 2-13 Map of membrane forces in the meridional direction: a) spherical dome; b) 

catenary shaped dome. Units in kN/m. 

However, not all pure geometrical shapes are unusable as demonstrated by Felix Candela 

(Billington, 1982). Candela is known as one of the best thin shell builders (Garlock & Billington, 

2014), most famous for the use of pure shapes, especially the hyperboloid paraboloids (hypar) 

because he knew how to best use the geometry's advantages and overcome their disadvantages. 

Hypar consists in translating a parabolic curve over another parabolic curve (Billington, 1982), 

and thus, straight lines can be generated as seen in Figure 2-14. This property of the hypar 

enables the use of straight formwork in the construction of the shell, therefore eliminating extra 

expense from customized and/or curving formwork (Draper, Garlock, & Billington, 2008). An 

example of this type of formwork is visible in Figure 2-15 during the construction of Chapel 

Lomas de Cuernavaca design by Félix Candela.  
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Figure 2-14 Hyperboloid Paraboloid with: a) curved boundaries, b) straight boundaries 

(Holzer, Garlock, & Prevost, 2008). 

 

Figure 2-15 Formwork used for the creation of the Chapel (Holzer, Garlock, & Prevost, 

2008). 

Candela also acknowledged that one important advantage of the hypar was its double-curvature. 

This grants an arch-effect in two planes and, in contrast to the arch contained in only one plane, 

provides more ways for the internal forces to flow. Additionally, without the aid of computers  

and by using only simplified analytical methods, he understood where these forces would be 

greatest and as a result increased the thickness in these locations, for instance the edges and the 

supports (Billington, 1982). Even though some of Candela’s designs could be further optimized 

(Holzer, Garlock, & Prevost, 2008) his final results were aesthetically pleasing (see Figure 2-16) 

and functional without being too expensive when compared to other structural solutions.  
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Figure 2-16 Félix Candela's Chapel Lomas de Cuernavaca (Holzer, Garlock, & Prevost, 

2008). 

It is also important to provide a historical remark to Heinz Isler, who is commonly considered the 

last of the great concrete shell builders of the twentieth century, and, like many before him 

brought about his own unique approach (Garlock & Billington, 2014). His simple idea was to 

take Hooke's two-dimensional technique into the third dimension. This was possible by using a 

sheet of cloth (instead of a chain) to make hanging models which he then scaled up to reproduce 

their funicular geometry at full size as represented in Figure 2-17.  

 

Figure 2-17 Heinz Isler Shell (Borgart & Eigenraam, 2012). 
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A technique he developed was to suspend a piece of wet cloth outdoors during a Swiss winter 

night, and in the morning the cloth would be frozen and static in a shape which only had 

membrane stresses (Addis, 2014). It is also important to notice that in this type of structures, the 

self-weight is most of the times, the dominant load and thus the techniques to determine the shape 

tended to solely consider this load acting on the structures (Chilton, 2000). In his experiments 

with cloths, Isler also discovered the importance of fiber orientation. Using the same textile, but 

simply modifying the angle of anisotropy, different shapes were obtained, as shown respectively 

in Figure 2-18 where the fibers are parallel to the edges and Figure 2-19 where the fibers are 

diagonal to the edges. 

 

Figure 2-18 Fibers parallel to the edge and corresponding shape (adapted Bletzinger & 

Ramm, 2014). 

 

Figure 2-19 Fibers diagonal to the edge and corresponding shape (adapted Bletzinger & 

Ramm, 2014). 

These techniques proposed by Isler generate the form of the shell, as well as the fold that 

provides stiffening to the free edges of the shells, as shown in the model presented in Figure 2-

20b). Isler also used techniques like air pressure to inflate elastic membranes, creating surfaces 

with membrane forces only as seen in Figure 2-21. 
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Figure 2-20 Shell geometry: a) without the folded edge; b) with the folded edge (Tysmans, 

2013). 

 

Figure 2-21 a) Membrane under pressure (Chilton, 2000); b) full scale structure (Garlock & 

Billington, 2014). 

The physical formfinding process described until now provides interesting design opportunities 

and stimulates creativity. In a short period of time it is possible to evaluate the influence and the 

importance of the boundary conditions of a structure, as well as evaluating alternative scenarios. 

The visual feedback of the models provides a notion of load bearing, buckling behavior and weak 

points in design. On the other hand, it also needs to be acknowledged that the application of 

physical formfinding methods has significant costs on material and time, whereas contemporary 

numerical tools make it possible to simulate these experiments in virtual environments. 

Nevertheless, there is a place for physical modeling today, as Frei Otto proved when designing 

the new train station in Stuttgart, Germany (2007-2013). Otto and his colleagues used innovative 

techniques such as hanging soap film (see Figure 2-22) and the traditional hanging chains for 

creating physical models for static and dynamic load analysis (see Figure 2-23) (Tysmans, 2013).  
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Figure 2-22 Soap Film used by Frei Otto (adapted Addis, 2014). 

 

Figure 2-23 Physical model for static and dynamic load analysis (Tysmans, 2013). 

 

2.3. Numerical formfinding 

Numerical formfinding allows the simulation of the process of physical formfinding within 

virtual environments. These methods have all the advantages of physical formfinding in addition 

to the fact that they are faster, inexpensive and allow true scale modeling. The versatility of a 

numerical method is an added value when the need to change the geometry or boundary 

conditions arises for whatever reason (aesthetical, cost, etc.). Several methods can be used to 

perform numerical formfinding, each with its own advantages and disadvantages. This sub-

section deals with a critical review on the three main methods in use nowadays: Dynamic 

Relaxation method, Force Density method, and Particle-Spring System method. 
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2.3.1. Dynamic relaxation method 

The Dynamic Relaxation method (DRM) was proposed by Day in 1965 as an alternative analysis 

tool for indeterminate structures (Bagrianski & Halpern, 2013). One of the most famous 

applications of Dynamic Relaxation was in the definition of the shape of the glass shell roof of 

the Dutch Maritime Museum in Amsterdam (see Figure 2-24), by Ney and Partners in 2011 

(Adriaenssens, et. al, 2012). Using equations derived from Newton's second law of motion, 

Dynamic Relaxation transforms a nonlinear static problem into a pseudo-dynamic one, in which 

the geometry is updated via a time-stepping procedure to achieve a sufficiently equilibrated state 

(Bagrianski & Halpern, 2013). To better understand this method, its basing formulation is 

presented next.  

 

Figure 2-24 Dutch Maritime Museum in Amsterdam (Adriaenssens, et. al, 2012). 

The formulation starts with Newton's second law of motion which can be expressed as the 

following general equation, 

𝐹𝑜𝑟𝑐𝑒 = 𝑀𝑎𝑠𝑠 × 𝐴𝑐𝑐𝑒𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛 + 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 × 𝐷𝑎𝑚𝑝𝑖𝑛𝑔 + 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 × 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 (2.2) 

In Figure 2-25 a spring-mass damper system with a free node i, a fixed node j (both governed by 

Newton's second law), and a connecting member between the nodes m (governed by Hooke's law 
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of elasticity) is presented. By applying the general equation 2.2 in the system, the equilibrium of 

node i in the 𝑥-direction at time 𝑡, can be expressed as, 

𝑃𝑖𝑥 = 𝐾𝑖𝑥 .𝛿𝑖𝑥
𝑡 + 𝐶𝑖 . 𝑣𝑖𝑥

𝑡 + 𝑀𝑖 .𝑣 𝑖𝑥
𝑡     (2.3) 

 

Figure 2-25 Spring-mass-damper system (adapted Adriaenssens, 2014). 

where, 

𝑃𝑖𝑥  is the applied force at node 𝑖 in the 𝑥-direction  

𝐾𝑖𝑥  is the stiffness term at node 𝑖 in the 𝑥-direction 

𝛿𝑖𝑥
𝑡  is the total displacement of node 𝑖 in the 𝑥-direction at time 𝑡 

𝐶𝑖𝑥  is the viscous damping constant at node 𝑖 

𝑣𝑖𝑥
𝑡  is the velocity node 𝑖 in the 𝑥-direction at time 𝑡 

𝑀𝑖  is the lumped fictitious mass at node 𝑖 

𝑣 𝑖𝑥
𝑡  is the acceleration at node 𝑖 in the 𝑥-direction at time 𝑡 

The presented equation 2.3 can be rewritten for any time 𝑡 as a function of all the external and 

internal forces acting on the node, as presented by the following equation,  

𝑃𝑖𝑥 − 𝐾𝑖𝑥 .𝛿𝑖𝑥
𝑡 = 𝐶𝑖 . 𝑣𝑖𝑥

𝑡 + 𝑀𝑖 .𝑣 𝑖𝑥
𝑡      (2.4) 
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⇔ 𝑅𝑖𝑥
𝑡 = 𝐶𝑖 . 𝑣𝑖𝑥

𝑡 + 𝑀𝑖 . 𝑣 𝑖𝑥
𝑡       (2.5) 

where, 𝑅𝑖𝑥
𝑡  represents the residual (or resultant) of the applied loads (𝑃𝑖𝑥 ) and structural member 

forces (𝐾𝑖𝑥 𝛿𝑖𝑥
𝑡 ) at node 𝑖 in the 𝑥-direction at time 𝑡.  

Furthermore, by expressing the acceleration (𝑣 𝑖𝑥
𝑡 ) and velocity (𝑣𝑖𝑥

𝑡 ) terms in equation 2.5 in 

central finite difference form for a small time step 𝛥𝑡, the residual forces acting on the node can 

be obtained by the following equation (Adriaenssens, 2014), 

𝑅𝑖𝑥
𝑡 = 𝑀𝑖  

𝑣
𝑖𝑥
𝑡+𝛥𝑡 2 

−𝑣
𝑖𝑥
𝑡 −𝛥𝑡 2 

𝛥𝑡
 + 𝐶𝑖  

𝑣
𝑖𝑥
𝑡+𝛥𝑡 2 

+𝑣
𝑖𝑥
𝑡−𝛥𝑡 2 

𝛥𝑡
     (2.6) 

The previous equation can now be rearranged as a function of the velocity of the node, along with 

the introduction of a single viscous damping constant (C). This constant has the purpose of 

avoiding a continuous oscillation of the elements that compose the system, by reducing the 

velocity at each time step, until the movement stops and equilibrium is found. By introducing this 

constant, the equation 2.6 can be rearranged so that the updated velocity components at the time 

𝑡 + ∆𝑡 2  are given by (Adriaenssens, et. al, 2014),  

𝑣𝑖𝑥
𝑡+𝛥𝑡 2 = 𝐴. 𝑣𝑖𝑥

𝑡−𝛥𝑡 2 + 𝐵.
𝛥𝑡

𝑀𝑖
𝑅𝑖𝑥

𝑡      (2.7) 

where 𝐴 =  1 − 𝐶 2   1 + 𝐶 2   , 𝐵 =  1 − 𝐴 2  and C is a constant for the complete 

structure.   

The time it takes to find the equilibrium depends on the viscous damping constant used. In order 

to achieve the most rapid convergence, the critical viscous damping value should be used, which 

in some case might be difficult to estimate (Adriaenssens, 2014).  

As an alternative, it is possible to use the Kinetic Damping method (Adriaenssens, et. al, 2014). 

With this method there is no viscous damping, but instead all the nodal velocities are set to zero 

when a kinetic energy peak is detected. A kinetic energy peak corresponds to a local maximum of 

kinetic energy, which in turn corresponds to a local minimum of potential energy. The peak of 

energy is detected when the kinetic energy of the current iteration is inferior to the previous 

iteration. The value of this energy corresponds to the sum of the total energy at each node which 

can be determined by using the equation 𝐸𝑘 ,𝑖 = 𝑀𝑖 × 𝑣𝑖
2 .  
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When using Kinetic Damping, the parameter A is equal to 1 and the updated velocity components 

at the time 𝑡 + ∆𝑡 2  are given by the following equation,  

𝑣𝑖𝑥
𝑡+𝛥𝑡 2 = 𝑣𝑖𝑥

𝑡−𝛥𝑡 2 +
𝛥𝑡

𝑀𝑖
𝑅𝑖𝑥

𝑡       (2.8) 

Whichever damping technique is used, the updated geometry is given by,  

𝑥𝑖
𝑡+𝛥𝑡 = 𝑥𝑖

𝑡 + 𝛥𝑡. 𝑣𝑖𝑥
𝑡+𝛥𝑡 2 

      (2.9) 

where 𝑥𝑖
𝑡+𝛥𝑡  is the 𝑥 co-ordinate at node 𝑖 at time 𝑡 + 𝛥𝑡 

Using equations 2.7 and 2.9, the velocity components and co-ordinates in all three directions can 

be similarly updated for all nodes of the system. The equations are nodally de-coupled in the 

sense that they depend only on a node's own previous velocity and residual force components. 

They are not directly influenced by the current  𝑡 + 𝛥𝑡 2   updates of other nodes.  

From the updated geometry, the new connecting members' forces can be found and resolved with 

the applied load components in order to obtain the updated residual forces. The result for all 𝑘 

elements connecting to 𝑖, in which 𝐹  is the axial force in member 𝑚 connecting node 𝑖  to an 

adjacent node 𝑗 and 𝐿 the current length of member 𝑚, can be obtained by the following equation 

(Adriaenssens, et. al, 2014) 

𝑅𝑖𝑥
𝑡+𝛥𝑡 = 𝑃𝑖𝑥 +    

𝐹

𝐿
  𝑥𝑗 −𝑥𝑖  

𝑡+𝛥𝑡
𝑘
𝑚     (2.10) 

The obtained residual forces will be used to update the velocity in the next time step and 

corresponding geometry, which will in turn update the residual forces of the next time step and so 

forth. The cycle of calculation for the process described using kinetic damping can be 

summarized as follows, 

1. Set all residual forces, all velocities and kinetic energy to zero  

2. Apply the load components 

3. Calculate the forces in the current element and the updated residual forces (eq. 2.10) 

4. Reset all residual forces of constrained nodes to zero  

5. Compute all nodal velocities and consequently the updated geometry (eq. 2.8 and 2.9) 

6. Determine the current kinetic energy of the entire system 
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If at step 6 the kinetic energy is inferior to the previous iteration, a peak in kinetic energy has 

been detected and the process restarts from step 1. Otherwise, it is necessary to verify if all the 

residual forces or the current kinetic energy is below a user-defined threshold to consider that 

static equilibrium was achieved. Without the definition of this limit, the process will never truly 

converge. If the defined threshold has been achieved, the analysis can stop, if not, the process 

restarts from step 2. In Figure 2-26a) a graph of a possible displacement for a node during this 

process is presented, and in Figure 2-26b) a graph for an expected value of kinetic energy during 

this process when using kinetic dampening is presented. The red dots in Figure 2-26b) represent 

the locale where the energy peaks have been detected, and it is visible that after their appearance 

the energy becomes zero (process restarts at step 1), otherwise the energy keeps increasing 

(process restarts at step 2). Eventually, the energy detected will be so low that the convergence 

will be deemed as achieved for all practical purposes.  

 

Figure 2-26 Expected graph for: a) node displacement; b) kinetic energy. 

To demonstrate a possible implementation of this method a tool developed specifically for this 

purpose, available free of cost at http://formfindinglab.princeton.edu/tools/, will be used.  

The first step for implementing this method consists in creating a set of nodes and connecting 

members that present the initial conditions of the problem. In Figure 2-27a) the initial conditions 

of the set of nodes and members that represent the structure is presented, and in Figure 2-27b) the 

defined borders and support conditions are presented, where the green dots represent free nodes 

and the red dots represent constrained nodes. The second step consists in defining the acting 

loads and the material properties of the connecting members, such as the cross-sectional area and 

the elasticity modulus. Lastly, the third step consists in running the simulation. In Figure 2-28a) 

the result obtained with the use of the default values of the tool is presented. 
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The obtained equilibrium shape can be adjusted by altering any of the parameters defined before 

starting the process, i.e. the borders, the support conditions and the stiffness of the structure. For 

example, by decreasing the elasticity modulus and the cross-sectional area of the connecting 

members, the shape presented in Figure 2-28b) was obtained where it is visible that an increase in 

height was attained.  

 

Figure 2-27 Representation of: a) initial shape; b) support conditions. 

 

Figure 2-28 Results of a system with: a) high stiffness; b) low stiffness. 

The given explanation of Dynamic Relaxation does not cover all its aspects, presenting only the 

basics. For a more in-depth explanation one should refer to (Adriaenssens, et. al, 2012) and 

(Bagrianski & Halpern, 2013). 

 

2.3.2. Force density method 

The Force Density method (FDM) was first developed by Linkwitz and Sheck in 1971 (Basso, et. 

al, 2010). This method is mostly used to find the form of tensile structures, even though it can 

also be used in compressive structures such as in the case of the timber shell roof of the 1974 

Mannheim Multihalle by Frei Otto shown in Figure 2-29 (Linkwitz, 2014). 
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Figure 2-29 Mannheim Multihalle by Frei Otto (Verde & Truco, 2009). 

The application of the FDM assumes that the structure is defined by a network of cables where 

every member is connected by pins, the support conditions are well defined (as an input to the 

problem) and the boundary conditions are prescribed. In the context of formfinding, boundary 

conditions represent the edges of the simulation. In addition, the external loads are known and act 

only on nodes. The self weight is approximated (shells) or neglected (tensile structure). No 

bending is considered and the buckling of bars is not taken into account (Tysmans, 2013). An 

example of a network of cables can be observed in Figure 2-30. 

 

Figure 2-30 Networks of a cables (Basso, et. al, 2010). 

Based on the previous considerations, consider the network shown in Figure 2-31 that is 

comprised of linear members (a, b, c, d) connected by pin-joints (nodes i, j ,k, l, m) with fixed 

anchoring points (j, k, l, m) and with an acting load (p) on point i.  
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Figure 2-31 Network of linear members. 

Knowing that bending moments are neglected, the equilibrium equations in node 𝑖 can be written 

taking into account only axial forces. This translates into (Tysmans, 2013): 

𝑛𝑎 cos 𝑎, 𝑥 + 𝑛𝑏 cos 𝑏,𝑥 + 𝑛𝑐 cos 𝑐, 𝑥 + 𝑛𝑑 cos 𝑑, 𝑥 = 𝑝𝑥    (2.11) 

𝑛𝑎 cos 𝑎, 𝑦 + 𝑛𝑏 cos 𝑏, 𝑦 + 𝑛𝑐 cos 𝑐, 𝑦 + 𝑛𝑑 cos 𝑑, 𝑦 = 𝑝𝑦    (2.12) 

𝑛𝑎 cos 𝑎, 𝑧 + 𝑛𝑏 cos 𝑏,𝑧 + 𝑛𝑐 cos 𝑐, 𝑧 + 𝑛𝑑 cos 𝑑, 𝑧 = 𝑝𝑧     (2.13) 

where 𝑛𝑎  represents the axial forces in the 𝑎 element and 𝑐𝑜𝑠 𝑎,𝑥  represents the projection 

length of unit vector, in direction of the element 𝑎, on the 𝑥 axis, and so forth for all the elements 

and axes. The acting load p is also decomposed in 𝑝𝑥 , 𝑝𝑦 , and 𝑝𝑧  corresponding to the acting load 

in x, y and z directions respectively. The three equilibrium equations can be rewritten in function 

of the nodes' coordinates as follows, 

𝑛𝑎

 𝑥𝑚−𝑥 𝑖 

𝑙𝑎
+ 𝑛𝑏

 𝑥 𝑗−𝑥 𝑖 

𝑙𝑏
+ 𝑛𝑐

 𝑥𝑘−𝑥 𝑖 

𝑙𝑐
+ 𝑛𝑑

 𝑥 𝑙−𝑥 𝑖 

𝑙𝑑
= 𝑝𝑥    (2.14) 

𝑛𝑎

 𝑦𝑚−𝑦𝑖  

𝑙𝑎
+ 𝑛𝑏

 𝑦𝑗 −𝑦𝑖  

𝑙𝑏
+ 𝑛𝑐

 𝑦𝑘 −𝑦𝑖  

𝑙𝑐
+ 𝑛𝑑

 𝑦𝑙−𝑦𝑖  

𝑙𝑑
= 𝑝𝑦    (2.15) 

𝑛𝑎

 𝑧𝑚−𝑧𝑖 

𝑙𝑎
+ 𝑛𝑏

 𝑧𝑗−𝑧𝑖 

𝑙𝑏
+ 𝑛𝑐

 𝑧𝑘−𝑧𝑖 

𝑙c
+ 𝑛𝑑

 𝑧𝑙−𝑧𝑖 

𝑙𝑑
= 𝑝𝑧     (2.16) 

where l represents the lengths of the corresponding members (according to the subscript) and x, y, 

z represent the coordinates of corresponding nodes (indicated in the subscript). These equations 

are nonlinear, but they can be linearized through the introduction of a fixed force density defined 
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by the user (Tysmans, 2013). Fixed force density (𝑞) is an axial force per element length for 

every element, and can be obtained dividing the axial force per bar length (𝑞 = 𝑛 𝑙 ). Introducing 

the fixed force density in the previous equilibrium equations (2.14 to 2.16), they become, 

𝑞𝑎 𝑥𝑚 − 𝑥𝑖 + 𝑞𝑏 𝑥𝑗 − 𝑥𝑖 + 𝑞𝑐 𝑥𝑘 − 𝑥𝑖 + 𝑞𝑑 𝑥𝑙 − 𝑥𝑖 = 𝑝𝑥   (2.17) 

𝑞𝑎 𝑦𝑚 −𝑦𝑖 + 𝑞𝑏 𝑦𝑗 −𝑦𝑖 + 𝑞𝑐 𝑦𝑘 −𝑦𝑖 + 𝑞𝑑 𝑦𝑙 −𝑦𝑖 = 𝑝𝑦   (2.18) 

𝑞𝑎 𝑧𝑚 − 𝑧𝑖 + 𝑞𝑏 𝑧𝑗 − 𝑧𝑖 + 𝑞𝑐 𝑧𝑘 − 𝑧𝑖 + 𝑞𝑑 𝑧𝑙 − 𝑧𝑖 = 𝑝𝑧               (2.19) 

Solving equations 2.17 to 2.19 provides a unique solution and the equilibrium shape of the 

structure which has the desired force density is obtained. In more complex networks, it is 

necessary to introduce matrix formulations combined with graph theory in order to obtain a 

solution (Linkwitz, 2014). The explanation of such a process is complex and considered outside 

the scope of this document. Therefore for a more in-depth explanation of the Force Density 

method the reader is referred to (Linkwitz, 2014) and (Basso, et. al, 2010). 

A generalized cycle of calculations for the Force Density method can be summarized as follows,  

1. Define boundary conditions. 

2. Define the support conditions. 

3. Define the fixed force density. 

4. Input or calculate the loads. 

5. Determine the equilibrium state. 

The final shape can be influenced and adjusted by varying the value of the force density load, the 

boundary conditions and the support conditions. For example, in Figure 2-32 the initial shape is 

presented with defined boundary and support conditions. By only varying the force density, 

different results are obtained as presented in Figure 2-33. The force density load should be 

chosen adequately to provide the desired geometry, which in some cases may lead to the need of 

individually choosing the value of the each bar of the system instead of a global constant value.  
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Figure 2-32 Initial shape  (Linkwitz, 2014). 

 

Figure 2-33 Different shape solutions varying the force density value (Linkwitz, 2014). 

 

2.3.3. Particle-spring system 

The static equilibrium shapes obtained through the use of the Force Density method or the 

Dynamic Relaxation method, provide structures which only have membrane forces acting on 

them, but are mainly implemented in the shape definition of tensile structures. In order to employ 

these two methods to determine the shape of a thin concrete shell, proper considerations must be 

taken into account which complicates the process. These difficulties can be avoided by using an 

alternative method, the Particle-Spring System method. This method is widely used for 

simulating clothes in three-dimensional animations (Kilian & Ochsendorf, 2005) and is capable 

of simulating hanging clothes, like Heinz Isler did in the past to determine the shape of thin 

concrete shells. The implementation of this method is more easily executed versus other methods, 

making it more suited for the form finding of the intended structures (Bhooshan, Veenendaal, & 

Block, 2014).  
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The Particle-Spring System method consists in the creation of a network of particles and springs 

as schematized in Figure 2-34, in which the nodes represent the particles and the lines represent 

elastic springs. 

 

Figure 2-34 Particle-Spring System. 

Each particle in the system has a position, a velocity and a mass, as well as a summarized vector 

of all the forces acting on it. These particles are connected by the elastic springs that have a 

constant axial stiffness, an initial length, a damping coefficient and are massless. All the particles 

in the system react accordingly to Newton's second law and the springs are governed by Hooke's 

law of elasticity (Bhooshan, Veenendaal, & Block, 2014), similar to Dynamic Relaxation. One of 

the differences between the two methods is that while Dynamic Relaxation was nodally de-

coupled, in the Particle-Spring System, the nodes are dependent of each other.  

The aim of this technique is to find a structure in static equilibrium, using an iterative process, 

that leads to the sole existence of membrane stresses acting upon it. To make it possible, all the 

boundary conditions and the support conditions must first be defined. In the case of an 

unsupported structure, no equilibrium solution exists, therefore the particles will continue to 

translate in space. By default, the system is not in equilibrium when the simulation starts, and 

there will be movement as the particles and springs try to seek their equilibrium positions. The 

disturbance that creates the movement is due to the gravitational pull and other acting forces on 

the particles that are not fixed. As the particles move, elongation occurs in the elastic springs and 

internal forces are exerted due to Hooke's elastic law. The particles keep moving until 

equilibrium is found or the simulation is stopped. To find this equilibrium there are many 

techniques with varying degrees of efficiency and stability. The two primary classes of solution 



30 

 

procedures are implicit and explicit solvers (Kilian & Ochsendorf, 2005) . These solvers require a 

lengthy explanation, which is outside the scope of this document. For more details, one should 

refer to (Bhooshan, Veenendaal, & Block, 2014) and (Kilian & Ochsendorf, 2005) 

The iterative process can be summarized as follows, 

1. Define a system of nodes and lines, in which the nodes are particles and the lines are 

springs. 

2. Define the particles' masses and loads. 

3. Attribute the stiffness values to the springs, as well as the damping values and lengths.  

4. Set fixed points' velocities to zero. 

5. Calculate the forces exerted. 

6. Solve the system for the first iteration. 

7. Update velocities and update coordinates. 

If at step 7 the residual forces are inferior to a threshold value defined by the user, the overall 

equilibrium is considered achieved, otherwise another iteration starts from step 1 based on the 

deformed geometry. As an alternative, the simulation can run through a fixed number of 

iterations that, as long as they are high enough, the final shape will be in equilibrium. F inding 

structural form using particle-spring systems has a number of advantages. Most importantly, the 

user can change the spring stiffness, boundary conditions, support conditions and forces in real 

time while the solution is still emerging, thus adapting the structure to the new conditions. The 

speed of convergence of this method is an added value, as well as, the provided visual feedback 

to the designer who can better understand the final result.  

Using this method, two simulations were created to emulate the experiments of Heinz Isler and 

Frei Otto in order to obtain the shape of a structure. The details of these simulations can be found 

in Appendix III and are omitted here to allow focusing attention on the points that are being 

demonstrated. Both simulations have the boundary and support conditions presented in Figure 2-

35, differing only in their spring orientations and layout in order to simulate different materials. 

The scenario presented in Figure 2-35a) has the springs aligned parallel to the boundary edges 

simulating a network of chains; the scenario presented in Figure 2-35b) has the springs 

diagonally aligned to the boundary edges simulating a piece of cloth. 
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Figure 2-35 Boundary and Support conditions: a) network of chains; b) piece of cloth.  

In order to start the simulation, the loads were applied to the nodes of both systems, all having the 

same value so as to simplify and speed up the simulation. Lastly, the stiffness of the springs 

connecting the nodes was defined and assumed equal to all the springs of both systems, and a 

time step low enough to guarantee the stability of the simulation was defined. The used tool can 

provide a visual representation of the simulation so the user can identify when equilibrium is 

achieved, however to ensure the simulation provides a final shape in equilibrium, 2000 iterations 

were performed and the evolution of the simulation is presented in Figure 2-36 and Figure 2-37, 

representing the chain network and the piece of cloth respectively. It is visible that after 1000 

iterations, the shapes did not change much and so the structures can be deemed as in equilibrium.  

 

Figure 2-36 Particle-spring network simulation results for a network of chain. 

 

Figure 2-37 Particle-spring network simulation results for a piece of cloth. 
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To perform a more detailed analysis of the obtained results, two individual finite element models 

were created based on the attained geometry, assuming that both structures are made out of 

concrete (self-weight of 25 kN/m³), with a 15cm constant thickness and solely subjected to their 

self-weight. Further details about these simulations and results can be found in Appendix III. In 

Figure 2-38, the bending moment values in the x-direction are presented. It is evident that there 

are insignificant bending moment values in both structures, with the exception of individual cases 

near their supports, thus the structures are mainly under in-plane stress with only compressive 

membrane forces acting upon it, as presented in Figure 2-39. The obtained results with the finite 

element method are in line with the expected from a formfinding process.  

 

Figure 2-38 Map of bending moments in x-direction for the structure obtained by the: a) 

network of chains; b) piece of cloth. Units in kN.m/m. 

 

Figure 2-39 Map of membrane forces in x-direction for the structure obtained by the: a) 

network of chains; b) piece of cloth. Units in kN/m. 

The results can also be compared with the results obtained in Frei Otto's Institute of Lightweight 

Structures when recreating the experiences by Heinz Isler (Bletzinger & Ramm, 2014). In Figure 

2-40a) a recreated hanging chain network is presented and in Figure 2-40b) a recreated hanging 

piece of cloth is presented, both with support conditions similar to the simulated in the numerical 
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process. Even though the shapes are not exactly the same, the similarities between the obtained 

shapes using the physical and numerical methods are evident.  

 

Figure 2-40 Recreated models of: a) hanging chains; b) hanging piece of cloth (Bletzinger & 

Ramm, 2014). 

Lastly, as examples of structures designed using this method, two structures are presented: a 

structure in the BMS College of Engineering in Bangalore, India presented in Figure 2-41a) and 

another in Mexico City, Mexico presented in Figure 2-41b), both design by Bhooshan, 

Veenendaal, and Block (2014). Having described three possible methods of performing 

numerical formfinding, it is concluded that in order to obtain the pretended goals of this 

dissertation, the Particle-Spring System method is the most desirable. 

 

Figure 2-41 Concrete structure in: a) Bangalore, India; b) Mexico City, Mexico (Bhooshan, 

Veenendaal, & Block, 2014). 
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2.4. Morphogenesis and the use of genetic algorithms 

Morphogenesis is the biological process behind the development of the shape of a living 

organism (Montell, 2008). This process is usually described in the context of embryonic 

development, and can be induced by hormonal, environmental, chemical or mechanical reasons. 

Although it is clearly a concept that underlies biological processes, the principles of 

morphogenesis can be adapted and replicated in the context of designing structures, in particular 

as a process of optimizing the shape of thin concrete shells.  

In the formfinding process previously described, only the mechanical/structural aspects of thin 

shells were taken into account. In reality, when designing any kind of building, a number of 

different requirements have to be satisfied. These requirements, which often conflict with each 

other, are related with architectural, structural, constructability and cost aspects, among others. In 

a morphogenetic design process, the optimum shape for a thin shell is no longer determined by 

only the mechanical requirements, instead, it is the one which better fits a set of design 

requirements (Pugnale & Sassone, 2007). 

To perform this morphogenetic design, genetic algorithms are usually adopted. The concept of 

genetic algorithm is thus of fundamental importance for understanding the application of 

morphogenesis, and is explained in the following text. A genetic algorithm applies evolutionary 

principles to solve problems. In the particular case of this dissertation, the problem is finding the 

optimum shell shape to fulfill all or only certain requirements. The evolutionary principles 

implemented are directly inspired by Charles Darwin's Natural Selection and is a key mechanism 

of evolution (Rutten, 2010). According to Natural Selection, within all populations of organisms, 

variation exists. This occurs partly because of random mutations in the genome of an individual 

and variations of traits caused due to genome interaction with the environment. Individuals with 

certain variants of the trait may survive and reproduce more than individuals with other, less 

successful variants. Individuals with the best variants are assumed to be the fittest. The fittest 

individual will have a variant of a genome, which contains genes, that provides a solution to the 

problem. In this context, the genes represent the variables, and in the design of thin concrete 

shells they represent the geometry of the shell, the thickness, the type of concrete used, etc. When 
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using genetic algorithms the user can define what means to be fittest by defining a fitness 

function. The fitness function should include all the requirements deemed necessary for the 

correct design of the structure.  

A simple example of the application of a genetic algorithm is given, in regard to the process of 

finding the highest peak in a given landscape of two planar coordinates defined by Gene A and 

Gene B, as shown in Figure 2-42a). In this landscape there is a single combination of Genes A 

and B (planar coordinates) that correspond to the highest point in the landscape. The initial step 

in the process of obtaining a solution is to populate the landscape with a random collection of 

individuals (or genomes) as shown in Figure 2-42b) 

 

Figure 2-42 Landscape: a) empty; b) populated. (Rutten, 2010). 

A genome has a specific value for each and every gene and can be compared with the fitness 

function to attest the fitness of every individual, in this case the fitness function is the height that 

corresponds to the coordinates indicated by the genome. An individual is considered more fit if it 

relies on a higher position. Once the fitness of every individual is known, the natural selection 

process can begin. Since the individuals were randomly created, it is unlikely that any of them 

will correspond to the optimum solution, so it is inappropriate to merely choose the best one. A 

set of the best performing individuals will be chosen from generation 0 to breed and thus create 

generation 1. When breeding two individuals, the offspring will have a genome that results from 

a combination of the genome of the parent individuals. The process of finding mates is called 

coupling and coupling algorithms are used, for example genomic distance (Rutten, 2010). This is 
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necessary to avoid incestuous mating behavior thus circumventing the risk of a rapid decline in 

population diversity. Low population diversity decreases the chances of finding alternate 

solutions. To promote a diversity of genomes, mutation methodologies can also be implemented 

in the genetic algorithm. The new population is no longer completely random and solutions tend 

to converge. The same process occurs from generation 1 to generation 2, and thereafter, as 

schematically shown in Figure 2-43a) and Figure 2-43b) respectively. During the entire process 

the less fit individuals are assumed to die and leave no offspring.  

 

Figure 2-43 Landscape results from: a) generation 1; b) generation 2. (Rutten, 2010). 

The iterative process is sequentially repeated, providing a set of solutions instead of only one 

answer. The more generations that are created, the fittest the solution becomes. This means there 

is no assurance of an optimum solution, but rather a solution better than the others. The benefit is 

that a solution will always be achieved, even if the problem is impossible, which is especially 

advantageous in cases where it is desired to optimize a problem that is in function of several 

variables.  

In the case where the morphogenetic process is applied in the shape optimization of a structure 

and the fitness function only takes structural behavior into account, the result can be uninteresting 

from the aesthetic point of view or economically unsustainable. On the other hand, if all the 

requirements are taken into account, all the objectives may only be partially reached. A 

compromise between the different valences should be achieved, and the final shape configuration 

will therefore be an acceptable solution rather than an optimal one. 
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It is important to notice that the result obtained at the end of the morphogenetic process is not 

only influenced by the fitness function, but also by the range in which each gene can vary during 

the process. When a very small range is adopted, the final solution is relatively close to the 

starting one. This means, in the case of optimizing a structure, the genetic algorithm can find 

small changes in the geometry that, without distorting the initial aesthetic configuration too 

much, improves the structural performance even further, whilst complying with the design 

conditions (Tomás & Martí, 2010). In 2004, Mutsuro Sasaki and Toyo Ito designed a shell for the 

Kakamigahara crematorium in Gifu, Japan using this methodology (Pugnale, Echenagucia, & 

Sassone, 2014). The initial proposed shell shape went through a refinement process similar to the 

one previously described; very small ranges for the variables were adopted. The solution of the 

morphogenetic process only slightly modified the initial proposed shape in order to achieve a 

better mechanical behavior (Pugnale & Sassone, 2007) and the final result is presented in Figure 

2-44. 

 

Figure 2-44 Kakamigahara crematorium, Gifu, Japan (Pugnale & Sassone, 2007). 

On the other hand, if large ranges and many genes are adopted, the structure goes through a truly 

morphogenetic process and there is the risk of finding only an optimal local solution instead of a 

global one. The landscape example used before can be used to explain this problem with basis on 

the illustration of Figure 2-45: if in the first random generated population no individual is near 

the highest mountain (see Figure 2-45a), there is the risk of the algorithm never knowing about 

the existence of said mountain. Therefore, no individual of future generations will be able to find 
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it (see Figure 2-45b) and even if the optimal global solution is found due to mutations, there is no 

way to ensure the solution is global or local.  

 

Figure 2-45 Individuals in the landscape in: a) generation 0; b) generation 2. (Adapted 

Rutten, 2010). 

A possible solution to mitigate this problem consists in running the process from the beginning 

several times and evaluating the solution obtained in each of them. If the solution is always the 

same, the chances of it being a global optimum are high. However, repeating a morphogenetic 

process several times can be very time consuming and not applicable in every situation. Another 

possible solution consists in increasing the number of individuals only in the first generation to 

increase the number of possible initial solutions, thus increasing the understanding of the 

landscape. The remaining generations will have the same number of individuals thus the process' 

time will not increase significantly. There is also the possibility that there is no need to obtain the 

global optimum, and the local is capable of providing a proper solution for the intended purpose.  

For correct use of this methodology in the context of defining the shape of a thin concrete shell, 

the users (in this case the Architect and the Engineer), must be able to critically evaluate the 

solutions obtained. The final solution cannot be the result of only the tools implemented, but the 

product of an interaction between the Architect, the Engineer and the genetic algorithm in order 

to obtain a shape that fits the maximum of design requirements.  
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3. ANALYSIS AND DESIGN OF REINFORCED CONCRETE SHELLS 

 

3.1. General remarks 

Today, most engineers tend to fear the design/construction of shells and domes: they are usually 

considered mysterious and difficult to assess and master (Ney & Adriaenssens, 2014). This is 

however a misconception, and this chapter intends to contribute for a better understanding of the 

analysis and design of reinforced concrete shells. Two methods for analyzing thin concrete shells 

will be presented. The first method is analytical and pertains to the membrane theory which was 

commonly used since the late nineteenth century until after the second half of the twentieth 

century (Billington, 1982). The assumptions deemed necessary for its use will be presented as 

well as its deduction for two particular cases. The second method is of numerical nature and 

relies of the finite element method (FEM). A brief explanation about the FEM will be presented, 

giving emphasis mainly on the considerations deemed necessary for its use in the analysis of thin 

shells. Afterwards a comparison between both methods will be presented by studying two 

different structures and analyzing the results.  

In order to assist the design of a thin concrete shell, this chapter will also present a methodology 

to find the reinforcement needed in a thin concrete shell, as well as, assess the safety due to 

permissible compressive forces in the structure. An explanation will also be conducted about the 

importance of buckling in this type of structure along with a possible safety verification. Finally, 

some considerations will be presented in regard to the prevention of unwanted behavior of 

concrete shells associated to crack formation and large displacements. The addressed topics are 

not enough to fully design a thin concrete shell. The intention is to show the necessary 

information that is fundamental for a pre-design stage. The full analysis must take into account 

all the requirements deemed necessary in the normative documents, attending to aspects not 

referred to previously such as serviceability stress limitations and constructive arrangements. 
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3.2. Analytical solutions  

The analytical solutions for concrete shells are based on a generic element with four sides, similar 

to the one presented in Figure 3-1, delimited by generic lengths 𝑑𝑠𝑥  and 𝑑𝑠𝑦  in the x ,y, z space. 

At a nonspecific height of 𝑑𝑧, located along the surface referred to as x=const, there is a stress 

field that is comprised of one normal stress, represented by 𝜎𝑥 , and two shear stresses represented 

by 𝜏𝑥𝑦  and 𝜏𝑥𝑧 . Similarly, in the surface y=const, a stress field that is comprised of one normal 

stress, represented by 𝜎𝑦 , and two shear stresses represented by 𝜏𝑦𝑥  and 𝜏𝑦𝑧  is present (Flügge, 

1973). Note that in this type of elements it is usual to neglect the normal stresses that are 

perpendicular to the middle surface (𝜎𝑧 ) since they are often considered to be very small in 

comparison to the other stresses, due to the small thickness values (represented by t) when in 

comparison with the other dimensions.  

 

Figure 3-1 Generic shell element stress field (Flügge, 1973). 

The presented stress fields can be converted into resulting forces per unit width (Flügge, 1973) 

for convenience of operations. This conversion results in a set of acting forces in the element as 

shown in Figure 3-2, with a total of two axial membrane forces represented by 𝑁𝑥 and 𝑁𝑦 , two 

shear membrane forces represented by 𝑁𝑥𝑦  and 𝑁𝑦𝑥 , two transversal shear forces (or out-of plane 

shear forces) represented by 𝑄𝑥  and 𝑄𝑦 , two bending moments represented by 𝑀𝑥 and 𝑀𝑦  and 

two twisting moments represented by 𝑀𝑥𝑦  and 𝑀𝑦𝑥 .  
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Figure 3-2 Generic shell element forces per unit width (adapted Flügge, 1973). 

The process of obtaining the values for all these ten forces per unit width can sometimes be a 

difficult task. The six equations generated by the static equilibrium of forces and moments in a 

three dimensional space, are not enough, meaning that at least four more are needed to determine 

the total of ten forces. The use of constitutive relations of the elasticity theory taking into account 

the shell deformations, enables the resolution of the problem, but the system of differential 

equations obtained is in most cases impractical to solve. To overcome this problem, a special 

theory is often used, the membrane theory. This simplified theory rests on the main assumption 

that the shell carries loads solely by in-plane stresses and therefore all bending moments and out-

of-plane shearing forces are assumed as zero. In order to implement the membrane theory, some 

conditions have to be fulfilled as enumerated by (Billington, 1982): 

1. The shell must be thin, thus presenting greater stiffness in-plane in comparison with 

bending stiffness; 

2. The average surface should generally have a continuous curvature. Otherwise, there is a 

tendency for bending stress to arise in areas of discontinuity; 

3.  The loads should be uniformly distributed; 

4. The edge reactions must act tangentially to the average surface; 

5. The supports and edge elements must be compatible with the free edges' displacements; 

If the conditions to implement the membrane theory are fulfilled, only three equations of 

equilibrium are needed to determine the membrane stress resultants, compared to the initial ten. 
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The particular case of an analytical solution using the membrane theory for translation shells of 

double curvature will be presented in the next sub-section.  

 

3.2.1. Membrane theory for translation shells of double curvature 

Shells generated by translating one plane curve over another curve are called translation shells 

(Billington, 1982). The membrane theory for translation shells starts with the deduction of the 

three necessary equilibrium equations. For its deduction it is more convenient to project the 

equilibrium membrane values onto a horizontal plane. Therefore, 𝑁 𝑥, 𝑁 𝑦  and 𝑁 𝑥𝑦 , represent the 

projected forces' resultant of 𝑁𝑥 (axial membrane forces in the x-direction), 𝑁𝑦  (axial membrane 

forces in the y-direction) and 𝑁𝑥𝑦  (shear forces in the xy-direction which is assumed to be equal 

to the shear forces in the yx-direction) respectively. Additionally, 𝑝 𝑥 , 𝑝 𝑦  and 𝑝 𝑧  represent the 

loads 𝑝𝑥 ,𝑝𝑦  and 𝑝𝑧  projected on a horizontal plane as shown in Figure 3-3. 

 

Figure 3-3 Membrane forces in translation shells (Billington, 1982). 

This way it is possible to express the equilibrium in the horizontal plane, as shown in the 

equations below (Billington, 1982), 
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 𝑋 =
𝜕𝑁 𝑥

𝜕𝑥
+

𝜕𝑁 𝑦𝑥

𝜕𝑦
+ 𝑝 𝑥 = 0      (3.1) 

 𝑌 =
𝜕𝑁 𝑦

𝜕𝑦
+

𝜕𝑁 𝑥𝑦

𝜕𝑥
+ 𝑝 𝑦 = 0      (3.2) 

 𝑍 = 𝑁 𝑥
𝜕2𝑧

𝜕 𝑥2 + 𝑁 𝑦
𝜕2𝑧

𝜕 𝑦2 + 2𝑁 𝑥𝑦
𝜕2 𝑧

𝜕𝑦𝜕𝑥
+

𝜕𝑧

𝜕𝑥
 
𝜕𝑁 𝑥

𝜕𝑥
+

𝜕𝑁 𝑦𝑥

𝜕𝑦
 +

𝜕𝑧

𝜕𝑦
 
𝜕𝑁 𝑦

𝜕𝑦
+

𝜕𝑁 𝑥𝑦

𝜕𝑥
 + 𝑝 𝑧 = 0  (3.3) 

Solving the terms inside the parenthesis of equation 3.3 and rewriting the same equation by 

replacing the corresponding terms −𝑝 𝑥  and −𝑝 𝑦  (obtained from solving equation 3.1 and 3.2 

respectively), the following equation was obtained, 

𝑁 𝑥
𝜕2 𝑧

𝜕𝑥2 + 𝑁 𝑦
𝜕2𝑧

𝜕 𝑦2 + 2𝑁 𝑥𝑦
𝜕2𝑧

𝜕𝑦𝜕𝑥
= −𝑝 𝑧 −𝑝 𝑥

𝜕𝑧

𝜕𝑥
−𝑝 𝑦

𝜕𝑧

𝜕𝑦
    (3.4) 

Assuming that only uniform vertical loads are acting, the value of 𝑝 𝑥  and 𝑝 𝑦  can be considered 

zero. This means that the only acting load is 𝑝 𝑧  which will be considered −𝑝 𝑧 = 𝑞. Introducing 

the new variable in equation 3.4, the new equation is obtained, 

𝑁 𝑥
𝜕2 𝑧

𝜕𝑥2 + 𝑁 𝑦
𝜕2𝑧

𝜕 𝑦2 + 2𝑁 𝑥𝑦
𝜕2𝑧

𝜕𝑦𝜕𝑥
= 𝑞     (3.5) 

The solution of the forces' resultant can be conveniently handled by introducing a new function. 

In this case, a new function F that satisfies all three of the general expressions of static 

equilibrium is introduced (Billington, 1982), obtaining the following equations,  

𝑁 𝑥 =
𝜕2𝐹

𝜕𝑥2 −  𝑝 𝑥  𝑑𝑥       (3.6) 

𝑁 𝑦 =
𝜕2 𝐹

𝜕 𝑦2 − 𝑝 𝑦  𝑑𝑦      (3.7) 

𝑁 𝑥𝑦 =
𝜕2𝐹

𝜕𝑦𝜕𝑥
           (3.8) 

If the stress function F is introduced in equation 3.5, the following equation is obtained, 

𝜕2𝐹

𝜕𝑥2

𝜕2𝑧

𝜕 𝑦2 − 2
𝜕2𝐹

𝜕𝑦𝜕𝑥

𝜕2𝑧

𝜕𝑦𝜕𝑥
+

𝜕2𝐹

𝜕𝑦2

𝜕2 𝑧

𝜕𝑥2 = 𝑞     (3.9) 
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The equations presented until now refers to translation shells in general, however, to advance the 

analytical deduction, it is necessary to further specify the problem. In the next sections, equations 

for two particular cases will be derived: the hyperbolic paraboloid and the elliptical paraboloid.  

 

3.2.1.1. Membrane theory for the hyperbolic paraboloid 

The first case, the hyperbolic paraboloid, is an anticlastic shell obtained by translating a convex 

parabola over a parabolic curve. The analytical equation to create this type of surface is presented 

in equation 3.10 and a generic hyperbolic paraboloid surface is presented in Figure 3-4. 

𝑧 =
𝑦2

2
−

𝑥2

1
 where 1 =

𝑎2

𝑐1
 and 2 =

𝑏2

𝑐2
            (3.10) 

 

Figure 3-4 Generic hyperbolic paraboloid. 

Replacing the z values in equation 3.9 with the obtained by the surface equation 3.10, the 

equation 3.9 can be rewritten as, 

𝜕2𝐹

𝜕𝑥2

2

2
− 2

𝜕2 𝐹

𝜕𝑦2

2

1
= 𝑞     (3.11) 

Assuming there is a full support at the base (at 𝑦 = ±𝑏), that there is no appreciable stiffening 

along the edge parabolas (at  𝑥 = ±𝑎), and that the entire load is carried in the shell along 

parabolas parallel to the YZ plane, the value for F in equation 3.11 which can be used is the 

following as (Billington, 1982) demonstrated, 
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𝐹 = −
1

4
𝑝 𝑧2𝑥

2      (3.12) 

Substituting the F value in equations 3.6 to 3.8, the shell forces equations are finally obtained, 

𝑁 𝑥 = 0        (3.13) 

𝑁 𝑦 = −
𝑝 𝑧2

2
       (3.14) 

𝑁 𝑥𝑦 = 0       (3.15) 

Based on the resulting equations, it is clear that a single constant compressive membrane force is 

acting on the entire structure and only in one direction. In addition, because no bending moment 

occurs, the resulting stresses will also be constant and only in one direction. 

 

3.2.1.2. Membrane theory for the elliptical paraboloid 

The second case, the elliptical paraboloid, is a synclastic shell obtained by translating a convex 

parabola over a convex curve. The analytical equation to create this type of surface is presented 

in equation 3.16 and a generic elliptical paraboloid surface is presented in Figure 3-5. 

𝑧 =
𝑦2

2
+

𝑥2

1
 where, 1 =

𝑎2

𝑐1
 and 2 =

𝑏2

𝑐2
    (3.16) 

 

Figure 3-5 Generic elliptical paraboloid. 
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Due to its shape, the shell has the ability to carry loads without any appreciable lateral restraints 

(such as beams), except at the four low corners. The behavior of this type of shape causes the 

deduction of an analytical solution for this specific situation to be a very complex problem. 

Therefore, it was opted to present only the final equations that determine the acting forces in the 

shell as (Billington, 1982) demonstrated, 

𝑁𝑥 = −
𝑝 𝑧𝑎

2𝐾

𝑐1
.𝐶𝑥      (3.17) 

𝑁𝑥 = −
𝑝 𝑧𝑏

2

𝐾𝑐2
.𝐶𝑦      (3.18) 

𝑁𝑥 = −
𝑝 𝑧𝑎𝑏

 𝑐1𝑐2
.𝐶𝑠      (3.19) 

where, 

𝐾 =  
1+  2𝑐1 𝑎   𝑥 𝑎   2

1+  2𝑐2 𝑏   𝑦 𝑏   2         (3.20) 

and 𝐶𝑥 , 𝐶𝑦  and 𝐶𝑠  are coefficients determined by Alfred Parme (Billington, 1982), and are 

presented in Appendix IV. 

For a more detailed explanation, it is suggested that one should refer to (Billington, 1982). A 

worked example of both cases, hyperbolic paraboloid and elliptical paraboloid, is presented in 

Chapter 3.2.3 and 3.2.4 respectively with a brief explanation about their behavior, and 

comparison with homologous calculations through the finite element method.  

 

3.2.2. FEM analysis 

It is quite impractical or even unfeasible to obtain analytical solutions for all possible geometries 

of thin shells. The use of the numerical methods such as the Finite Element Method (FEM) is an 

alternative solution. Due to its widespread nature and common knowledge in the Civil 

Engineering community, no extensive formulations of the FEM will be presented herein. Instead, 

the general procedure will be explained giving emphasis to the peculiarities of the models created 

in the scope of the present dissertation.  
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To analyze a structure using FEM, the user must create a model which correctly describes the 

structural behavior. This translates into the creation of a geometric arrangement of elements and 

nodes, called a mesh (see Figure 3-6). There are several types of elements available for the 

creation of a mesh, but since the purpose is to study the behavior of a thin shell, only shell 

elements will be described. When using shell elements, each node in the element has six degrees 

of freedom; three translations and three rotations. The translational degrees of freedom are 

translational movements in the global X, Y and Z axes. The rotational degrees of freedom are 

global rotation around the X, Y and Z axes. In addition, similar to the analytical approach, shell 

elements have ten acting forces: two axial membrane forces, two shear membrane forces, two 

transversal shear forces, two bending moments and two twisting moments. However, in most 

cases the two shear forces and two twisting moments are assumed to be very similar and 

considered equal thus reducing the number of forces to eight. Shell elements can be composed by 

four or three nodes, which correspond to a quadrilateral and triangle finite element respectively 

(see Figure 3-6a and Figure 3-6b respectively). It is generally accepted that a quadratic mesh is 

more accurate in determining the actual behavior of a thin shell structure, and would 

consequently be the first choice for a finite element model. However, the irregular shapes of the 

shells also lead to a very irregular mesh when using quadratic points and for quadratic meshing to 

be accurate, it requires that the four points be co-planar (Brown, 2012). For a fast and reasonably 

accurate model, the use of a triangular mesh is also accepted. Regardless of the type of elements 

used, the larger the number, the more accurate the result are, unless there are so many elements 

that numerical errors build up (Williams C. , 2014). 

 

Figure 3-6 Example of Mesh with: a) quadratic elements; b) triangular elements. 
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In the majority of problems, the FEM uses the displacement approach which uses displacements 

as basic variables (Peerdeman, 2008). In this case, the FEM describes the displacement field in 

the nodes as the nodes represent points in which displacements and rotations occur. To determine 

the displacement field, the virtual work theorem is used. This theorem states that the work 

realized by the internal stresses in the virtual strain of the body must be equal to the work realized 

by the exterior loads in the virtual displacements of the body. Using this theorem in junction with 

constitutive relations, it is possible to determine the displacements in every node.  

To determine the value of a displacement at an arbitrary point, a shape function is introduced 

which describes a reasonable displacement path between the nodes. This shape function can be 

linear, quadratic or even cubic and represent a triangular element with three nodes, six nodes and 

seven nodes respectively. In Figure 3-7 a schematic representation of a linear shape functions is 

presented. Based on the displacement values obtained, it is then possible to obtain the respective 

acting forces in the structure.  

 

Figure 3-7 Shape functions(Azevedo, 2003). 

When using a FEM analysis resembling the one previously described, some assumptions have to 

be made. The first being that the stress normal to the middle surface is considered to be very 

small in comparison to the other stress components and is therefore neglected as in the analytical 

approach. In addition, all the points on a normal of the middle surface before deformation, remain 

normal of the middle surface after deformation (DIANA, 2014). 

To validate the use of the FEM, a comparison will be made with the analytical approach. Since 

the analytical techniques used by previous shell builders have proved to be capable of accurately 

predicting the structural behavior of thin shells in a safe manner, (Billington, 1982), if the results 

obtained by a commercial software capable of analyzing structure via the FEM are similar, it will 

be deemed suited for purpose. 
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3.2.3. Example and comparison with FEM - hyperboloid paraboloid case 

To create a hyperboloid paraboloid shell, equation 3.10 was used, with 𝑎 = 𝑏 = 15 and 𝑐1 = 2 

and 𝑐2 = 5 . Substituting the equation's variables by the corresponding values, the surface 

equation 3.10 becomes, 

𝑧 =
𝑦2

2

−
𝑥2

1

=
𝑦2

45
−

𝑥2

112,5
 

By varying both x and y from -15 meters to 15 meters, the surface represented in Figure 3-8 is 

obtained. 

 

Figure 3-8 Obtained hyperboloid paraboloid shell. 

Knowing the shell's geometry, it is now possible to determine the acting load on the structure 

which will consist of only the self-weight of the material. In this case, it is assumed that the shell 

is made entirely of concrete (self-weight of 25kN/m³) with a constant thickness of 15cm. This 

corresponds to a vertical load value of 3,75 kN/m². Assuming there is a full support at the base (at 

𝑥 = ±15𝑚) and that the entire load in the shell is carried by parabolas parallel to the XZ plane, 

the equations 3.14, 3.15 and 3.16 can be adjusted and used to determine the acting forces in the 

shell as follows, 

𝑁 𝑥 = −
𝑝 𝑧2

2
= −

3,75 × 45

2
= 84,375 𝑘𝑁/𝑚 

𝑁 𝑦 = 0 𝑘𝑁/𝑚   
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𝑁 𝑥𝑦 = 0 𝑘𝑁/𝑚 

The obtained values are based on the assumption that there is no appreciable stiffness along the 

edges (at 𝑦 = ±15𝑚 ). The concept of appreciable stiffness in the analyzed literature is 

ambiguous, and becomes unclear if a beam is needed on the edges or not. 

In order to perform a proper comparison with the results obtained through the FEM and analytical 

method, the exact same structure must be studied in both methods and to avoid doubts, two FEM 

models were created. The first FEM model is referred to as FEM 1 and represents a thin shell 

with the defined geometry without any beams on the edges as seen in Figure 3-9a). The second 

FEM model is referred to as FEM 2 and represents the same thin shell, but with beams on the 

edges as seen in Figure 3-9b). The beams are made of the same type of concrete as the remaining 

structure, with a rectangular section with a width of 0,3 meter and a height of 1,0 meter. In 

addition, the beams are placed so that only the upper flange is attached to the shell surface in 

order to increase the stiffness. 

The FEM models created, use shell elements to represent the shell geometry and bar elements to 

represent the beams on the edges. The shell elements used are only composed of triangular 

components, all with a size of 0,5 meter and use linear shape functions. Lastly, since no bending 

moments are expected to occur, the supports in the lower edges were represented as pinned 

supports. For more details about the created models one should refer to Appendix V.  

 

Figure 3-9 Representation of: a) FEM 1 model; b) FEM 2 model. 

After validating the models' geometry, calculations according to the finite element method were 

performed and their results evaluated. In Figure 3-10 and Figure 3-11 a comparison between the 

membrane forces in the x and y direction of the structure represented by the FEM 1 model and 
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FEM 2 model respectively, are presented. For the complete results of the FEM analysis one 

should refer to Appendix V. 

 

Figure 3-10 FEM 1's map of membrane forces in: a) x-direction; b) y-direction. Units in 

kN/m. 

 

Figure 3-11 FEM 2's map of membrane forces in: a) x-direction; b) y-direction. Units in 

kN/m. 

By analyzing the results presented in both figures, a difference between the finite element method 

and the analytical method becomes evident: the analytical solution only provides a constant force 

value, whereas the FEM solution provides variable force values in both directions. Due to this 
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fact, in order to perform a sound comparison between both methods (analytical and FEM), only 

the values that "overlap" some specific zones will be analyzed. These zones can be seen in Figure 

3-12 and are represented by a red line (Direction A) and a green line (Direction B). It is important 

to notice that due the symmetry of the structure and the results obtained, only half the structure 

will be analyzed.  

 

Figure 3-12 Representation of the "Direction A" line and "Direction B" line. 

The first comparison corresponds to the membrane forces in the x-direction that "overlap" the 

Direction A line (seen in Figure 3-13), where it is visible that for the most part, the results 

obtained between both methods are similar. By comparing the results obtained by the FEM 1 

model and the FEM 2 model, it is evident that the results obtained by the second model are more 

in line with the predicted by the analytical, especially in the central zone of the structure (at 

𝑥 = 0𝑚). However, both models present slightly different values in the zone corresponding to the 

supports (at 𝑥 = 15𝑚). This zone, according to the maps of bending moments presented in 

Appendix V, corresponds to the zone where bending moments arise. The membrane theory does 

not take this into account, and thus, some differences are expected between the results. In 

addition, when creating the finite element models, the geometry is not a continuous surface but 

rather, a set of linear pieces and thus bending moments arise in the areas of discontinuity which 

will lead to small differences in results.  
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Figure 3-13 Membrane forces in the x-direction that "overlap" the Direction A line. 

In Figure 3-14 a comparison between the results obtained in both methods for the membrane 

forces in the y-direction for the Direction A line is presented. Similar to the previous case, the 

FEM 2 model presents results similar to the analytical approach in the central zone whereas the 

FEM 1 model differs slightly. However, in this case, the results obtained by both models are 

significantly different than the analytical solution in the zone near the supports (at 𝑥 = 13𝑚). 

The discrepancy between the two is most likely because the analytical approach assumes that the 

structure will act like a barrel arch, where the parabolas parallel to XZ plane carries the load to 

the supports (Billington, 1982). However, this is not the case in the FEM models as can be seen 

in the cross representations of stresses presented in the Appendix V, where it is visible that near 

the supports some tensile stresses in the direction parallel to YZ planes appear. In addition, the 

previously mentioned bending moments occur in the same zone which influences the result.   

 

Figure 3-14 Membrane forces in the y-direction that "overlap" the Direction A line. 
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In Figure 3-15 and Figure 3-16 a comparison between the results obtained for the membrane 

forces in the x and y direction respectively that "overlap" the Direction B line is presented, and it 

is visible that the results obtained for both membrane forces are very similar between both 

methods. The small differences can be explained by the motives previously mentioned, and 

because of the fact that in the analytical approach, the load representing the dead-weight was 

considered projected onto a horizontal plane, therefore in the areas in which the parabola rises, 

the approximation is not accurate.  

 

Figure 3-15 Membrane forces in the x-direction that "overlap" the Direction B line. 

 

Figure 3-16 Membrane forces in the y-direction that "overlap" the Direction B line. 

By comparing the results obtained by the FEM 2 model and the FEM 1 model, it is clear that the 

FEM 2 model always provides results more similar to those predicted by the analytical procedure.  

-120.00

-100.00

-80.00

-60.00

-40.00

-20.00

0.00

0 2 4 6 8 10 12 14 16

N
xx

 (k
N

/m
)

y-direction (meters)

FEM 1

FEM 2

An.

-60.00

-40.00

-20.00

0.00

20.00

40.00

60.00

0 2 4 6 8 10 12 14 16N
yy

 (k
N

/m
)

y-direction (meters)

FEM 1

FEM 2

An.



55 

 

It can be concluded that the analytical solution assumes that there is at least some kind of 

stiffness in the edges in order to be properly implemented. Nevertheless, the finite element 

method proved to be capable of predicting the values of the acting forces in the structure with 

decent accuracy in zones where only membrane forces occur. In zones where bending moments 

arise, the discrepancies are more noticeable. The fact that the finite element method takes into 

account the bending moments, can be seen as an added value of the method, since in theory, more 

accurate results are being obtained.  

 

3.2.4. Example and comparison with FEM - elliptical paraboloid case 

To create an elliptical paraboloid shell equation 3.16 was used, with 𝑎 = 𝑏 = 15 and 𝑐1 = 5 and 

𝑐2 = 5. Substituting the equation's variables by the corresponding values, the surface equation 

3.16 becomes,  

𝑧 =
𝑦2

2

+
𝑥2

1

=
𝑦2

45
+

𝑥2

45
 

By varying both x and y from -15 meters to 15 meters, the surface represented in Figure 3-17 is 

obtained. 

 

Figure 3-17 Obtained elliptical paraboloid shell. 

Knowing the shell's geometry, it is now possible to determine the acting load on the structure 

which will consist of only the self-weight of the material. In this case, it is assumed that the shell 

is made entirely of concrete (self-weight of 25kN/m³) with a constant thickness of 15cm. This 
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corresponds to a vertical load value of 3,75 kN/m². Based on these parameters and using the 

equations 3.17, 3.18, 3.19 and 3.20 in junction with the table from the Appendix IV in the case 

where c1/c2=1, the acting forces in the structure were obtained and are presented in Table 3-1. 

Table 3-1 Acting forces on the elliptical paraboloid shell. 

Value of y (m) 

x (m) 
Force Resultants 

(kN/m) 
0.00 3.75 7.50 11.25 15.00 

0.00 

Nxx -42.188 -38.784 -29.136 -15.244 0.000 

Nyy -42.188 -45.678 -56.565 -75.279 -101.406 

Nxy 0.000 0.000 0.000 0.000 0.000 

3.75 

Nxx -45.678 -42.188 -32.297 -16.985 0.000 

Nyy -38.784 -42.188 -52.813 -72.393 -100.026 

Nxy 0.000 -4.388 -11.475 -16.200 -18.225 

7.50 

Nxx -56.565 -52.813 -42.188 -23.865 0.000 

Nyy -29.136 -32.297 -42.188 -62.645 -96.202 

Nxy 0.000 -11.475 -23.625 -35.438 -41.175 

11.25 

Nxx -75.279 -72.393 -62.645 -42.188 0.000 

Nyy -15.244 -16.985 -23.865 -42.188 -90.700 

Nxy 0.000 -16.200 -35.438 -60.075 -78.469 

15.00 

Nxx -101.406 -100.026 -96.202 -90.700 0.000 

Nyy 0.000 0.000 0.000 0.000 0.000 

Nxy 0.000 -18.225 -41.006 -78.469 ∞ 

 

In order to perform a proper comparison with the results obtained through the FEM and analytical 

method, a FEM model was created with the exact same geometry. The created FEM model is 

referred to as FEM 3 and is composed of only triangular finite elements with three nodes and 

with an element size of 0,5 meter. For the supports conditions, since no bending moments are 

expected, pinned supports were considered in the four corners of the shell as presented in Figure 

3-18. For more details about the created model one should refer Appendix VI. 
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Figure 3-18 Representation of the FEM 3 model. 

After validating the model's geometry, calculations according to the finite element method were 

performed and their results evaluated. In Figure 3-19 a comparison between the membrane forces 

in the x-direction and the membrane forces in the y-direction is presented. It is noticeable that 

some of the obtained results in the support zones are too high, which is mostly because the 

created supports are not adequate for the created structure. For a proper structural design it would 

be necessary to be more careful when creating the finite e lement model, but in this case it is only 

intended to analyze the values that "overlap" the "Direction A" and "Direction B" lines (seen in 

Figure 3-19), thus the created model is accurate enough. For the complete results of the FEM 

analysis the reader is directed to Appendix VI. 

 

Figure 3-19 FEM 3's map of membrane forces  in the: a) x-direction; b) y-direction. Units 

in kN/m. 

The first comparison corresponds to the membrane forces in the x-direction that "overlap" the 

Direction A line and is presented in Figure 3-20. Similar to the previous case (hyperboloid 
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paraboloid), the results obtained by the finite element method analysis are very similar to the 

predicted by the membrane theory. The small differences in the structure's central zone can be 

explained by the same reasons as the previous example: project load onto a horizontal plane and 

the curvature represented by linear pieces. Due to the symmetric conditions of the structure, the 

same results were obtained in the membrane forces in the y-direction that "overlap" the Direction 

B line, as can be seen in Figure 3-21.  

 

Figure 3-20 Membrane forces in the x-direction that "overlap" the Direction A line. 

 

Figure 3-21 Membrane forces in the y-direction that "overlap" the Direction B line. 
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presented. In this situation, the results obtained through the finite element method provide similar 

results to the analytical approach, until it approaches the edge of the shell (at 𝑥 = 12𝑚), where 

the obtained values are significantly inferior when compared to those predicted by the analytical 

method. These differences are not due to an error in the finite element models, but due to a 
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simplification in the membrane theory which was a known inaccuracy. According to (Billington, 

1982), no forces normal to the edges are allowed and all the loads carried along the free edges are 

by membrane shear forces down to the corner supports, yet, the analytical solutions provides 

values for the normal forces in the free edges. The finite element method however, provides 

results similar to the described and expected by Billington, and can be seen by the cross 

representation of the stresses and the resulting maps of shear membrane forces presented in 

Appendix VI. Also in the same Appendix is present the maps of bending moments where it is 

visible that some moments arise near the free edges which may explain some of the discrepancies 

in these zones, since the membrane theory does not take this into account. Due to the symmetric 

conditions of the structure, the same results were obtained in the membrane forces in the x-

direction that "overlap" the Direction B line as can be seen in Figure 3-23.  

 

Figure 3-22 Membrane forces in the y-direction that "overlap" the Direction A line. 

 

Figure 3-23 Membrane forces in the x-direction that "overlap" the Direction B line. 
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Based on the obtained results for both structures, it is safe to say that the finite element method 

applied in thin concrete shells is capable of providing accurate results and it is even in some 

scenarios a more accurate approach when compared with the membrane theory.  

In order to obtain a truly precise solution by using analytical methods, a more complex a nd 

general theory must be considered. This is called the bending theory and has the particularity of 

not neglecting any acting force (Billington, 1982). However, it is oftentimes deemed as overly 

complex for the needs of the designer and the same results can be obtained with the use of 

numerical methods as was demonstrated. In conclusion, with today computing power, the use of 

the finite element method to analyze thin shell structures is a more desirable tool.  

 

3.3. Reinforcement for the thin shell and permissible compressive force 

In the thin concrete shells intended to obtain, the value of the reinforcement is diminished. This is 

due to the fact that usually only pure membrane compression occurs and even if tensile forces 

exist, in most cases the minimum reinforcement required according to the normative documents 

is enough to resist the acting forces. In the cases where tensile forces are high, there is always the 

possibility of implementing beams acting like a rib in thin concrete shells in order to resist the 

tensile forces, to avoid cracking in the membrane itself. Nevertheless, it is always necessary to 

assess the safety of the structure, and in this section a methodology will be presented to assess the 

safety of a thin shell in a conservative manner.  

Assessing the safety of a thin concrete shell consists in assuring if the reinforcement is capable of 

resisting the resulting tensile forces, as well as verifying if the maximum compressive forces 

acting in the concrete are inferior to the maximum allowed, meaning that the acting internal 

forces must be first quantified. According to the Appendix LL from the (EN 1992-2, 2005), a 

shell element is in most cases subject to eight internal forces, 

1. Two axial membrane forces - 𝑛𝐸𝑑𝑥 , 𝑛𝐸𝑑𝑦  and one shear membrane force 𝑛𝐸𝑑𝑥𝑦 = 𝑛𝐸𝑑𝑦𝑥  

2. Two bending moments - 𝑚𝐸𝑑𝑥 , 𝑚𝐸𝑑𝑦  and one twisting moment 𝑚𝐸𝑑𝑥𝑦 = 𝑛𝐸𝑑𝑦𝑥  

3. Two transversal shear forces - 𝑉𝐸𝑑𝑥  and 𝑉𝐸𝑑𝑥  
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The first step in the verification is to establish whether the shell element is cracked or not. If it is 

concluded that in Ultimate Limit State (defined according to (EN 1990, 2001)), the element of 

reinforced concrete is foreseeably uncracked, the only verification necessary is the confirmation 

that the principal stresses are below the design's compressive strength (apart from buckling 

considerations). However, the presented solution has the intent of being conservative, and thus,  

the concrete will always be considered as cracked, since it is the worst case scenario. In this case, 

a sandwich type model should be used to determine the acting forces as recommended by (EN 

1992-2, 2005). When using this model, three distinct layers are proposed: a superior layer (𝑡𝑠), 

an inner layer (𝑡𝑐),  and an inferior layer (𝑡𝑖), as seen in Figure 3-24. The two outer layers resist 

the membrane action from 𝑛𝐸𝑑𝑥 , 𝑛𝐸𝑑𝑦 , 𝑛𝐸𝑑𝑥𝑦 , 𝑚𝐸𝑑𝑥 , 𝑚𝐸𝑑𝑦  and 𝑚𝐸𝑑𝑥𝑦 , while the inner layer 

carries the shear forces from 𝑉𝐸𝑑𝑥  and 𝑉𝐸𝑑𝑦 .  

 

Figure 3-24 Sandwich model layers (Cardoso, 2008). 

Assuming that the distance between the reinforcement center of gravity and the surface of the 

element is represented by 𝑎𝑠 and 𝑎𝑖 , for the superior and the inferior reinforcement respectively, 

and the thickness of the element is given by , the thickness of the layers is given by,  

𝑡𝑠 = 𝑚𝑖𝑛  2 × 𝑎𝑠; 2 ×  


2
−𝑎𝑠       (3.21) 

𝑡𝑖 = 𝑚𝑖𝑛  2 × 𝑎𝑖 ; 2 ×  


2
− 𝑎𝑖       (3.22) 

𝑡𝑐 =  − 𝑡𝑠 − 𝑡𝑖      (3.23) 
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After the definition of the thickness of the layers, it is still necessary to determine additional 

terms before determining the acting forces in each layer. In Figure 3-25 and Figure 3-26 a 

schematic representation of these terms as well as the expected acting forces in the respective 

layers is presented. The terms 𝑦𝑥𝑠 , 𝑦𝑥𝑖 ,  𝑦𝑦𝑠  and 𝑦𝑦𝑖  correspond to the distances between the 

reinforcement center of gravity and the element mid-plane in the direction x and y, in relation to 

bending and axial membrane forces, in which the indexes s and i refer to the superior and the 

inferior layer respectively. The terms 𝑦𝑦𝑥𝑠 , 𝑦𝑦𝑥𝑖 ,  𝑦𝑥𝑦𝑠  and 𝑦𝑥𝑦𝑖  correspond to the distances 

between the reinforcement center of gravity and the element mid-plane in the direction x and y, in 

relation to torque moment and shear membrane forces, in which the indexes s and i also refer to 

the superior and the inferior layer respectively. The 𝑧𝑥  and 𝑍𝑦  terms are the lever arms for 

bending moments and membrane axial forces, and can be obtained by the following equations, 

𝑧𝑥 = 𝑦𝑥𝑠 + 𝑦𝑥𝑖       (3.24) 

𝑍𝑦 = 𝑦𝑦𝑠 + 𝑦𝑦𝑖       (3.25) 

The 𝑧𝑥𝑦  and 𝑍𝑥𝑦  terms correspond to the lever arms for torque moment and shear membrane 

forces, and can be obtained by the following equations, 

𝑧𝑥𝑦 = 𝑦𝑦𝑥𝑠 + 𝑦𝑦𝑥𝑖       (3.26) 

𝑍𝑦𝑥 = 𝑦𝑥𝑦𝑠 + 𝑦𝑥𝑦𝑖       (3.27) 

 

Figure 3-25 Axial actions and bending moments in the outer layer (EN 1992-2, 2005). 
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Figure 3-26 Membrane shear actions and twisting moments in the outer layer (EN 1992-2, 

2005). 

After identifying all the previous terms, it is possible to determine the values of the forces that act 

in the outer layers. However, it is necessary to determine if the transversal shear forces will be 

considered as part of acting forces in the these layers. In the proposed resolution it is assumed 

that there is no need for specific reinforcement to withstand 𝑉𝐸𝑑𝑥  and 𝑉𝐸𝑑𝑦 . This means the inner 

layer can resist the transversal shear action with only concrete thus, these forces do not act on the 

outer layers. According to (EN 1992-1-1, 2004), in order to assume the previous idea, the 

following inequality must first be verified, 

𝑉𝐸𝑑0 ≤ 𝑉𝑅𝑑        (3.28) 

where 𝑉𝐸𝑑0  is the acting load and according to (EN 1992-2, 2005) can be obtained through the 

use of the following equations, 

𝑡𝑎𝑛 𝜑0 =
𝑉𝐸𝑑𝑥

𝑉𝐸𝑑𝑦
      (3.29) 

𝑉𝐸𝑑0 = 𝑉𝐸𝑑𝑥 . cos 𝜑0 + 𝑉𝐸𝑑𝑦 sin 𝜑0     (3.30) 

In addition, 𝑉𝑅𝑑  is the resistance of the concrete element and according to Section 6.2 of the (EN 

1992-1-1, 2004) can be obtained with the following equation, 
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VRd = VRd ,c =  CRd ,c . k.  100ρl . fck  
1

3 + k1.σcp  . bw .d ≥ 

 0,035k
3

2 . fck

1
2 + +k1. σcp  . bw .d   (3.31) 

where, 

𝐶𝑅𝑑 ,𝑐 =
0,18

𝛾𝑐
 with 𝛾𝑐 = 1,5      (3.32) 

𝜌𝑙 = 𝜌𝑥 . cos2 𝜑0 + 𝜌𝑦 . sin2 𝜑0 ≤ 0,02     (3.33) 

𝜌𝑥 =

𝐴𝑠𝑥
𝑠𝑥

𝑑
       (3.34) 

𝜌𝑥 =

𝐴𝑠𝑦

𝑠𝑦

𝑑
       (3.35) 

𝑘 = 1 +  
200

𝑑
≤ 2,0 with d in millimeters     (3.36) 

𝜎𝑐𝑝 =
𝑁𝐸𝑑

𝐴𝑐
≤ 0,2. 𝑓𝑐𝑑              (3.37) 

with 𝑘1 = 0,15, 𝑏𝑤 = 1,0 𝑚 and, 

 𝑓𝑐𝑘  is the concrete characteristic compressive strength 

 𝑓𝑐𝑑  is the design value of the concrete compressive strength 

 𝑑 ≈ 𝑧𝑥 ≈ 𝑧𝑦  is the distance between the centers of gravity of the superior reinforcement 

and the inferior reinforcement 

 
𝐴𝑠𝑥

𝑠𝑥
 and 

𝐴𝑠𝑦

𝑠𝑦
 represent the reinforcement in the x and y direction respectively 

After ensuring that there is no need to use specific reinforcement to withstand the transversal 

shear forces, it is possible to determine the values of the membrane actions in the outer layers 

without the influence of the transversal shear forces. This requires, first of all, quantifying the 

contribution of 𝑛𝐸𝑑𝑥 , 𝑛𝐸𝑑𝑦 , and 𝑛𝐸𝑑𝑥𝑦  (which is equal to 𝑛𝐸𝑑𝑦𝑥 ) in each layer. The distribution is 

based on the following condition: each outer layer withstands the stress existing between the 

middle shell surface and the corresponding outer layer's surface (Cardoso, 2008). The bending 
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moments 𝑚𝐸𝑑𝑥  and 𝑚𝐸𝑑𝑦 , and the twisting moment 𝑚𝐸𝑑𝑥𝑦  (which is equal to 𝑚𝐸𝑑𝑦𝑥 ) also 

contribute to the membrane action and they are converted to tensile and compressive forces, 

statically equivalent, applied to the outer layers. According to (EN 1992-2, 2005), this translates 

into, 

𝑛𝐸𝑑𝑥𝑠 = 𝑛𝐸𝑑𝑥 .
𝑧𝑥−𝑦𝑥𝑠

𝑧𝑥
+

𝑚𝐸𝑑𝑥

𝑧𝑥
      (3.38) 

𝑛𝐸𝑑𝑥𝑖 = 𝑛𝐸𝑑𝑥 .
𝑧𝑥−𝑦𝑥𝑖

𝑧𝑥
−

𝑚𝐸𝑑𝑥

𝑧𝑥
     (3.39) 

𝑛𝐸𝑑𝑦𝑠 = 𝑛𝐸𝑑𝑦 .
𝑧𝑦−𝑦𝑦𝑠

𝑧𝑦
+

𝑚𝐸𝑑𝑦

𝑧𝑦
      (3.40) 

𝑛𝐸𝑑𝑦𝑖 = 𝑛𝐸𝑑𝑦 .
𝑧𝑦−𝑦𝑦𝑖

𝑧𝑦
−

𝑚𝐸𝑑𝑦

𝑧𝑦
      (3.41) 

𝑛𝐸𝑑𝑥𝑦𝑠 = 𝑛𝐸𝑑𝑦𝑥𝑠 = 𝑛𝐸𝑑𝑥𝑦 .
𝑧𝑥𝑦−𝑦𝑥𝑦𝑠

𝑧𝑥𝑦
−

𝑚𝐸𝑑𝑥𝑦

𝑧𝑥𝑦
     (3.42) 

𝑛𝐸𝑑𝑥𝑦𝑖 = 𝑛𝐸𝑑𝑦𝑥𝑖 = 𝑛𝐸𝑑𝑥𝑦 .
𝑧𝑥𝑦 −𝑦𝑥𝑦𝑖

𝑧𝑥𝑦
+

𝑚𝐸𝑑𝑥𝑦

𝑧𝑥𝑦
     (3.43) 

After knowing all the acting forces in the outer layers it is now possible to assess the safety by 

resorting to a strut and tie type model (Cardoso, 2008). According to Section 5.6.4 of the (EN 

1992-1-1, 2004), a strut and tie model can be used in cases where a linear distribution of 

displacement exists in the section, as is the case of plane displacement.  

When using a model of this type, the ties from the strut and tie model represent the reinforcement 

which should coincide, in position and direction, with the corresponding reinforcements, and the 

struts represent compression fields as seen in Figure 3-27. In this case, the slope of the field of 

compression relative to the x axis, represented by 𝜃, is admitted to be equal to 45º which is 

considered the slope capable of obtaining the optimum reinforcement according to Annex F of 

(EN 1992-2, 2005).  

In this scenario, the safety is guaranteed if the reinforcements (represented by ties) are able to 

withstand the resulting tensile forces and if the maximum compressions generated in the concrete 

(represented by struts) are inferior to the permissible value. 
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Figure 3-27 Schematic representation of a strut and tie model. 

Using this model, four types of scenarios can be identified (EN 1992-2, 2005). These scenarios 

correspond to four different zones within a shell element and they are: 

 Zone 1 - both 𝐹𝑥  and 𝐹𝑦  are tensile forces, therefore reinforcement is needed in both 

directions 

 Zone 2 - only 𝐹𝑦  is a tensile force, therefore reinforcement is needed only in the y 

direction 

 Zone 3 - only 𝐹𝑥  is a tensile force, therefore reinforcement is needed only in the x 

direction 

 Zone 4 - both 𝐹𝑥 and 𝐹𝑦  are compressive forces, therefore no reinforcement is needed.  

The process to determine these zones is presented in Annex F of the (EN 1992-2, 2005). The 

summarized procedure to determine the zones for the superior layer will be presented, as well as, 

the expressions to determine the acting forces. The complete explanation of how to attain these 

expressions will be a lengthy process and out of the scope of this dissertation, so they will not be 

presented since an extensive work already has been done by (Cardoso, 2008). The exact same 

procedure should be applied for the inferior layer. 
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If 𝑛𝐸𝑑𝑥𝑠 ≥ − 𝑛𝐸𝑑𝑥𝑦𝑠   and 𝑛𝐸𝑑𝑦𝑠 ≥ − 𝑛𝐸𝑑𝑥𝑦𝑠   the zone is considered type 1 and the resulting 

forces are obtained according to, 

𝐹𝑥𝑠 = 𝑛𝐸𝑑𝑥𝑠 +  𝑛𝐸𝑑𝑥𝑦𝑠       (3.44) 

𝐹𝑦𝑠 = 𝑛𝐸𝑑𝑦𝑠 +  𝑛𝐸𝑑𝑥𝑦𝑠       (3.45) 

𝐹𝑐𝑠 = 2.  𝑛𝐸𝑑𝑥𝑦𝑠        (3.46) 

If 𝑛𝐸𝑑𝑥𝑠 ≤ − 𝑛𝐸𝑑𝑥𝑦𝑠   and 𝑛𝐸𝑑𝑦𝑠 ≥
 𝑛𝐸𝑑𝑥𝑦𝑠  

2

𝑛𝐸𝑑𝑥𝑠
 the zone is considered type 2 and the resulting forces 

are obtained according to, 

𝐹𝑥𝑠 = 0      (3.47) 

𝐹𝑦𝑠 = 𝑛𝐸𝑑𝑦𝑠 −
𝑛𝐸𝑑𝑥𝑦𝑠

2

𝑛𝐸𝑑𝑥𝑠
     (3.48) 

𝐹𝑐𝑠 = − 𝑛𝐸𝑑𝑥𝑠 +
𝑛𝐸𝑑𝑥𝑦𝑠

2

𝑛𝐸𝑑𝑥𝑠
      (3.49) 

If 𝑛𝐸𝑑𝑥𝑠 ≥
 𝑛𝐸𝑑𝑥𝑦𝑠  

2

𝑛𝐸𝑑𝑦𝑠
 and 𝑛𝐸𝑑𝑦𝑠 ≤ − 𝑛𝐸𝑑𝑥𝑦𝑠   the zone is considered type 3 and the resulting forces 

are obtained according to, 

𝐹𝑥𝑠 = 𝑛𝐸𝑑𝑥𝑠 −
𝑛𝐸𝑑𝑥𝑦𝑠

2

𝑛𝐸𝑑𝑦𝑠
     (3.50) 

𝐹𝑦𝑠 = 0      (3.51) 

𝐹𝑐𝑠 = − 𝑛𝐸𝑑𝑦𝑠 +
𝑛𝐸𝑑𝑥𝑦𝑠

2

𝑛𝐸𝑑𝑦𝑠
      (3.52) 

In the remaining cases the zone is considered type 4, and the resulting forces are obtained 

according to, 

𝐹𝑥𝑠 = 0      (3.53) 

𝐹𝑦𝑠 = 0      (3.54) 
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In the case of a Zone 4, both the acting forces are compressive. With the aid of a Mohr's Circle 

graph as seen in Figure 3-28, the values of the forces are possible to obtain (Cardoso, 2008). 

 

Figure 3-28 Mohr's Circle for the biaxial compression state (compressions assumed as 

positive) (Cardoso, 2008). 

Based on the Mohr's graph, the maximum compressive force in the concrete ( 𝑛𝐼 ) and the 

minimum compressive force in the concrete (𝑛𝐼 ) can be obtained by, 

𝐹𝑐𝑠 = 𝑛𝐼 = −  
 𝑛𝐸𝑑𝑥 +𝑛𝐸𝑑𝑦  

2
−  𝑛𝐸𝑑𝑥 −𝑛𝐸𝑑𝑦  

2

4
+ 𝑛𝐸𝑑𝑥𝑦

2    (3.55) 

𝑛𝐼𝐼 = −  
 𝑛𝐸𝑑𝑥 +𝑛𝐸𝑑𝑦  

2
−   𝑛𝐸𝑑𝑥 −𝑛𝐸𝑑𝑦  

2

4
+ 𝑛𝐸𝑑𝑥𝑦

2            (3.56) 

After calculating all the acting forces, the safety can be determined. If the acting forces are 

inferior to the permissible forces, then safety is assured.  

According to Section 6.109 of the (EN 1992-2, 2005), when both principal stresses acting in an 

element are compressive (as in Zone 4), the maximum compression in the concrete must be less 

than 𝐹𝑐𝑑𝑠 ,𝑚á𝑥  and is given by, 

𝐹𝑐𝑑𝑠 ,𝑚á𝑥 =  0.85.𝑓𝑐𝑑 .
1+3,80.∝

 1+∝ 2  . 𝑡𝑠          (3.57) 

with, 

∝=
𝑛𝐼𝐼

𝑛𝐼
≤ 1,0       (3.58) 
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When at least one principal stress is tensile (zone 1,2 and 3) and no reinforcements yields, the 

maximum admissible compression force in the concrete, according to Section 6.109 of (EN 1992-

2, 2005), is given by, 

𝐹𝑐𝑑𝑠 ,𝑚á𝑥 = 𝑓𝑐𝑑 . 0,85 −
𝜎𝑠

𝑓𝑦𝑑
.  0,85 −𝑣  . 𝑡𝑠   (3.59) 

with, 

𝑣 = 0,6.  1 −
𝑓𝑐𝑘

250
       (3.60) 

In order to be conservative, the stress in the reinforcement (𝜎𝑠 ) will always be assumed the same 

as the reinforcement design yield strength (𝑓𝑦𝑑 ), thus equation 3.59 can be rewritten as, 

𝐹𝑐𝑑𝑠 ,𝑚á𝑥 = 𝑓𝑐𝑑 . 0,85 −  0,85 − 0,6. 1 −
𝑓𝑐𝑘

250
   . 𝑡𝑠   (3.61) 

A similar process is performed for the tensile forces. After knowing the existing tensile forces, it 

is possible to determine the necessary reinforcement per unit length in order to assure safety. 

Assuming the reinforcement is capable by itself to withstand the tensile forces, the following 

expressions can be used,  

𝐴𝑠𝑥 ,𝑠

𝑠𝑥
=

𝐹𝑥𝑠

𝐹𝑠𝑦𝑑
        (3.62) 

𝐴𝑠𝑦 ,𝑠

𝑠𝑦
=

𝐹𝑦𝑠

𝐹𝑠𝑦𝑑
         (3.63) 

where, 𝑠𝑥  and 𝑠𝑦  represent the spacing between reinforcement bars in the x and y direction 

respectively. 

In most cases, if the thin shell geometry was chosen carefully, there should not be tensile forces 

or only exist small tensile forces, however,  there is always the need of minimum reinforcement in 

both directions, as in accordance with Section 9.3 of the (EN 1992-1-1, 2004). The value of this 

reinforcement can be obtained by the following equation,  

 
𝐴𝑠 ,𝑚𝑖𝑛

𝑠
 = 0,26.𝑑.

𝑓𝑐𝑡𝑚

𝑓𝑦𝑘
     (3.64) 
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where, 

 𝑓𝑐𝑡𝑚  is the concrete mean axial tensile strength 

 𝑓𝑦𝑘  is the reinforcement steel characteristic yield strength 

Theoretically, it would be favorable to arrange the main reinforcements in the tensile directions, 

however this procedure would be impractical since the tensile directions vary along the shell's 

geometry. It is acceptable to solve the problem by adopting reinforcement in only two orthogonal 

directions. In addition, due to the inconsistency of the values and signs of the bending moments 

acting on a shell surface, it is recommended that even when only reinforcement in one direction is 

needed, the same quantity should be adopted in the opposite direction according to (ACI 

Comittee 334, 1997). 

The methodology presented should only be used to assess if the minimum reinforcement 

recommended by the normative documents is enough to withstand the tensile forces and if the 

acting compressive forces are inferior to the admissible compressive forces. If the minimum 

reinforcement is not enough to withstand the acting forces, an increase in the reinforcement 

quantities is not recommended. Thin concrete shells are highly dependent on their stability and 

even the smallest tensile stresses may compromise this factor which may lead to structural failure 

even with large quantities of reinforcement. It should always be opted to change the geometry of 

the structure until negligible tensile forces exist in the entirety of the structure.     

 

3.4. Buckling safety assessment  

The concept of buckling in concrete shells can be explained with the aid of an example provided 

by Ventsel and Krauthammer (2001) which is based on the consideration of an ideal elastic thin 

plate, assumed to be perfectly flat and subject only to membrane forces (see Figure 3-29a). In this 

scenario, the deformations of the shell are solely caused by axial stresses (i.e. absence of 

deflections bending/twisting moments, as well as transverse shear forces). This condition is 

referred to as initial configuration of equilibrium and can be deemed as stable. Even if the plate is 

displaced from this equilibrium state by a small lateral load (see Figure 3-29b), the deflected 

plate will tend to come back to its initial, flat configuration when the load is removed. If the plate 
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tends to exhibit increasing displacements caused by second order effects, it is considered as 

unstable (Ventsel & Krauthammer, 2001). The transition of the plate from the stable state of 

equilibrium to the unstable one is referred to as buckling or structural instability. Buckling occurs 

because the deformation that takes place in the plate causes the previously in-plane membrane 

forces to become out-of-plane, thus generating a second order effect causing bending moments to 

arise in the structure. The introduction of bending moments will reduce the bearing capacity of 

the structure which will collapse without reaching the material bearing capacity.  

 

Figure 3-29 Thin plate: a) at initial configuration with only membrane forces; b) with 

lateral load applied; c) at displaced position due to lateral load.  

Certain parameters exist which qualitatively indicate the tendency towards structure failure due to 

strength problems or due to buckling problems as (Ramm, 1987) summarized in Figure 3-30. If 

the structure is characterized by more parameters of the left side of the figure, the tendency is  for 

structural failure to occur due to buckling, on the other hand if it is characterized by more 

parameters of the right side, the failure is most likely due to strength problems. Many practical 

cases are located in the intermediate range where both effects influence each other, however in 

the case of thin concrete shells the buckling phenomenon is most often, the most restrictive and 

therefore a careful study of this phenomenon must be performed (Ramm, 1987) 

 

Figure 3-30 Buckling versus Strength (Ramm, 1987). 
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The load value/condition that induces the structural instability can be determined, for example, by 

the equilibrium method or the energy method. The details about these methods are outside of the 

scope of this dissertation and will not be presented. For more details about them one should refer 

to (Ventsel & Krauthammer, 2001). It is important to note however, that several solutions are 

obtained when using these methods which correspond to different types of buckling states. The 

lowest value obtained corresponds to the smallest load capable of inducing buckling (or mode 1) 

and is named the linear critical load (Reis & Camotim, 2000).  

In order to evaluate the safety of a shell, the normative documents should be followed. However, 

the European standards (EN 1992-1-1, 2004) and (EN 1992-2, 2005) do not have any particular 

considerations about the buckling phenomenon in shells, therefore the safety assessment due to 

the instability should be studied/analyzed according to other regulatory documents such as (ACI 

Comittee 318, 1984), (ACI Comittee 334, 1997) and (IASS, 1979). According to these 

documents, a thin shell structure can be deemed as safe if the ratio between the load that causes 

buckling and the acting load is superior to a threshold value, the safety factor. However, 

according to the (IASS, 1979), the load value that induces instability is greatly affected by the 

post-buckling behavior of the shell and is not equal to the previously mentioned critical load.  

The post-buckling behavior can either be restrictive or not, and can only be properly predicted by 

performing a non- linear analysis. Nevertheless, it is accepted that when both principal membrane 

forces are compressive, they tend to increase with the deformation of the shell, which in turn 

leads to a restrictive post-buckling behavior (Mekjavic, 2011). In the type of shells intended to 

obtain, only compressive forces are expected to be acting, and as such, a conservative posture 

will be assumed, and the post-buckling behavior will always be considered as restrictive. 

Consequently, this is the only situation that is further addressed in this dissertation. In this 

situation, the linear critical load (𝑝𝑐𝑟
𝑙𝑖𝑛 ) must be reduced by a certain number of factors to reduce 

the value of the load and increase the safety factor (IASS, 1979). The process of determining 

these factors and the subsequent reduction of the critical linear load can be summarized in a six 

step procedure. A schematic representation of the steps is presented in Figure 3-31 and the 

description of the steps is as follows: 
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Figure 3-31 Reduction of the buckling critical load according to the IASS (Ramm, 1981). 

1. The first step consists in determining the initial value of the linear critical load (𝑝𝑐𝑟
𝑙𝑖𝑛 ), 

preferably by a FEM linear elastic analysis (IASS, 1979). The linear critical load value 

depends on the parameters presented in Figure 3-30, as well as the thickness of the shell, 

the material stiffness, the number of layers of reinforcement and reinforcement ratio 

(Ramm, 1987). 

2. The second step consists in reducing the value of the linear critical load (𝑝𝑐𝑟
𝑙𝑖𝑛 ) due to 

creep effects. This can be estimated dividing 𝑝𝑐𝑟
𝑙𝑖𝑛  by a factor (1 + 𝐶𝑢 ) where 𝐶𝑢 = 4 −

2 × log 𝑓𝑐𝑘 ,𝑒𝑓𝑓  and 𝑓𝑐𝑘 ,𝑒𝑓𝑓  is the characteristic compressive strength of a concrete cylinder 

when the load is applied in MPa. The reduced value is represented by 𝑝𝑐𝑟
𝑙𝑖𝑛 (𝑐𝑟𝑒𝑒𝑝). 

3. The third step consists in reducing the 𝑝𝑐𝑟
𝑙𝑖𝑛 (𝑐𝑟𝑒𝑒𝑝)  taking into account the geometric 

imperfections and deflections. To determine the factor of reduction, it is first necessary to 

know the ratio between the deflection and the shell thickness (𝑤0  ). Based on the 

obtained ratio and through the use of a graph (shown in Figure 3-32), the value of the 

reduction factor can be obtained. This graph has three types of curves for three types of 

shells (spherical and cylindrical shapes). However, when the shell geometry does not fit 

into any case presented in the graph, the use of the lowest curve is recommended, since it 

provides more conservative values. The reduced critical load value taking into account the 

geometric imperfections and deflections is represented by 𝑝𝑐𝑟
𝑢 . 
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Figure 3-32 Imperfection sensitivity factor (adapted IASS, 1979). 

4. The fourth step consists in the reduction of the 𝑝𝑐𝑟
𝑢  due to effects of cracking and the 

reinforcement position. Similar to previous cases, it is necessary to quantify a factor of 

reduction. In order to quantify the factor, it is first necessary to calculate the coefficient 

 
𝐸𝑠

𝐸𝑐 ,𝑒𝑓𝑓
 .  

𝐴𝑠

𝐴𝑐
  in which 𝐸𝑠  and 𝐴𝑠  represent the reinforcement modulus of elasticity and 

area respectively, 𝐸𝑐 ,𝑒𝑓𝑓  represents the concrete effective modulus of elasticity (obtained 

by dividing the concrete modulus of elasticity by (1 + 𝐶𝑢)) and 𝐴𝑐  represents the area of 

concrete. Afterwards, with the use of the graph in Figure 3-33, the parameter 𝛹 can be 

obtained, which will be used in the graph in Figure 3-34, to find the new reduced critical 

load value represented by 𝑝𝑐𝑟 ,𝑟𝑒𝑖𝑛𝑓
𝑢 . 
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Figure 3-33 Values of the parameter 𝜳 (adapted IASS, 1979). 

 

Figure 3-34 Cracking and reinforcement factor (adapted IASS, 1979) 
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5. The fifth step consists in determining the fourth and final reduction due to the inelasticity 

of the concrete. The new reduced critical load is represented by 𝑝𝑐𝑟
𝑝𝑙𝑎𝑠𝑡  and can be 

obtained by solving the semi-quadratic formulae of Dunkerley (Cardoso, 2008), 

 
𝑝𝑐𝑟
𝑝𝑙𝑎𝑠𝑡

𝑝𝑝𝑙𝑎𝑠𝑡
 

2

+  
𝑝𝑐𝑟
𝑝𝑙𝑎𝑠𝑡

𝑝𝑐𝑟 ,𝑟𝑒𝑖𝑛𝑓
𝑢  

2

= 1     (3.65) 

where 𝑝𝑐𝑟 ,𝑟𝑒𝑖𝑛𝑓
𝑢  represents the reduced critical load taking into account the effects of 

cracking and the reinforcement position, and 𝑝𝑝𝑙𝑎𝑠𝑡  represents the load a shell withstands 

when both the reinforcement and the concrete are yielding.  

6. The sixth and final step consists in determining the ratio between the critical load 

determined in step 5 and the acting load. If the ratio, known as the safety factor, is 

superior to 3,5, then the safety is verified.  

In order to better understand the methodology described, as well as, give some notions of 

expected safety factor values, an example of how to determine them based on a hypothetical 

scenario will be presented. The example assumes a generic shell structure with a thickness of 

0,15 meter with at least two layers of the minimum reinforcement needed in each direction as 

recommended in Chapter 3.3 and a maximum displacement of 3cm.  

In this situation, the reduction of the critical load due to the reinforcement and cracking is 

negligible and thus the factor will not be determined. In addition, so as to not extend this example 

to much, the value of the maximum acting compressive stresses will always be assumed as 

significantly inferior to the concrete compressive strength, and so the reduction of the critical 

load due to inelasticity of the concrete can also be neglected. This means that only the reduction 

due to creep, deflection and geometric imperfections will be taken into account.  

The first factor to be determined is due to creep effects. To determine this factor, the framework 

that supports the structure is assumed to be removed at the end of 8 days. According to Section 

3.1.2 of the (EN 1992-1-1, 2004), the characteristic compressive strength of the concrete at the 

end of 8 days can be estimated using,  

𝑓𝑐𝑘  𝑡 = 𝑓𝑐𝑚  𝑡 − 8      (3.66) 

with, 
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𝑓𝑐𝑚  𝑡 = 𝛽𝑐𝑐 (𝑡)𝑓𝑐𝑚       (3.67) 

𝛽𝑐𝑐  𝑡 = 𝑒𝑥𝑝 𝑠  1 −  
28

𝑡
 

1 2 

       (3.68) 

where 𝑡 is the age of the concrete in days, 𝑠 is a coefficient which depends on the type of cement 

and 𝑓𝑐𝑚  is the mean compressive strength at the end of 28 days. Assuming a concrete type 

C20/25 is used with 𝑓𝑐𝑚 = 28 MPa and a cement class N with 𝑠 = 0,25 , the equations are 

rewritten as, 

𝛽𝑐𝑐  8 = 𝑒𝑥𝑝 0,25  1 −  
28

8
 

1 2 

  = 0,80 

𝑓𝑐𝑚  8 = 0,80 × 28 = 22,4 𝑀𝑃𝑎 

𝑓𝑐𝑘  8 = 22,4 − 8 = 14,4 𝑀𝑃𝑎 

The factor of reduction due to creep (1 + 𝐶𝑢) can now be determined. Knowing that 𝐶𝑢 = 4 −

2 × log 𝑓𝑐𝑘 ,𝑒𝑓𝑓 , and in this case 𝑓𝑐𝑘 ,𝑒𝑓𝑓 = 𝑓𝑐𝑘  8 , the reduction factor due to geometric 

imperfections becomes (1 + (4 − 2. log 14,4 ), which is equal to 2,68. 

The second factor to be determined is due to deflection and geometric imperfections. To 

determine this factor of reduction, it is first necessary to know the ratio between the deflection 

and the shell thickness, which in this case is 𝑤0  = 0,2. Using the graph presented in Figure 3-

32 and choosing the lowest curve, it is determined that the reduction factor for a ratio of 0,2 is 

approximately 0,45. Knowing both reduction factors, it is now possible to determine the 

reduction of a linear critical load. When the determined reduction factors are applied to a generic 

linear critical load (𝑝𝑐𝑟
𝑙𝑖𝑛 ), it becomes 0,168 × 𝑝𝑐𝑟

𝑙𝑖𝑛 . Knowing the ratio between the reduced 

critical load and the acting load must be superior to 3,5, the following equation can be written,  

𝑆𝐹 =
0,168 × 𝑝𝑐𝑟

𝑙𝑖𝑛

𝑝
> 3,5 

which can be rewritten as, 

𝑆𝐹 =
𝑝𝑐𝑟
𝑙𝑖𝑛

𝑝
> 20,83 
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This means that ratio between the initial determined linear critical load and the acting load must 

be greater than 20,83 instead of the initial value of 3,5. 

The same procedure was applied to several other hypothetical scenarios varying the day at which 

the formwork is removed, from 4 to 28 days, and the maximum displacement from 0,005 meter to 

0,05 meter. The results are presented in Table 3-2 and Table 3-3 for a concrete type C20/25 and 

C30/37 respectively.  

Table 3-2 Safety factor for a generic shell with a thickness of 15 cm using C20/25 concrete. 

Safety Factor using concrete C20/25 

Age of 
concrete in 

days 

Displacement in meters 

0.005 0.01 0.02 0.03 0.04 0.05 

4 11.48 14.77 19.88 22.97 27.20 31.32 

8 10.41 13.38 18.01 20.81 24.65 28.38 

12 9.97 12.81 17.25 19.93 23.61 27.18 

16 9.71 12.49 16.81 19.43 23.01 26.49 

20 9.54 12.27 16.52 19.09 22.60 26.03 

24 9.42 12.11 16.30 18.84 22.31 25.69 

28 9.33 11.99 16.14 18.65 22.09 25.43 

 

Table 3-3 Safety factor for a generic shell with a thickness of 15 cm using C30/37 concrete. 

Safety Factor using concrete C30/37 

Age of 
concrete in 

days 

Displacement in meters 

0.005 0.01 0.02 0.03 0.04 0.05 

4 9.84 12.65 17.03 19.68 23.30 26.83 

8 8.92 11.47 15.43 17.84 21.12 24.32 

12 8.53 10.97 14.76 17.06 20.20 23.27 

16 8.30 10.68 14.37 16.61 19.67 22.65 

20 8.15 10.48 14.11 16.31 19.31 22.24 

24 8.04 10.34 13.92 16.08 19.05 21.93 

28 7.96 10.23 13.77 15.91 18.84 21.70 
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By analyzing the results obtained, it is evident that the displacements of a thin concrete shell 

greatly influence the buckling critical load. These effects can be minimized by changing the type 

of concrete used or even the day which the supporting formwork/propping will be removed. More 

details about deflection control will be given in the next section. Nevertheless, it is visible that in 

the best possible scenarios, by using this approach the safety factor should be at least 7,96 to be 

considered safe when using a concrete type C30/37 and 9,33 for a concrete type C20/25.  

The presented methodology to assess the safety due to buckling is an abridged version of the 

regulatory documents (ACI Comittee 318, 1984), (ACI Comittee 334, 1997) and (IASS, 1979). 

The detailed explanation of all the aspects presented in these documents would have been a 

lengthy process, and so, it was opted to only present the aspects considered important for a safe 

and conservative analysis of the buckling behavior of thin shells. A careful reading of the 

regulatory documents is recommended as well as a non- linear analysis if possible, to better assess 

the structural behavior.  

In addition, the presented methodology is in some cases overly conservative, as in cases where 

the post-buckling behavior is not restrictive. The post-buckling behavior can be deemed as not 

restrictive when at least one of the membrane forces is tensile (Mekjavic, 2011). According to the 

IASS, in these cases, the safety can be assessed based on the linear critical load without reducing 

its value, and the safety factor should be 1,75 (IASS, 1979). In addition, the presented solution by 

the IASS is based on cylindrical and spherical shapes, which have an inferior performance when 

in comparison with thin shells with carefully chosen geometry, as presented in Chapter 2. As 

such, the use of the presented values only makes sense in a pre-design stage. 

In case the safety factor of a thin concrete shell cannot be assured, some possible solutions can be 

implemented which require the evaluation of the first buckling modes. By analyzing the 

deformations corresponding to the first modes, it is possible to identify the critical zones of the 

shell. To increase the stability of such structure, beams can be introduced in these zones or the 

thickness of the shell in the same zone can be increased until the necessary safety factor is 

achieved.  
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3.5. Crack control and deflection control 

As with any structure, it is necessary to limit the crack width so as not to interfere with the proper 

operation, durability and appearance of the structure. Although according to the (EN 1992-1-1, 

2004) thin concrete shell structures do not deserve any particular distinction, it is recommended 

the use of more demanding values since the existence of cracks in these type of structures may 

severely compromise the stability of a thin shell which, as demonstrated, is of utmost importance. 

However, in the type of structures intended to create, the acting tensile forces should always be 

negligible to obtain a proper structural behavior and thus, no cracks will appear and the control is 

implicitly verified. Nevertheless, the requirements presented in section 7.3 from (EN 1992-1-1, 

2004) should be fulfilled and for more demanding values one can use the recommended in the 

(EN 1992-3, 2006) for water reservoirs. 

Like the case of crack control, deflection control in thin concrete shells does not have any 

distinction in the (EN 1992-1-1, 2004). The deflection of a structure can compromise its function 

and appearance, especially in a geometry dependent structure, as the case of thin shells. 

According to section 7.4 of the (EN 1992-1-1, 2004), deformations should not exceed those that 

can be accommodated by other connected elements such as partitions, glazing, cladding, services 

or finishes. In some cases, limitations may be required to ensure the proper functioning of 

machinery or apparatus supported by the structure, or to avoid ponding. Some limit values 

presented in (EN 1992-1-1, 2004) are derived from ISO 4356, however none of them applies to 

concrete thin shell structures. In view of the fact that the shape is a characteristic of utmost 

importance, the most conservative value should be chosen, which is a deflection inferior to 

span/500 for quasi-permanent loads.  

Due to safety concerns about the shell stability, designers like Heinz Isler defended that the ratio 

between the span and the maximum displacement should be restrictive and inferior to span/1000 

(Chilton, 2000). The influence of the displacement in the stability of a shell was presented in the 

previous section, where it was visible that small increases in deflection greatly influence the 

stability. 
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Nevertheless, the checking of the deflections should be done accordingly to section 7.4.3 from 

the (EN 1992-1-1, 2004) which states that the deformations shall be calculated under load 

conditions which are appropriate, using a calculation method representing the true behavior of the 

structure with an appropriate accuracy, including the proper consideration of cracked, uncracked 

and not fully cracked elements. This can be done using a software capable of performing linear 

analysis via the finite element method using the concept of effective modulus of elasticity for 

concrete. This new modulus can obtained by the following equation (EN 1992-1-1, 2004), 

𝐸𝑐 ,𝑒𝑓𝑓 =
𝐸𝑐𝑚

1+𝜑 ∞,𝑡0  
      (3.69) 

where 𝐸𝑐𝑚  is the concrete modulus of elasticity and 𝜑 ∞,𝑡0  is the creep coefficient relevant for 

the load and time interval obtained by section 3.1.4 from the (EN 1992-1-1, 2004).  



82 

 

  



83 

 

 

 

4. PARAMETRIC MODELING AND INTEROPERABILITY FOR 

ENGINEERING DESIGN 

 

4.1. General remarks 

The use of drawing software capable of creating arbitrary geometries, usually known has 

freeform, presents a set of challenges and opportunities to the structural design of thin shells. In 

this chapter some examples of these challenges and opportunities will be presented. This includes 

an explanation about the concept of parametric modeling and interoperability and how they can 

be used together to improve the design of thin shells from early stages of development. This 

chapter will also explain how to achieve the presented opportunities, which includes an 

explanation about the software used and the reasoning behind it.  

 

4.2. Parametric modeling and interoperability: challenges and opportunities 

Parametric modeling has been used since the early nineties by mechanical and aerospace 

engineers. This methodology is based upon the creation of algorithms capable of generating 

models fully controlled by a reduced number of key parameters (Azenha, Lino, & Caires, 2014). 

Using this concept, the user is capable of creating complex models in a short amount of time and 

perceive the degree of influence of each parameter in the final model. Therefore, it is easier and 

more intuitive to propose changes to achieve the desired result. This methodology has been 

implemented in drawing software used by Architects, hence, they have been able to take 

advantage of all the benefits associated. This means that the geometry created by them in these 

software is becoming increasingly complex, hindering the work of other parts associated with the 

design, namely the increased difficulty in executing a structural analysis and the respective 

constructive process of the structure.  



84 

 

These difficulties can be minimized by promoting a dialog between Engineers and Architects in 

early phases of development as well as promoting a high degree of interoperability between the 

software employed by both parts. According to the Cambridge Business Dictionary, 

interoperability can be defined as (Cambridge University, 2014): "the degree to which two 

products, programs, etc. can be used together, or the quality of being able to be used together". 

In this case, it is intended to achieve a high interoperability degree between the drawing software 

used by the architect and the structural analysis software used by the engineer.  

The desired level of interoperability can be obtained by using the technology Microsoft 

Component Object Model (COM), which is implemented in various software. This technology is 

compatible with all the operating systems in the Microsoft Windows-family and with all the 

software created for this platform (Microsoft Corporation, 2014). Software developed according 

to the COM model enables an easy integration with other software since they present specific 

Application Programming Interface (API) created specifically for this purpose. An API can be 

interpreted as a set of functions/methods that can be accessed by a programming language and 

these functions/methods usually provide functionalities of a software that a normal user would 

not necessarily need. An in-depth explanation about the COM technology and API is outside of 

the scope of this dissertation, therefore, for more details one should refer to (Microsoft 

Corporation, 2014). 

Using this technology, there is the opportunity to obtain a high degree of interoperability between 

the drawing software and the structural analysis software, enabling the transformation of a 

geometrical model into a structural finite element model in a short amount of time. This 

eliminates the need of manually copying information between different applications, thus 

reducing the errors and accelerating the process.  

In addition, if the drawing software that is intended to integrate with the structural analysis 

software enables the creation of parametric models, this allows the use of parametric modeling 

benefits in the structural software. This means that in a short amount of time both the Architect 

and the Engineer together can evaluate the structural performance of several different geometries 

as well as understand the influence of each key parameter used in the creation of the parametric 

model.  
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The possibility of creating a diversified number of complex geometries and evaluating their 

performance in "real" time, will hopefully improve and promote the dialog between the Architect 

and the Engineer in early phases of the design, thus minimizing the costs and maximizing the 

total performance of the design. 

 

4.3. Software tools deployed 

To obtained the desired interoperability, a custom component was developed for this dissertation 

based on the COM technology, which enables the interoperability between a drawing software 

and a structural analysis software similar to the previously described. A schematic representation 

of the desired interoperability is presented in Figure 4-1, in junction with the software chosen and 

respective plug- ins. In this section some details will be given about these software as well as the 

reasons that led to their choice. Some examples of how to use these software will also be 

presented. 

 

Figure 4-1 Schematic representation of the desired interoperability. 

 

4.3.1. Rhinoceros 3D and NURBS 

Rhinoceros 3D is a commercial 3-D modeling software application based on the technology 

NURBS with the possibility of using and creating custom plug- ins (Robert McNeel & Associates, 

2014). The implemented NURBS technology is an important aspect of this software, and to 

comprehend how to use Rhinoceros 3D and why it is necessary, an explanation about NURBS 

will be presented. NURBS, Non-Uniform Rational B-Splines, are mathematical representations 
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of 3-D geometries that can accurately describe any shape from a simple 2-D line, circle, arc or 

curve to the most complex 3-D organic freeform surface or solid. The amount of information 

required for a NURBS representation of a piece of geometry is much smaller than the amount of 

information required by common faceted approximations, making the modification and resulting 

representation of a geometry faster in comparison (Robert McNeel & Associates, 2014). 

Generally NURBS curves and surfaces are defined by four parameters: degree, control points, 

knots vector and evaluation mode. 

 The first parameter, the degree, can be interpreted as the level of complexity of the shape 

intended to create. In the case of NURBS curves, if it represents lines or polylines, the degree is 

usually 1; if it represents a circle, the degree is 2 and in the case of most freeform curves the 

degree is 3 or 5. This means that the higher the degree, the more complex curves are possible to 

obtain. The same principal is applied to NURBS surfaces. It is possible to increase the degrees of 

a NURBS geometry and not change its shape, however, generally it is not possible to reduce a 

NURBS's degree without changing its shape.  

The second parameter are the control points and they determine the shape of the surface or curve 

in an easy and intuitive manner. In order to understand its function in creating a geometry, a 

curve with five control points was created in Rhinoceros 3D and presented in Figure 4-2a). When 

moving the control points in space, the original curve changes its geometry as visible in Figure 4-

2b). The same principle can be applied in a NURBS surface as shown in the example with nine 

points represented in Figure 4-3a) and Figure 4-3b). The control points have an associated 

weight, and the greater the weight, the more its position influences the geometry, similar to a 

gravitational pull. When all the control points have the same weight, it is called non-rational and 

it is the most usual case, otherwise is called rational. Adding more control points allows better 

approximation to a given curve or surface, however, a large amount of points makes it difficult to 

control the geometry. The number of control points is usually the degree plus one.  

 

Figure 4-2 NURBS curve in: a) initial position; b) updated position.  
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Figure 4-3 NURBS surface in: a) initial position; b) updated position.  

The third parameter, the knots vectors, just like the weights, determine where and how the control 

points affect the NURBS. The knots are mostly necessary for internal calculations and in some 

cases are not accessible to the user. It is significantly more intuitive to edit the geometry by 

changing the control points' positions than by editing the knots values.  

Finally, the NURBS evaluation mode is a set of formulae consisting of B-Spline basis functions 

that are affected by the previously described degree, control points, and knots. The evaluation 

mode determines the position of points in the curve or surface. For an entry level user the 

understanding of how the evaluation mode processes is not deemed necessary, however for a 

more in-depth explanation one should refer to (Robert McNeel & Associates, 2014). 

Based on the characteristics presented, it is easy to understand why the use of NURBS is 

important. They enable the creation of complex geometries with intuitive techniques, making it 

one of the mains aspects that led to the choice of the software. One other important aspect that led 

to the choice of this software, is the existence of custom plug- ins. Due to their importance, they 

will be explained in detail next.  

 

4.3.2. Grasshopper 

Grasshopper is a visual programming language, which runs within Rhinoceros 3D. Inside 

Grasshopper, it is possible to create programs by dragging components onto a canvas. There are 

several types of components, ranging from mathematical and logic operations to the creation and 

analysis of geometric shapes. In general, all the components have a set of inputs and outputs 



88 

 

where the outputs of a component can be connected to the inputs of subsequent components, thus 

creating a sequence of instructions that is repeated each time an alteration of a parameter occurs. 

In Figure 4-4 an example of an algorithm created using Grasshopper is presented.   

 

Figure 4-4 Grasshopper Interface. 

Since Grasshopper runs within Rhinoceros 3D, it is capable of taking advantage of the NURBS 

technology. This characteristic in junction with the possibility of creating user-defined algorithms 

capable of controlling the position of the control points, enables the creation of parametric 

models capable of creating complex geometries, thus, making it essential to apply the desired 

methodology. To better understand how to use Grasshopper and its visual programming 

language, two detailed examples will be given: how to create a parametric NURBS curve model 

and how to create a parametric NURBS surface model.  

The first step for creating a parametric NURBS curve model, is the creation of points which will 

act as control points. Using a component for creating a point, three inputs are needed, 

corresponding to the x-coordinate, the y-coordinate and the z-coordinate, similar to the presented 
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in Figure 4-5. In this case the inputs may be any real number and can be introduced using a slider 

component. The slider components allow for the creation of any number in a range defined by the 

user, for example, real numbers ranging from 0,00 to 5,00. The sliders can then be connected to 

the point component's inputs thus outputting a three-dimensional point in the Rhinoceros 3D 

viewport with the desired coordinates as presented in Figure 4-6. 

 

Figure 4-5 Construct point component dragged into canvas. 

 

Figure 4-6 Slider components and geometry preview. 
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These components can be copied in order to create four additional points. With the five points, 

the NURBS curve can be created by dragging the corresponding component and inputting the list 

of points by any desired order as seen in Figure 4-7. Any adjustment in the values of the points' 

coordinates will automatically be reflected onto the geometry of NURBS curve as represented in 

Figure 4-8.  

 

Figure 4-7 Creation of a parametric NURBS curve model. 

 

Figure 4-8 Alteration of the NURBS curve. 
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In a similar manner, it is possible to create a NURBS surface. In this case, a total of 12 points 

were created using the point component in Grasshopper and the sliders for choosing the values of 

the coordinates of each one, just like in the previous example. The list of points can then be 

connected to the "Surface From Points" component, thus creating a NURBS surface as presented 

in Figure 4-9. Because the surface was created using a parametric model, the adjustment of the 

points' coordinates will automatically change the shape of the surface. In Figure 4-10 the 

resulting shape when reducing the z-coordinates of the represented points component is shown. 

 

Figure 4-9 Creation of a parametric NURBS surface model. 

 

Figure 4-10 Alteration of the NURBS surface. 
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With the presented examples, only the basics were covered, but they are enough to create 

complex freeform shapes, hence proving the value of this plug- in. For more examples and 

detailed explanation in how to use Grasshopper one should refer to (Payne & Issa, 2009).  

 

4.3.2.1. Kangaroo 

Kangaroo is a set of custom components, created by Daniel Piker for Grasshopper, which embeds 

physical behavior directly in the three-dimensional modeling environment and allows the user to 

interact with it "live" as the simulation is running (Piker, 2014). With the custom components, it 

is possible to create particles, represented by points, that have mass, position and velocity which 

are governed by Newton's second law and can have loads applied to them. In addition, springs 

represented by lines, with a defined initial length, rest length, stiffness and a damping coefficient 

can also be created (Piker, 2014). To better understand the capabilities of this components, an 

example will be presented. In this example, it is pretended to simulate a free body, subject only to 

gravity. The first step is the creation of a particle represented by a point, followed by the addition 

of a force representing the gravity. If the simulation was performed with only these parameters, 

the particle would fall infinitely. It is therefore necessary to introduce an obstacle to simulate, for 

example, the floor. The algorithm to perform this simulation is presented in Figure 4-11. 

 

Figure 4-11 Simulation algorithm inside grasshopper. 
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After completing the algorithm, it is possible to start the simulation. The simulation will occur for 

an infinite number of iterations, only stopping when the user chooses. The results will be 

presented in Rhinoceros 3D each time a user-defined number of iterations is completed. In this 

simulation, the default value was used, and so, the result was presented in multiples of 10 

iterations. In Figure 4-12 the results for five different iterations is presented.  

 

Figure 4-12 Falling particle simulation result. 

Besides particles, forces, and obstacles, it is also possible to add springs connecting the particles. 

In this case, a spring will be added in the simulation to prevent the particle from hitting the 

obstacle, similar to a rope. This spring is represented by a line and must have a particle in each 

vertex of the line. In this situation, one vertex will be the fixed particle and the other, the free 

particle. In Figure 4-13, the algorithm to create a spring with all the aforementioned 

characteristics is presented, as well as, the preview of the initial conditions of the simulation. The 

results from this simulation are presented in Figure 4-14. 

 

Figure 4-13 Creation of a spring to act like a pendulum. 
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Figure 4-14 Falling particle with a spring simulation result. 

The results do not accurately simulate a rope connecting a free body to a fixed point. The 

supposed rope acts similar to a bar due to the fact that, the rope was simulated using only one 

line. However, if the rope is represented by a greater number of springs, the results become more 

similar with the intended. In Figure 4-15 a simulation where the initial line representing the 

spring was divided into 10 lines is presented, and the differences between both simulations are 

evident. 

 

Figure 4-15 Falling particle with several springs simulation result. 

Based on this idea, a network of springs was created to simulate a piece of cloth, and introduced 

to the simulation. In Figure 4-16 the result of the free body connected by a rope, launched 

towards the created piece of cloth and the resulting collision is presented. 

 

Figure 4-16 Falling particle towards a piece of cloth simulation result. 

The presented examples show some of the capabilities of the Kangaroo components. Based on 

the obtained results it is possible to conclude that the use of these components enables the 

creation of a particle-spring system capable of performing numerical formfinding, being this the 

main reason for choosing this set of components.  
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4.3.2.2. Galapagos 

Grasshopper has by default a special component named Galapagos, which enables the use of an 

evolutionary solver equivalent to the explained in Chapter 2.4. In order to demonstrate the 

possibilities of the Galapagos component and how to use it, an example of how to solve the 

Travelling Salesman Problem (TSP) using this component will be presented. The mathematical 

roots of the TSP are obscure, with Karl Menger appearing to have been the first mathematician 

the have written about it in 1930 (Schrijver, 2005). The problem can be simply formulated as 

follows: given a collection of cities and the cost of travel between each pair of them, what is the 

cheapest way of visiting all the cities and returning to the stating one? By solving this problem it 

is possible to solve a common problem in construction: what is the fastest way to transport 

materials? Although the problem may appear simple, its complexity is still unknown, being one 

of the most intensely studied problems in computational mathematics, with monetary prizes often 

attributed for who can determine the best solution through a large number of cities and being also 

used for benchmarking optimization methods (Cook, 2013). In this example, the problem solved 

by George Dantzig, Ray Fulkerson and Selmer Johnson will be recreated. In 1954, they were able 

to solve a problem consisting of 42 cities in the United States (Schrijver, 2005) with the cost of 

travel being defined by road distance (Cook, 2013). In Figure 4-17 a recreation of the solution 

obtained in 1954 is presented. 

 

Figure 4-17 Recreation of the TSP solution obtained by George Dantzig, Ray Fulkerson and 

Selmer Johnson (adapted Cook, 2013). 
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The first step for solving this problem using Galapagos consists in recreating the location of the 

42 cities, represented by points, in Rhinoceros 3D and associating all of them to a Grasshopper 

component. This component is the first pool of possible choices, and will be used to determine  

the place where the tour will start. In this example, the starting point is defined by the user. Once 

the starting point is defined, the corresponding city is removed from the pool of cities and the 

next city is chosen from the new pool of cities. The described process can be seen in Figure 4-18. 

 

Figure 4-18 Algorithm created to solve the TSP problem. 

This process is repeated until the pool of cities becomes empty, and in this iteration, the next and 

final point is the initial point. During this process, the distances between the cities were measured 

in order to know the distance traveled during the tour and respective cost. In this problem, the 

variables (or genes) correspond to the selection of cities in the pool, and if the initial city is 

already defined, there is a total of 40 genes with variable ranges. These genes can be represented 

by using 40 slider components.  

Once the algorithm is completed, the Galapagos component can be introduced. This component 

has two inputs, "genome" and "fitness". In the "genome" input all the sliders representing the 

genes should be connected, and in the "fitness" input the total distance traveled should be 

inputted. In Figure 4-19 an overview of the final algorithm is presented. Since the connections are 

all made, the evolutionary solver preferences can be defined and the process can begin. Figure 4-

20 presents the Galapagos interface, accessible by opening the corresponding component, with 

the results at the end of 500 generations. 
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Figure 4-19 Overview of the created algorithm for the TSP problem. 

 

Figure 4-20 Galapagos interface and results for the TSP problem. 

The presented results were achieved by adding mutations in the genome while the solver was 

running. This is a feature that Galapagos has, and increases the chances of finding a global 

optimum and not a local optimum, circumventing one of the main flaws of this method. In Figure 

4-21a) the results obtained by Dantzig, Fulkerson and Johnson is presented and in Figure 4-21b) 

the best solution obtained is represented. A comparison between the two shows that the result 

obtained by the Galapagos component is a better solution to the problem. 
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Figure 4-21 Results obtained by: a) Dantiz, Fulkerson and Johnson; b) the genetic solver. 

This may be due to the fact that the recreation of the points representing the cities' location was 

not accurate enough and no importance was given to the scale. However, the component was 

capable of performing the intended, which was, solving a complex problem difficult to analyze 

using other methods, thus proving its effectiveness. These algorithms are commonly used to 

perform morphogenetic processes, being this another reason for choosing these tools.  

 

4.3.3. Robot Structural Analysis 

Robot Structural Analysis is a software that enables the creation of advanced structura l analysis 

based on the FEM and the simulation of several types of structures, like those presented 

throughout this document. One of the most important characteristics that led to the selection of 

this software is the implementation of the Microsoft COM technology in its development, thus 

presenting specific API for integration with other software. In this section a small example of 

how to use this API to better comprehend the possibilities of this technology will be presented. 

To implement the API, different types of programming languages can be used, such as C++,C#, 

Python or Visual Basic. After analyzing these four types of languages, it was concluded that 

Visual Basic and Python were the best options, mainly due to their simplicity when in 

comparison with the other languages. However, difficulties arose when trying to implement the 

Python programming language, therefore, Visual Basic was chosen as the language to implement 

the API. The first step in implementing the API is the importation of the Robot Structural 

Analysis' dynamic- link library (named RobotOM.dll) into the chosen Visual Basic compiler (for 

example in Microsoft Excel), similar to the presented in Figure 4-22.  
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Figure 4-22 Importing Robot Structural Analysis dynamic-link library. 

It is now possible to use the functionalities of Robot Structural Analysis. In order to present, even 

a basic example, a large amount of code would have to be presented.  For this reason in Appendix 

VII are presented some examples to know how to, 

 Open a new project;  

 Create a new material with the desired properties and save it to the Robot Structural 

Analysis database;  

 Create two nodes and a bar connecting them; 

 Create a section for the bars, save it to the Robot Structural Analysis database and assign 

the created section with the created material to all bars;  

 Apply supports in nodes and proceed to calculations. 

Applying the code will create a bar in Robot Structural Analysis as presented in Figure 4-23.  

 

Figure 4-23 Bar created through API. 
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4.4. Custom tools for interoperability 

In this chapter, details about three created custom components for Grasshopper will be presented. 

This includes a component capable of performing numerical formfinding, the main component 

that allows the interoperability between Rhinoceros 3D and Robot Structural Analysis and a 

component that determines the necessary formwork of a thin shell structure and estimates the 

associated cost. Detailed examples of how to use these components will also be presented. 

 

4.4.1. Numerical formfinding 

To assist the creation of particle-spring systems to perform numerical formfinding, a custom 

component was created for this dissertation using some of the Kangaroo components in junction 

with custom scripts written with Visual Basic programming language. This custom component 

has the intent of being a more accessible tool to perform numerical formfinding for an entry- level 

user who has no experience with Grasshopper. For an advanced user, the use of Kangaroo's 

original components as well as a careful reading of (Piker, 2014) is recommended to perform 

more complex simulations. To access the tool, the created component named "Formfinding" 

should be dragged onto the canvas as shown in Figure 4-24.  

 

Figure 4-24 "Formfinding" custom component dragged onto the canvas. 
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The created custom component has 6 input parameters and 3 output parameters. In the first input, 

"Surface", a boundary represented by lines should inputted. This can be a line directly created in 

Rhinoceros 3D or with a Grasshopper component. The second input, "Division", must be an 

integer and defines the number of divisions in both directions which will be realized in the 

surface defined by the boundary. For example, 9 divisions correspond to 10 points in each 

direction with a total of 100 points (particles), connected by a total of 180 lines (springs). This set 

of particles and springs constitutes the particle-spring system. The third input parameter, 

"Anchor", defines the points in the particle-spring system that will not move. These points can be 

selected in the Rhinoceros 3D viewport or created through a Grasshopper component. In Figure 

4-25, an example of how to introduce the mentioned input parameters and a preview of the 

particle-spring system created is presented, with the red points representing the free particles and 

the green points representing the fixed particles.  

 

Figure 4-25 Input of the boundary curve, defining the number of divisions, definition of 

anchor points and preview of the particle-spring system . 

The fourth input parameter, "Iterations", defines the number of iterations the simulation should 

perform until it stops, and can be introduced using the slider component. A large enough value 

should be chosen, since if not enough iterations are realized, the final structure may not yet be in 

equilibrium at the end of the process. Since the used Kangaroo component is capable of 

performing fast simulations, the use of 5000 to 10000 iterations is recommended. As an 

alternative, a small number of iterations can be defined and a timer component can be used to 

repeat the process until the user chooses to stop. This way, the user can see the entire simulation 

occurring in real time and better comprehend the final shape.  
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The fifth input parameter, "Stiffness", defines a constant stiffness to all the springs, and the final 

input parameter, "Start", is a Boolean variable (True or False) that can be added by using a toggle 

component. When the variable is defined as False, the simulation does not occur but once the 

variable changes to True, loads with a vector opposite to the gravity are applied to the particles, 

stiffness to the springs, and the formfinding process begins. In Figure 4-26 the algorithm created 

with the custom component with all the necessary input parameters is presented, as well as, the 

simulation's result in the Rhinoceros 3D viewport. 

 

Figure 4-26 Final configuration of the created algorithm in Grasshopper and the resulting 

equilibrium shape in Rhinoceros 3D. 

In Figure 4-27a) to Figure 4-27d) the evolution of the equilibrium shape throughout 5000 

iterations is presented to better comprehend the obtained result.  

 

Figure 4-27 Resulting shapes from iteration: a)10; b) 100; c) 1000; d) 5000.  

The resulting shape can be edited by altering the stiffness of the springs used in the Particle- 

Spring system. In Figure 4-28a) the resulting shape with the original stiffness is presented and in 

Figure 4-28b) the resulting shape with a comparably lower stiffness is presented. 
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Figure 4-28 Equilibrium shape with: a) original stiffness; b) low stiffness. 

The equilibrium shape is represented by a NURBS surface and can be accessible by the third 

output parameter, "Result". The first output parameter, "Points", represents the surface control 

points and the second, "Lines", represents the springs connecting the initial particle-spring 

system. The formfinding process provides a structure which only has membrane compressive 

forces, however, the structure may not be aesthetically pleasing or may not satisfy all the 

requirements deemed necessary for its correct use. The fact that the final result is presented in a 

NURBS format enables the easy editing of the final shape by changing the position of the control 

points that define the NURBS surface until the desired shape is obtained.  

 

4.4.2. Main component for interoperability 

The main component for interoperability has the purpose of achieving a high interoperability 

between Rhinoceros 3D and Robot Structural Analysis. This component was created inside 

Grasshopper via a special component that enables the creation of scripts written in Visual Basic 

language using the Robot Structural Analysis and Rhinoceros API. Details about the complete 

code used for the creation of the component will not be presented since it would be a lengthy 

process, however, the general procedure will be explained further in this section. The created 

component has the ability to export multiple surfaces and lines from Grasshopper or Rhinoceros 

3D to Robot Structural Analysis, with an accuracy defined by the user,  which will in turn be 

converted to finite shell elements and bar elements respectively with the desired mechanic and 

geometric characteristics.  
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After the model is exported to Robot Structural Analysis, calculations based on the finite element 

method will immediately start, followed by the extraction of the results necessary to perform the 

safety assessments referred to reinforcement and permissible compressive force following the 

methodology described in Chapter 3.3. Since the component acts inside Grasshopper, it becomes 

possible for a user to create a parametric model that represents the geometry of a structure, and 

easily evaluate, in a short amount of time, the structural performance of said structure. Alterations 

in the parameters that define the geometry will update both the geometry and the finite element 

model created, at the same time, thus enabling the study of how each parameter influences the 

structure. 

To better comprehend the functionalities of this component and how to use it, a step-by-step 

example will be provided with the parametric NURBS surface created in Chapter 4.3.2. The 

created component can be accessed by dragging the component with the name "Robot Structural 

Analysis" onto the canvas as presented in Figure 4-29. 

 

Figure 4-29 "Robot Structural Analysis" custom plug-in. 

The "Robot Structural Analysis" component has 11 input parameters and 5 output parameters. 

The first input, "Surface", corresponds to the surfaces pretended to analyze. Multiple NURBS 

surfaces can be connected to this input, however, in this case, only the previously created 

NURBS surface will be connected. The second and the third input parameters, "Start" and 
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"Calculate" respectively, are Boolean variables. If the "Start" parameter is defined as True, then 

the surface will be exported to Robot Structural Analysis. If the "Calculate" input variable is 

defined as True, after exporting the surface to the Robot Structural Analysis software, the 

calculations will also occur. Figure 4-30 presents how to input the parameters referred until now 

into the created custom component.  

 

Figure 4-30 Inputting a surface and Boolean toggles into the custom component.  

The fourth and fifth input parameters, "Thickness" and "Mesh" respectively, correspond to the 

thickness of the shell and the size of the finite elements respectively, both expressed in meters. 

To input the values, a slider component can be used, as presented in Figure 4-31.  

 

Figure 4-31 Thickness and Mesh size inputs. 

The sixth and seventh parameters, "Count U" and "Count V" respectively, define the number of 

divisions of the surface in each direction. The surface is divided into squares, arranged in a way 

that approximates the original shape. Each square will then be divided into two triangles in order 

to more accurately represent complex geometries and simplify the export process. This means 

that, for example, a 4 by 4 division will correspond to a total of thirty two panels. In addition, as 
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seen in Figure 4-32 to Figure 4-34, the higher the number of divisions, the more accurate the 

exported model will represent the original geometry, though the exporting process becomes more 

time consuming. Analyses performed during the course of this dissertation have shown that a 

reduced number of divisions provides higher resulting stresses when compared with greater 

number of divisions. This is due to the fact that since the panels are represented by linear pieces, 

when small number of divisions are used, the exported model does not accurately represent the 

geometry and large bending moments arise near the edges of the panels thus reducing the 

structural performance. By increasing the number of divisions, the exported model will more 

accurately represent the shape's curvature thus reducing the bending moments in the structure. 

The use of higher number of divisions is always advised, in order to better represent complex 

geometries and the real structure. The preview of the geometry which will be exported can be 

accessed by the output parameters "Mesh" and Edges" to evaluate its quality before starting the  

export process. 

 

Figure 4-32 Surface with 4 by 4 divisions and model preview. 

 

Figure 4-33 Surface with 12 by 12 divisions and model preview. 
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Figure 4-34 Surface with 40 by 40 divisions and model preview. 

The eighth input parameter, "Line", is where the lines representing the bars should be connected. 

The most common cases of beams existing in thin shells are on the free edges of the surface 

and/or rib- like beams to provide extra stiffness to the structure. To aid in the creation of said 

beams, two custom components were created, named "Extreme Beams" and "Rib Creator" which 

can be accessed by dragging the components with the same name to the canvas as seen in Figure 

4-35. 

 

Figure 4-35 Components to aid the creation of beams and preview of beams in the shell. 
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The input parameters, "Count U" and "Count V" of these two components should coincide with 

the input parameters with the same name from the "Robot Structural Analysis" component to 

avoid incompatibilities. The "Extreme Beams" component creates beams on all the free edges of 

the surface, meaning that if an edge is under the z-coordinate, corresponding to the supports, no 

edge will be created. The "Rib Creator" component creates rib-like beams and their position can 

be chosen with a point. The position of the beams is represented in the Rhinoceros 3D viewport 

as greens lines similar to the presented in Figure 4-35. 

The ninth and tenth parameters, "BarB" and "BarH" respectively,  represent the rectangular cross-

section of the bars, the first being the width of the section and the second, the height of the 

section which will be applied to all the bars in the model. The eleventh input parameter, 

"Reinforce", is also a Boolean variable to define if the reinforcement should be calculated and if 

the compressive forces are inferior to the permissible as defined in the normative documents. In 

Figure 4-36 the inputs for the ninth to eleventh parameters are presented. 

 

Figure 4-36 Bar sections and reinforcement inputs. 

When the eleventh parameter, "Reinforce", is set to "True", the result of the safety assessments 

described in Chapter 3.3 are outputted by the parameter "As" as text. Because low reinforcement 

quantities are expected, the output results will only provide the maximum value of reinforcement 
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needed to verify safety, the value of the minimum reinforcement to compare with the maximum 

calculated, and if the permissible compressive force has been exceeded. The specific zone where 

the value of the maximum reinforcement is needed and places where the permissible compressive 

force has been exceeded will not be indicated. A careful analysis of the created model in Robot 

Structural Analysis should always be done to determine these zones. In addition to the output 

parameter "As", the output parameters "min" and "max" will always present the maximum and 

minimum displacements respectively, with units in centimeters. When all the desired parameters 

are inputted, the process can be started and the calculations can proceed. An example of the 

results obtained at the end of this process are presented in Figure 4-37. 

 

Figure 4-37 Output results from the represented geometry. 

The generalized algorithm that occurs when the process is started by the user, as well as,  

justifications to the procedures is presented, 

1. The first step consists in dividing all the inputted surfaces in the number of desired 

squares, which approximates the surfaces' geometries. Each square will then be divided in 

pairs of triangles. In some cases, the divisions in triangles would not be necessary, 

however, the plug- in is intended to cover all the possible scenarios and some difficulties 

were found when trying to define complex geometries in Robot Structure Analysis using 

only square panels. The use of triangular panels proved to be just as efficient and avoided 

all the problems of the square panels, therefore, the use of triangular panels was opted. 

This division of the original surface in triangles is realized with the help of specific 

functions existing in Grasshopper that are accessible by the respective API.   
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2. After all the triangular panels are created, the coordinates of each associated vertex will 

be obtained in order to create the exact same geometry in the Robot Structural Analysis 

software using the corresponding API. 

3. When all the panels are created, the desired material will be defined. The default material 

of this plug- in is concrete with a force density (unit weight) of 25,0 kN/m³, a Young 

modulus (E) of 33,0 GPa, a Poisson ratio (ν) of 0,2, a shear modulus (G) of 13,75 GPa, a 

thermal expansion coefficient of 0,00001 1/°𝐶 and a design resistance of 25,0 MPa.  

4. Once the material is created, it will be attributed to all the created panels with the user-

defined thickness. 

5. When all the shells' geometries and properties are defined, the automatic creation of 

supports will begin. If both points in an edge of a panel have a z-coordinate inferior to 0 

meter, a pinned support will be attributed to that entire edge. This is a simplified 

procedure and thus, supports at different height are impossible to create. This can be 

overcome by manually introducing the supports in the Robot Structural Analysis model. 

6. The next step is creating the bars in the cases where they exist. The coordinates of the 

line's extremities are obtained in order to create the respective bars in the same location in 

the Robot Structural Analysis model using the respective API. 

7. Afterwards, the section with the size defined by the user will be created with the same 

material as the one used for the panels and attributed to all the created bars.  

8. The supports are now applied to all the bars' nodes with a z-coordinate inferior to 0 meter. 

9. After the entire structure's geometry is created and if the user pretends to realize the 

calculations, the preferences for said calculations are defined. The Robot Structural 

Analysis software is capable of generating an automatic mesh, but it is necessary to define 

the desired characteristics. Due to the complexity of certain freeform shapes, all the 

meshes will consist of triangular elements with linear shape functions, generated 

according to a Delaunay algorithm, with the user-defined size. Similar to the division of 

the panels in triangles in step 1, due to the complexity of certain shapes and the motives 

described in Chapter 3.2.2, the use of triangular finite elements could not be avoided.  

10. After the preferences are defined, the calculations start and when they finish, the 

minimum and maximum displacements are retrieved and presented in the corresponding 

outputs with the values in centimeters.  
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11. When the user wants to determine the reinforcement needed and verify if the permissible 

compressive forces have been exceeded, all the necessary acting forces to perform the 

calculations are retrieved and the process described in Chapter 3.3 is started. The distance 

between the reinforcement center of gravity and the surface of the element for both the 

superior and inferior reinforcement is assumed to be 3cm.  

The default values assigned to the materials and the preferences defined for the calculations are 

assumed to be accurate enough for an average user and covers most cases. However, all the 

values presented in this process can be altered by advanced users by editing the Visual Basic 

code. It is also important to notice that only the self-weight is taken into account when realizing 

the calculations. This was opted to increase the speed of the exportation and calculation process. 

In a context of pre-design, the results obtained by considering only the self-weight are accurate 

enough since this load is the most significant (Pugnale & Sassone, 2007). In the situations where 

the user considers the inclusion of more loads important, they can be added directly via the Robot 

Structural Analysis software after the model is exported.  

To make the use of this component as accessible as possible for a wider range of users, a remote 

panel in the Rhinoceros 3D viewport can be used (as an alternative to the Grasshopper 

component) in which only the main components needed are presented (see Figure 4-38). 

 

Figure 4-38 Remote panel in Rhinoceros 3D to enable interoperability. 
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This way, it is possible to create a NURBS surface directly in Rhinoceros 3D and proceed to its  

study without the need of interacting a great deal with Grasshopper, and thus providing a more 

intuitive way to use this component. Figure 4-39 presents an example of a thin shell geometry, its 

corresponding FEM model, and safety assessment results visible in the remote panel.  

 

Figure 4-39 Example of a geometry and its analysis using the custom component.  

The created geometry can also be altered by simply dragging the control points that represent the 

NURBS surface. The results of a possible alteration is visible in Figure 4-40. 

 

Figure 4-40 New geometry and its analysis using the custom component.  
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The ability to constantly change the geometry and update the results in Robot Structural Analysis, 

enables the possibility, in junction with the Galapagos component, of performing a 

morphogenetic process similar to the previously described, to improve the structural 

performance. This can be achieved by minimizing the maximum vertical displacement result 

provided by the created custom component, and thus increasing the stiffness of the structure. The 

use of this fitness function has already been implemented by other authors in real cases and 

provided satisfactory results (Pugnale & Sassone, 2007). To better comprehend how this process 

can be achieved, an example will be presented where the geometry obtained by the parametric 

NURBS surface created in Chapter 4.3.2, will go through a morphogenetic process to increase the 

structural performance. 

Since the parametric model was already created in the previous section, the next step consists in 

defining the inputs of the Galapagos component. The "fitness" input will be connected to a 

component which will retrieve the maximum vertical displacement given by the created custom 

component in order to recreate the fitness function used by previous authors. The "genome" input 

must be connected to the genes or variables of the problem, which are the coordinates of the 

control points that define the geometry. In this case, not all the control points will be altered, but 

only the z-coordinates of the central control points. The central control points of the NURBS 

surface can be seen in Figure 4-41, and are represented by the numbers 1,4,7 and 10. This choice 

has the intention of avoiding the lack of supports in any iteration realized by the genetic solver, 

which are controlled by the points in the outer edges (points 0, 2, 3, 5, 6, 8, 9 and 11). The range 

from which this z-coordinates can vary will go from 1 meter to 20 meters. 

 

Figure 4-41 Initial position of the control points. 
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The final configuration of the algorithm created in Grasshopper to perform the morphogenetic 

process using the Galapagos component, is presented in Figure 4-42, as well as, the preview of 

the final geometry. The solution presented is the result of 15 generations with 50 individuals 

each, as can be seen in the Galapagos interface presented in Figure 4-43.  

 

Figure 4-42 Galapagos component connected to the desired inputs and the final result. 

 

Figure 4-43 Results in the Galapagos interface. 
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Figure 4-44a) presents the map of displacements of the original structure and in Figure 4-44b) the 

same map for the solution obtained. A comparison between the two, shows a clear decrease in 

displacements which corresponds to an increase in performance of the solution obtained through 

the morphogenetic process.   

 

Figure 4-44 Maps of vertical displacements of the: a) original structure; b) final result. 

Units in cm. 

The choice of the number of genes and the range from which they can vary is a very important 

aspect when applying this method. The higher the number of possibilities, the harder it is to find 

the global optimum and more time consuming becomes the process. A new example was created, 

where a total of 19 control points were used to define a NURBS surface, as visible in Figure 4-

45. Similar to the previous example, this structure will go through a morphogenetic process 

where the z-coordinates of the control points are the genes, with the exception of the points in the 

extremities (points 0 and 18), and they can vary from 100 millimeters to 2000 millimeters.  

 

4-45 Initial geometry and points. 

In order to optimize the structural behavior, the fitness function considered was also the 

minimization of the maximum vertical displacement, and the solver ran through a total of 150 

generations with 50 individuals each. The map of vertical displacements of the original geometry 
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is presented in Figure 4-46a) and the map of vertical displacements for the result obtained at end 

of the morphogenetic process is presented in Figure 4-46b). 

 

Figure 4-46 Map of vertical displacements of the: a) original structure; b) obtained result at 

the end of the morphogenetic process. Units in cm. 

The final result is completely different from the initial structure and with a performance clearly 

superior when in comparison, which was as expected. However, the obtained solution is not the 

global optimum. Even though the genetic solver went through 150 generations, a better solution 

was found without the aid of the morphogenetic process. Figure 4-47a) and Figure 4-47b) 

presents a comparison between the obtained result at the end of the morphogenetic process and a 

similar geometry based on catenary curve respectively. 

 

Figure 4-47 Map of vertical displacements of the: a) obtained result at the end of the 

morphogenetic process; b) catenary. Units in cm. 

The shape based on the catenary has reduced vertical displacements when in comparison, and 

thus proves that only a local solution was obtained and not the optimum global solution. This 
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example has the intention of proving that the final geometry must be a result, not only of the 

morphogenetic process, but also from the common sense of the users.  

 

4.4.3. Formwork 

Besides the design of thin concrete shells, the construction is also another major problem that 

contractors face. While architects focus on the shape of the structure, the contractors realize that 

traditional formwork takes up to 15% of the total construction cost or 1/3 of the total concrete 

cost. (Nassar & ALy, 2012). Alternatives to traditional formwork exist, namely vaccumatics 

formwork and the use of earth mounds. Vaccumatics formwork consists of structural aggregates 

that are tightly packed inside a flexible membrane envelope. The structural integrity is obtained 

by applying a negative pressure inside the surrounding skin,  hence pre-stressing and stabilizing 

the particles. These formworks are self-supporting and have the ability to be "freely" shaped and 

even to be re-shaped repeatedly to fulfill new geometry requirements (Huijben, Herwijnen, & 

Nijsse, 2011). The use of earth mounds to construct the shells consists in the creation of earth 

mounds with the shape of the pretended shell, and where the concrete will be cast. This technique 

was employed in the creation of the Teshima Art Museum in Kagawa, Japan (Sasaki, 2014) as 

shown in Figure 4-48. 

 

Figure 4-48 Teshima Art Museum in 2010 and during construction phase (Sasaki, 2014). 

This dissertation will only be giving emphasis to the traditional formwork method. In particular, 

the recommended procedure by Doka Industrie (2012) which is an international producer and 
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supplier of formworks. According to (Doka Industrie, 2012), traditional formwork employed in 

thin shell structures usually consists in wailings and struts connected to each other with beams 

connected on top of the wailings. Figure 4-49 presents a schematic representation of the wailings 

and strut connection, as well as, a real example, and in Figure 4-50 a schematic representation of 

possible connections between the beams and the top of the wailings is presented. 

 

Figure 4-49 Wailings and struts connected (Doka Industrie, 2012). 

 

Figure 4-50 Beams connected to wailings (Doka Industrie, 2012). 

The set of beams, wailings, and struts should approximate the original structure's geometry as 

close as possible. However, in complex geometries, this is very difficult to achieve. To overcome 

this problem, the solution recommended by Doka specialists is the use of profiled timber forms 

directly nailed onto the beams to adapt to the desired geometry. In some cases it is necessary to 

screw blocks onto the beams to prevent the profiled timber forms from tipping over on their 

sides. Figure 4-51 presents an example of how the connections between the profiled timber forms 

and beams are usually made according to (Doka Industrie, 2012). 
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Figure 4-51 Profiled timber forms connected to beams (Doka Industrie, 2012). 

Once the elements correctly describe the desired shape, plywood panels are nailed onto the 

profiled timber forms. These are the panels where the concrete will be poured and can be seen in 

Figure 4-52. 

 

Figure 4-52 Panels connected to the profiled timber forms (Doka Industrie, 2012). 

The use of this type of formwork requires many "tailor-made" elements on a project-specific 

basis (Doka Industrie, 2012) and requires man-hours for further finishing after striping. Since the 

elements are custom made, this means that they cannot be reutilized and even the use of leftovers 

to create panels is not advised because the finishing of the concrete may be compromised.  
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To help minimize the cost and aid the creation of this type of formwork, a custom component 

was created to help estimate the cost of this process in early stages of the design. The component 

was created using some of the Grasshopper standard components, as well as, custom Visual Basic 

components that use the Rhinoceros API. The created component creates a possible set of struts, 

wailings, beams and panels based on the existing catalog presented in (Doka Industrie, 2012). 

The created component can be found under the name "Formwork" and can be dragged onto the 

canvas as seen in Figure 4-53. 

 

Figure 4-53 Formwork component. 

The component consists of three inputs and six outputs. The first input, "Surface", is where the 

pretended surface to study should be connected. The second and third input parameters, "Count 

U" and "Count V" respectively, refer to the number of divisions of the surface. The created 

component generates a group of panels similar to the previous custom component, "Robot 

Structural Analysis", but with an offset corresponding to half the thickness of the shell. The 

surface is divided in squares which approximates the surfaces' geometry and then each square 

will be divided in a pair of triangles. The use of triangulated panels is usually less economic 

when in comparison with equivalent structures built of quadrilateral panels because more area of 

the panels is wasted in trimming. However, this achieved saving can only be maintained if the 

quadrilateral facets of the surface structure are maintained planar and doing so, would not 

accurately describe the original shape (Nassar & ALy, 2012). Since the structure is made of 

triangular panels, the cost and need to curve plywood is avoided without compromising the initial 

representation of the structure. It is only needed to cut the panels and nail them to the 
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corresponding linear profiled timber forms. Using the same number of divisions in the 

"Formwork" and "Robot Structural Analysis" components has an important advantage, which is 

that the final constructed structure will be exactly the same as the one studied. Based on the Doka 

catalog introduced in the component, the combination of panels that minimizes the waste after 

creating the panels necessary for the formwork is given, as well as the wasted area after 

trimming. The created component also gives a visual representation of areas that have high slopes 

and therefore the concrete needs double formwork to be properly poured. The maximum slope 

where simple formwork can be used is assumed to be 30º. The use of simple formwork is 

recommended whenever possible, because it minimizes the costs and simplifies the construction 

process. Figure 4-54 presents the formwork component inserted in the algorithm created in 

Chapter 4.3.2, and the determined results for the structure obtained at the end of the 

morphogenetic process of the previous section.  

 

Figure 4-54 Formwork component inserted in Grasshopper and result presented in 

Rhinoceros 3D viewport. 

The blue lines in the Rhinoceros 3D viewport represents the wailing and struts with distances 

recommended by Doka, the red surface represents the inferior formwork, and the yellow surface 
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represents zones where double formwork is needed. Through the outputs "Resultado Inf" and 

"Resultado Sup", it is possible to know how many panels are being used and the wasted area to 

create the formwork. Because the component is inserted in an algorithm created inside 

Grasshopper and associated to a parametric NURBS surface, changing the parameters of the 

surface will update the results of the formwork. In this case, the parameters were altered to 

decrease the slopes of the structure, thus reducing the number of necessary panels and costs 

associated with construction, as is visible in the reduction of the yellow zones in Figure 4-55. 

 

Figure 4-55 Updated results of the formwork component. 

The creation of this component proved to be more difficult than anticipated. In more complex 

structures the provided results are not very accurate and even in simpler shapes, the provided 

results should only serve as an initial estimate and not a final solution. The created tool does not 

assess the safety of the formwork supports under the acting loads, and so a careful analysis 

should always be carried out. In simple cases, the "Formwork" component can also be used in 

junction with Galapagos and the "Robot Structural Analysis" component to obtain a structure that 

fits a set of architectural, structural and constructability requirements, obtaining a structure 

aesthetically pleasing, with good mechanical performance and cost efficiency. 
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5. PROPOSED FRAMEWORK FOR INTEROPERABILITY AND 

IMPLEMENTATION 

 

5.1. General remarks 

In this chapter a proposed methodology for interaction between the Architect and the Engineer, in 

the context of designing reinforced concrete shells based on the developed components will be 

presented. The presented methodology was implemented together with the Architects Nuno 

Lacerda and Vanessa Tavares, both professionals in the area, and the feedback obtained by them 

was taken into account to adjust the proposed framework accordingly.  

The framework will be described in detail and presented using the Business Process Model and 

Notation (BPMN) graphical presentation. BPMN is a graphical notation that depicts the flow of 

steps in a business process, specifically created to coordinate the sequence of processes between 

different participants in a related set of activities (Object Management Group, 2014). This 

notation is maintained by the Object Management Group which constantly updates the method 

trying to standardize it. Their goal is to obtain a graphical representation that is easy to 

comprehend without needing full knowledge of the utilized notation. The version used is the 

latest update which corresponds to version 2.0. To aid in the creation of this graphical 

representation, the web tool IYOPRO, developed specifically for this purpose, was used. The 

choice of applying this tool is due to the fact that it is free and capable of validating the created 

BPMN. 

In this chapter an already studied thin concrete shell will be recreated in order to validate the 

results obtained with the use of the created custom components. In addition, the proposed 

methodology will be implemented so as to suggest two possible alternatives to the original  

geometry. Similarly, for another already existing structure, another two alternative geometries 

will be proposed by implementing the created methodology.  
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5.2. Proposed framework 

The process starts when the demand for a structure, based on a thin concrete shell, arises. At this 

moment, the Architect and the Engineer should meet and start a dialogue. The first important 

aspect is the definition of the boundary and support conditions, which should be done by the 

Architect, whom at this point should already have some idea of the intended design. Based on the 

parameters defined by the Architect, the Engineer starts the creation of a Particle-Spring System 

in Grasshopper, using the created component for numerical formfinding or Kangaroo's  

components. The values of the loads in the particles and the stiffness of the springs, are not 

relevant at this stage, thus, any value can be assigned. However, the layout of the lines and points 

representing the particles and springs respectively, should be done so as to have a uniform 

distribution of springs. Once the algorithm in Grasshopper is created, the simulation can start and 

the results presented to the Architect. With the simulation running, the Architect and the Engineer 

should adjust the values of the acting loads and the stiffness of the springs until the obtained 

shape fulfills the highest numbers of design requirements. There is also the possibility of 

changing the boundary or support conditions at this stage if the need arises, and if so, the process 

starts from the beginning. At this stage, the need to perform a structural analysis of the resulting 

shape can be avoided if the formfinding process is done correctly, i.e. only compressive forces 

acting upon the structure. In addition, as is the case of most situations, the obtained shape will be 

altered, rendering its study irrelevant. The BPMN model that represents the described process 

until this point can be seen in Figure 5-1. 

 

Figure 5-1 BPMN representation of stage 1. 
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Once a shape that fits a high number of requirements is found, the beginning of phase two starts. 

This phase consists in transforming the obtained geometry at the end of the formfinding process 

into a parametric model inside Grasshopper, enabling the manual editing of the shape. The 

definition of the key parameters of the parametric model should be defined by both the Architect 

and the Engineer, always trying to maintain the number of parameters at a minimum for an easier 

control of the geometry. Once the parametric model is created, the Architect should adjust the 

geometry until it meets all the requirements deemed necessary. This process occurs under the 

surveillance of the Engineer, who will at the same time, with the aid of the created custom 

component for interoperability, assess the structural performance and safety of the structure 

created. In this phase, the dialogue between those involved in the process is crucial, and the 

Engineer must able to identify problematic zones in the structure, as well as, propose changes that 

will minimize the problems. This procedure should be repeated until the obtained shape fulfills 

the highest possible number of design requirements. The BPMN model that represents the 

described process until this point can be seen in Figure 5-2. 

 

Figure 5-2 BPMN representation of stage 2. 

After obtaining a solution acceptable to both parties, it is possible to perform additional 

geometric adjustments to improve the structural performance based on the use of evolutionary 

algorithms. This process can be achieved by the interaction between the created custom 

component for interoperability and the Galapagos component. In this phase, the dialogue should 

focus in the definition of the parameters in the parametric model that can be altered, and the 

range which they can be edited. These parameters are the genes of the morphogenetic process and 

the use of few parameters with small ranges should always be favored, since this decreases the 
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risk of only finding a local solution instead of a global solution without compromising the 

aesthetic aspect. However, when the structural performance of the initial structure is weak, there 

may be the need of adopting large ranges to increase the chances of finding a structure with 

superior performance. After the range is defined, the complete exploration of the parametric 

model is recommended to assess the viability of all the possible scenarios, for example, verifying 

that all shapes have supports. Once the genes are defined, the fitness function must also be set, 

and the minimization of the maximum vertical displacement is recommended, as explained in the 

previous chapter. In order to perform the morphogenetic process, the accuracy of the FEM model 

created does not need to be very high. The use of a small number of divisions when using the 

created custom component is recommended, since it provides conservative results and performs 

the exportation process a lot faster, thus the morphogenetic process occurs more quickly. 

However, the created FEM model should have a decent degree of accuracy, so as to not 

completely misrepresent the structure's geometry. The task of determining the correct number of 

divisions to use should be carried out by the Engineer. Once all the preparations are completed,  

the morphogenetic process can begin. This process is highly dependent of the structure's 

dimension, the mesh density and the computational power, which means that in some situations 

the process can take up to 12 hours to complete 10 generations with 50 individuals each. During 

this completely automated process, the Engineer and the Architect can focus their attention on 

other aspects they find relevant. The BPMN model that represents the described process can be 

seen in Figure 5-3. 

 

Figure 5-3 BPMN representation of stage 3. 
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Once the shape based on the three previous steps is defined, a detailed structural analysis should 

be carried out. To perform a detailed analysis, the creation of a FEM model with a higher number 

of divisions to represent as closely as possible the geometry is advised. In addition, other loads 

besides the self-weight can be added in this phase to create a more accurate model. The analyses 

consist in performing safety assessments made in previous phases, which are: verifying if the 

maximum reinforcement calculated is less than the minimum reinforcement required, verifying if 

the permissible compressive forces are not exceeded and if deformations are inferior to the 

recommended. In addition, in this phase, the first buckling modes to assess the buckling behavior 

should be determined. If after the safety analysis it is demonstrated that the structure is safe, the 

result can be presented to the Architect to express an opinion of the obtained solution. Otherwise, 

a solution to increase the safety must be found, and it should be the result of a collaboration 

between the Architect and the Engineer. There is the possibility that the final solution obtained by 

the morphogenetic process does not meet some important design requirements. In this situation, 

the process can restart from phase 3 or some manual alterations can be performed in the 

parametric model to increase the design performance. The BPMN model that represents the 

described process can be seen in Figure 5-4. 

 

Figure 5-4 BPMN representation of stage 4. 

When the structure meets all the requirements deemed necessary, the process can be considered 

completed. At the end of this phase, the involved will have completed the pre-design process and 
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should start the design process, taking into account all the acting loads, serviceability stress 

limitation, constructive arrangements, and so forth. The presented process can oftentimes be 

conducted in a relatively short amount of time, thus allowing the full and simultaneous 

monitoring by the Architect and the Engineer. 

 

5.3. Case 1 - Comparison with an already studied case 

5.3.1. Validation of the created component for interoperability 

In order to validate the created component for interoperability and the results obtained by its use, 

a comparison with the results obtained by another author will be presented. The structure chosen 

is the one analyzed in (Cardoso, 2008) and has the intent of being a roof for a sport facility with a 

pool, located in Lisbon (see Figure 5-5). In order to properly recreate this structure, it is necessary 

to know the geometric properties, the mechanical properties and the acting loads.  

The geometry of the structure is based on a ruled surface. These type of surfaces are obtained by 

moving straight lines between two curves in the extremities, and in this particular case, the ruled 

surface is called a "conoid" because one of the extremities is represented by a second degree 

curve and the other by a straight line.  

 

Figure 5-5 Shell structure based on a conoid geometry (Cardoso, 2008). 
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This type of geometries can be obtained by using defining equations. In this case, the exact 

geometry created in (Cardoso, 2008) can be recreated using the following equation, 

𝑧 =
𝑥

80
×  9 ×  1 −  

𝑦

25
 

2

   with x varying from 30 to 80 meters and y varying from -25 to 25 

meters. 

Taking into account the equation, the geometry was recreated using Rhinoceros and Grasshopper 

components, and the result can be seen in Figure 5-6a), b), and c). This surface has a maximum 

height of 9 meters and minimum height of 3,375 meters in the extremities, with a development in 

plant of 50 meters by 50 meters. 

 

Figure 5-6 Resulting shape view from: a) Top; b) Front; c) Right.  

The geometry obtained represents the middle surface of the thin shell, which has a thickness of 

15cm. In addition to the thin shell, reinforced concrete beams were placed on the free edges to 

control the structure deformation. The lower edge has a beam with 0,3 meter width and 1,0 meter 

height, and the higher edge has a beam with 0,3 meter width and 1,2 meter height. Although it is 

not mentioned in (Cardoso, 2008), it was assumed that the beams have an offset and are 

represented by the upper flange instead of the gravity center. All the elements of the structure are 

made of concrete, type C30/37, and only pinned supports exist in the lower edges.  Knowing both 

the geometric and mechanical properties, the model presented in Figure 5-7 was created. The 

model was created using the custom component, and presents all the component's default 

characteristics (pinned supports at height zero, surface represented by shell elements, beams 

represented by bar elements and only self-weight as the acting load).  
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Figure 5-7 Model created in Robot Structure Analysis with the created component. 

To properly compare the results, it is necessary to apply all the acting loads deemed necessary, as 

well as define proper load combinations. The loads considered in (Cardoso, 2008) were 

quantified according with the Regulamento de Segurança e Acções para Estruturas de Edifícios e 

Ponte (RSA, 2006), taking into account its location and use. A list of all the loads applied in the 

structure are as follow,  

 Permanent loads 

o Self-weight of the concrete which according to (RSA, 2006) is 25kN/m³  

o Self-weight of the coating which as a value of 1kN/m² and is applied on the 

surface of the shell as an uniformly distributed load.  

o Effect of shrinkage 

 Variable loads 

o Imposed load, which according to (RSA, 2006) should be applied as an uniform 

distributed load with a characteristic value of 0,3 kN/m².  

o Wind load was determined by the static pressures method. The structure is 

assumed to be located in a zone A presenting an aerodynamic roughness of type II. 

Because the structure has a height inferior to 10 meters, the dynamic pressure of 

the wind is given by 𝑤 = 0.613 × 𝑣2  in N/m² and thus, the static equivalent 

pressure is given by 𝑝 = 𝛿𝑝 × 𝑤  in N/m². The parameter 𝛿𝑝  is a coefficient to 

characterize the aerodynamic behavior of the structure and can be found in 

Appendix I of (RSA, 2006). 

o Temperature which according to (RSA, 2006) in non protected concrete structures 

is 15ºC. 
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The load combinations presented were determined according with the (EN 1990, 2001), hence 

two limit states were considered: the Ultimate Limit State (ULS) and the Serviceability Limit 

State (SLS). In the ULS, the results provided are based on the fundamental combination with the 

leading variable being the imposed load. According to the (EN 1990, 2001) this combination can 

be obtained by using the following equation, 

 𝛾𝐺 ,𝑗𝐺𝑘 ,𝑗

𝑗≥1

" + " 𝛾𝑝  𝑃 " + "𝛾𝑄 ,1𝑄𝑘 ,1" + " 𝛾𝑄 ,𝑖𝛹0,𝑖𝑄𝑘 ,𝑖

𝑖≥1

  

where "+" implies "to be combined with" and ∑ implies "the combine effect of". In addition 𝐺𝑘 , 𝑗 

refers to permanent actions,𝑄𝑘 ,1 refers to leading variable action and 𝑄𝑘 ,𝑖  refers to accompanying 

variable actions, which are affected by the corresponding design values 𝛾 and 𝛹 factors found in 

Appendix A of (EN 1990, 2001) 

In the SLS case, the results provided are based on the quasi-permanent combination which is 

normally used for long-term effects and the appearance of the structure. According to (EN 1990, 

2001), this combination can be obtained by the following equation, 

 𝐺𝑘 ,𝑗

𝑗 ≥1

" + " 𝑃 " + " 𝛹2,𝑖𝑄𝑘 ,𝑖

𝑖≥1

  

Based on this information, the loads and combinations were introduced in the structural model, 

followed by calculations and subsequent analysis of results.  

In Figure 5-8 and Figure 5-9 a comparison between the resulting map of forces of the 

fundamental combinations with the leading variable being the imposed load in both structures, in 

the x direction and y direction respectively, is presented. In the x direction (see Figure 5-8), the 

biggest difference between the original structure and the recreated one, occurs in the central zone, 

where the original presents a maximum tensile force value of 55kN/m and the recreated model 

presents a maximum value of 62kN/m. In the y direction (see Figure 5-9) the biggest difference 

occurs near the higher edge, with the original structure presenting a minimum compressive value 

of 175 kN/m and the recreated model a minimum value of 155kN/m.   

These differences can be attributed to the fact that different structural analysis software were 

employed to perform the calculations, which could lead to different type of shell elements being 
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used, such as elements with quadratic shape functions instead of linear shape functions. In 

addition, there is also the possibility that different quantities of finite elements were used, as well 

as different layouts. The assumption of considering the beam elements represented with an offset 

could also be one of the causes for those differences.   

 

Figure 5-8 Map of membrane forces in the x-direction for the fundamental combination 

with the leading variable - imposed load: a) original case; b) recreated model. Units in 

kN/m. 

 

Figure 5-9 Map of membrane forces in the y-direction for the fundamental combination 

with the leading variable - imposed load: a) original case; b) recreated model. Units in 

kN/m. 
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In Figure 5-10, a comparison between the map of vertical displacements for the quasi permanent 

combination for both structures is presented. Similar to the results obtained in the map of 

membrane forces for the fundamental combination, the results between both models are very 

similar with differences mainly occurring near the higher edge, where the original model has a 

maximum displacement of 0,3 cm and the recreated model a maximum of 0,5 cm. These 

differences can be mostly explained for the motives previously presented.  

 

Figure 5-10 Map of vertical displacements for the quasi-permanent combination: a) 

original case; b) recreated model. Units in cm. 

Based on the results obtained through the structural analysis, Cardoso assessed the structure's 

safety. The maximum reinforcement determined by him assumes a distance between the 

reinforcement center of gravity and the surface of the element for both the super ior and inferior 

reinforcement to be 3cm. With this considerations the results obtained by him are presented in 

Table 5-1 where it is visible that the obtained values do not exceed the minimum reinforcement 

necessary in each direction (As,min) according to (EN 1992-1-1, 2004) . 

Table 5-1 Minimum reinforcemenet needed as determined in (Cardoso, 2008). 

As,min 

(cm²/m) 

Asx,s 

(cm²/m) 

Asx,i 

(cm²/m) 

Asy,s 

(cm²/m) 

Asy,i 

(cm²/m) 

1,8 0,1 0,6 0,00 0,00 
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The results obtained through the use of the created custom component, assuming the same 

distances between the reinforcement center of gravity and the surface of the element, are 

presented in Table 5-2 where it is visible that more conservative values were obtained, but even 

these are less than the minimum reinforcement needed. The differences may be explained by the 

fact that Cardoso only studied a certain number of points which he deemed as determinant, and 

may perhaps have overlooked an important zone. It is important to notice that in both cases it was 

concluded that no specific reinforcement for shear force was deemed as necessary.  

Table 5-2 Minimum reinforcement determined by the custom component. 

As,min 

(cm²/m) 

Asx,s 

(cm²/m) 

Asx,i 

(cm²/m) 

Asy,s 

(cm²/m) 

Asy,i 

(cm²/m) 

1,81 0,39 0,95 0,00 0,00 

 

Another safety assessment performed by him, was the verification of the acting compressive 

forces. The created custom component, just like him, determined that no compressive force was 

superior to the maximum permissible compressive force. Lastly, Cardoso assessed the deflection 

control by predicting the long term deflection using a simplified equation based on the one 

described in section 7.4.3 of the (EN 1992-1-1, 2004). The equations used is as follows,  

𝛿∞ = 𝛿𝑒 ×  1 + 𝜑 ∞,𝑡0          (5.1) 

where, 𝛿𝑒  represents the maximum vertical displacement calculated for the quasi-permanent 

combination, 𝛿∞ represents the long term maximum vertical displacement and 𝜑 ∞,𝑡0  is the 

creep coefficient which was simplistically assumed as 2.5.  

The maximum vertical displacement in both (original and recreated models) was approximately 

10 mm which according to equation 5.1 corresponds to a long term maximum displacement of 35 

mm. This displacement is inferior to the one proposed by Isler (span/1000) which in this case is 

50 mm. It can be concluded that the use of the created custom component for interoperability 

provides accurate results and is capable of assessing the safety of the structure in a conservative 

and adequate manner.   
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5.3.2. Solution 1 - propose small alterations 

In this section, a set of small alterations to the original structure will be proposed in order to 

increase the structural performance, without compromising the original design requirements  

which, according to Cardoso (2008), are as follows: a guarantee of at least two opened faces to 

provide good lighting and that the structure should be as low as possible, but always guaranteeing 

a minimum value.   

Following the proposed methodology, the process starts by defining the support and boundary 

conditions in order to initiate the formfinding process. In this case, the support and boundary 

conditions will be the same as the original structure, and are presented in Figure 5-11a) in 

junction with the representation of the particle-spring system created. The simulation was 

initiated and the stiffness of the springs and loads applied on the particles were adjusted until a 

shape similar to the original was obtained. The obtained results are presented in Figure 5-11b) 

and Figure 5-11c). By comparing the obtained shape and the original, two major difference are 

found: the curves that define the extremities are defined by curves similar to catenaries instead of 

parabolas, and the shape presents curvature in both directions instead of only one.  

 

Figure 5-11 Particle-spring system: a) initial conditions; b) resultant shape view from the 

front; c) resultant shape view from a perspective.  

The next step consists in creating a parametric model based on the obtained shape. It is possible 

to recreate the shape obtained through the formfinding process with only the use of three curves 
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as presented in Figure 5-12. These curves are based on catenaries and the only parameter possible 

to vary in each one, is its length.  

 

Figure 5-12 Proposed parametric model. 

With the use of the created component for interoperability, several different structures defined 

with the parametric model were analyzed in order to determine what parameters are the most 

influential. It was concluded that the most important parameters were the lengths of the curves 

"Catenary 1" and "Catenary 2", and they will be the genes in the morphogenetic process. This 

means the curve "Catenary 3" will not be altered, and will maintain a maximum height equal to 

the original structure, i.e. 9 meters. Another important aspect before starting the morphogenetic 

process is the range in which this genes can vary in order to not alter the geometry significantly.  

To obtain a solution similar to the original, the following ranges were adopted: the curve 

"Catenary 1" can vary its length so as to have a minimum height of 3,0 meters and a maximum 

height of 4,8 meters and the curve "Catenary 2", that defines the double curvature, can vary its 

length in order to have a minimum height of 3,0 meters and a maximum height of 12,5 meters. It 

is also important to notice that the curve "Catenary 2" will always have a negative curvature, just 

like the other two curves and thus, a geometry with a synclastic curvature will always be 

obtained. Similar to the elliptical paraboloid, when a shell has this type of curvature, the use of 

beams in the extremities is deemed unnecessary. With the genomes of the problem defined, the 

next step is the definition of the fitness function, and just like in the proposed framework, the 

minimization of the maximum displacement was used. After only 11 generations, the results were 

deemed satisfactory and the process was stopped (see Figure 5-13).  
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Figure 5-13 Results from the evolutionary solver. 

In Figure 5-14, a comparison between the obtained solution and the original shape proposed in 

(Cardoso, 2008) is presented. It is visible that the differences between both shapes are minimal. 

For more details about the differences between this geometries, one should refer to Appendix 

VIII.  

 

Figure 5-14 Comparison between: a) the original geometry; b) the new geometry. 

According to the proposed methodology, the next step consists in creating a more detailed FEM 

model to perform a detailed structural analysis. The model was created using the custom 

component and presents all the component's default characteristics (pinned supports, shell 

elements and only self-weight as the acting load) and can be seen in Figure 5-15. For more details 

about the created model one should refer to Appendix IX. 
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Figure 5-15 Structure obtained at the end of the morphogenetic process. 

In addition to the detailed analysis, the differences between the structural performance of the 

original structure and the solution obtained will be presented. This comparison only takes into 

account the material's self-weight as the acting load, since this is considered the most important 

load. In Figure 5-16a) and Figure 5-16b) the map of vertical displacements of the original 

structure and the obtained solution respectively is presented. The results of the obtained solution 

show a clear superior performance, with displacements inferior to 2mm in almost all the structure 

which corresponds to a value four times less when in comparison with the original. Another 

difference occurs in the location of the maximum displacements. Because the new shape has no 

beams on the edges, the maximum displacement occurs in these free edges but still provides 

inferior values when in comparison with the original. 

 

Figure 5-16 Map of vertical displacements for the: a) original shape; b) new shape. Units in 

cm. 
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In Figure 5-17, the map of membrane forces in the x-direction is presented. Similar to the map of 

vertical displacements, the membrane forces obtained are significantly inferior in the new shape. 

In Figure 5-17b), it is visible that the membrane forces in the new shape are all compressive with 

almost negligible values in the central zone. In comparison, in the original shape (see Figure 5-

17a), it is visible that the values of the membrane compressive forces are higher and even tensile 

forces exist in the central zone. The existence of tensile forces in this type of structures should 

always be avoided, making the new shape a better solution for the intended use. 

 

Figure 5-17 Map of membrane forces in the x-direction for the: a) original shape; b) new 

shape. Units in kN/m. 

In Figure 5-18, the map of membrane forces in the y-direction is presented. Similar to the 

previous cases, the new shape proves to be more structurally efficient. In this direction, both 

structures act like a set of arcs, where as expected, the lower the arc, the higher the compressive 

force. This arc- like behavior translates into a lack of tensile forces and respective need of 

reinforcement in the y-direction. Although both structures only have membrane compressive 

forces in this direction, in the new shape they are significantly inferior.  
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Figure 5-18 Map of membrane forces in the y-direction for the: a) original shape; b) new 

shape. Units in kN/m. 

In Figure 5-19 and Figure 5-20, the map of bending moments in the x and y direction 

respectively, for both structures, are presented. In both directions, the two structures present 

similar low bending moment values in the majority of the structure, with the exception of the 

values near the supports. In this zone, the original shape (see Figure 5-19a and Figure 5-20a) has 

an accentuated increase in bending moments in both directions, whereas in the new shape (see 

Figure 5-19b and Figure 5-20b) the increase in value is almost negligible.  

 

Figure 5-19 Bending moments in the x-direction for the: a) original shape; b) new shape. 

Units in kN.m/m. 
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Figure 5-20 Bending moments in the y-direction for the: a) original shape; b) new shape. 

Units in kN.m/m. 

Appendix IX presents the remaining results obtained, and their analysis show the same results: 

that the new shape has a clear superior performance when in comparison with the original shape, 

reducing the tensile stresses to almost null values and even keeping the compressive forces to a 

minimum. This translates into even less reinforcement needed as visible in the results determined 

the created custom component and presented in Table 5-3. In addition, the permissible 

compressive forces were not exceeded and the long term deflection is still inferior to span/1000.  

Table 5-3 Minimum reinforcement needed for the new shape determined by the created 

component. 

As,min 
(cm²/m) 

Asx,s 
(cm²/m) 

Asx,i 
(cm²/m) 

Asy,s 
(cm²/m) 

Asy,i 
(cm²/m) 

1,81 0,29 0,16 0,00 0,00 

 

Another important aspect needed to be studied in addition to the previous parameters, is the 

buckling behavior of the structure. Using the software Robot Structural Analysis, the first five 

buckling modes were determined for both structures, and the ratio between the critical load 

determined and the acting load (self-weight) is presented in Table 5-4. By analyzing the 

determined safety factor, the new shape shows an inferior performance when in comparison with 
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the original. According to the methodology proposed in Chapter 3.4, for a displacement of 

approximately 10mm in a shell with a thickness of 15cm, and with a concrete type C30/37, the 

safety factor should be at least 10,23 which means that none of them can be considered safe. It is 

important to remember that the methodology proposed in Chapter 3.4 is overly conservative in 

some scenarios as previously explained, but for the purposes of this example, a solution will be 

presented nonetheless.  

Table 5-4 Safety factors for the original and new shape. 

Original shape 
 

New shape 

Mode Safety Factor 

 

Mode Safety Factor 

1 3.71 

 

1 2.37 

2 4.62 

 

2 2.58 

3 5.37 

 

3 4.21 

4 6.34 

 

4 4.63 

5 7.35 
 

5 6.59 

 

To determine a solution, a careful analysis of the displacements in the first modes was performed 

for the new shape. In Figure 5-21a) and Figure 5-21b), a schematic representation of the 

deformation associated with the Mode 1 and Mode 2 respectively is presented. Through a careful 

analysis it is visible that the maximum displacements occur in zones near the free edges.   

 

Figure 5-21 Deformation due to buckling correspondent to: a) Mode 1; b) Mode 2. 

The proposed solution consists in introducing two reinforced concrete beams on the edges to 

increase the stiffness in these zones. These beams are made of concrete type C30/37 with 0,3 

meter width and 1,0 meter height. The new FEM model, taking into account the proposed 

alterations is presented in Figure 5-22, which was created with the use of the custom component 

and thus presents all the default characteristics.  
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Figure 5-22 Created model with beams. 

In Figure 5-23, a comparison between the map of vertical displacements of the structure without 

beams (Figure 5-23a) and with beams (Figure 5-23b) is presented. The introduction of beams on 

the edges clearly improved the deformational behavior, minimizing the displacement values 

especially in the higher edge where they become inferior to 2mm in contrast with the previous 

5mm. 

 

Figure 5-23 Map of vertical displacements for the structure: a) without beams; b) with 

beams. Units in cm. 

The increased stiffness provided by the introduction of beams on the free edges also brings the 

unwanted effect of increasing the values of the acting forces in the structure. In Figure 5-24 a 

comparison between the acting membrane forces in the x-direction of both structures is 

presented. It is visible that in the case of the structure with beams, small tensile forces arise near 
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the lower edge as well as an increase in the compressive forces values in the same zone. This 

unwanted effect is even more noticeable in the membrane forces in the y-direction, as represented 

in Figure 5-25. In this case, the structure with beams has an increase of almost 150% in the value 

of the membrane compressive forces near the lower edge, as visible in the Figure 5-25b.  

 

Figure 5-24 Map of membrane forces in the x-direction for the structure: a) without beams; 

b) with beams. Units in kN/m. 

 

Figure 5-25 Map of membrane forces in the y-direction for the structure: a) without beams; 

b) with beams. Units in kN/m. 

In addition to the increase in membrane forces, the bending moments in the x and y directions 

also have their values amplified near the edges, seen in Figure 5-26 and Figure 5-27 respectively. 
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This is, however, more noticeable in the bending moments of the x-direction as visible in Figure 

5-26b when compared with the structure without beams presented in Figure 5-26a.  

 

Figure 5-26 Map of bending moments in the x-direction for the structure: a) without 

beams; b) with beams. Units in kN.m/m. 

 

Figure 5-27 Map of bending moments in the y-direction for the structure: a) without 

beams; b) with beams. Units in kN.m/m. 

The remaining results are presented in Appendix X and it is visible that the same conclusions can 

be deduced. In addition to the presented results, the minimum reinforcement needed was also 

quantified and is presented in Table 5-5. The presented value must be analyzed with some 
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caution. The algorithm that determines the minimum reinforcement verifies the entirety of the 

structure, and this value most likely corresponds to the interaction between the bar elements 

representing the beams and the supports of the shell, since in this zone occurs an increase in 

bending and twisting moments, as well as, an increase in shear forces (see Appendix X). The 

tensile forces that exist in the other zones of the proposed structure are inferior than those 

obtained in the original structure proposed in (Cardoso, 2008) which should lead to the same 

value of reinforcement. As such, even though the automatic results obtained determine an 

increase in reinforcement, the minimum reinforcement should be enough to verify the safety in 

almost the entirety of the structure as previously demonstrated. In addition, it was also verified 

that the compressive forces are inferior to the permissible and the deflection control is verified.  

Table 5-5 Minimum reinforcement determined by the custom component for the structure 

with beams. 

As,min 
(cm²/m) 

Asx,s 
(cm²/m) 

Asx,i 
(cm²/m) 

Asy,s 
(cm²/m) 

Asy,i 
(cm²/m) 

1,81 3,20 0,58 0,00 0,00 

 

The buckling behavior of the first five buckling modes of this new structure was determined. A 

comparison between the determined safety factors of the critical load and the acting load of all 

the studied structures is presented in Table 5-6 where it is visible that the introduction of beams 

on the edges provided the expect results and increased the safety factor at least 6 times.  

Table 5-6 Safety factors for all the studied structures. 

Original shape 
 

New shape 
 

New shape with Beams 

Mode Safety Factor 

 

Mode Safety Factor 

 

Mode Safety Factor 

1 3.71 

 

1 2.37 

 

1 16.35 

2 4.62 

 

2 2.58 

 

2 16.42 

3 5.37 
 

3 4.21 
 

3 19.19 

4 6.34 
 

4 4.63 
 

4 19.50 

5 7.35 

 

5 6.59 

 

5 21.34 

 

It can be concluded that the proposed geometry provides better structural performance, providing 

more safety without compromising the initial aesthetic and design requirements.   
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5.3.3. Solution 2 - propose significant alterations 

This section will propose a set of significant alterations to the original structure in order to 

increase the structural performance, without compromising the original design requirements. 

Following the proposed methodology, the process would start with the definition of the boundary 

and support conditions in order to initiate the formfinding process. However, in this case, they are 

the same as the previous section and therefore will not be repeated. 

The process will start with the definition of a parametric model in order to perform a truly 

morphogenetic process, with several genes and large ranges in which they can vary. For this 

solution, no preliminary analysis will be performed, and the final geometry will only depend on 

the genetic algorithm. The created parametric model is similar to the previous, in the sense that it 

is controlled by three main curves. In this case, the curves are NURBS curves, controlled by a set 

of control points, schematically presented in Figure 5-28. The curves 1 and 3 are controlled by 

the points 1 and 5 respectively which also control the shape of the curve 2, along with the 

remaining points. 

 

Figure 5-28 Curves and control points used in the parametric model to define the geometry. 

In order to maintain the shape relatively similar to the initial, the control points 1 and 5 can only 

vary from 3,5 to 4,5 and 8,5 to 9,5 respectively. The remaining points can all vary from 3,0 

meters to 10,0 meters. After the definition of the parametric model, the morphogenetic process 

was immediately initiated with all the control points connected to the Galapagos component as 

genes and the fitness function connected to the custom component for interoperability as 

recommended in the proposed methodology. To increase the chances of finding a global optimum 

instead of a local one, the process was performed twice with the introduction of mutations in 
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both. The first process was held through a total of 17 generations and the second, through a total 

of 10 generations, as presented in Figure 5-29a) and Figure 5-29b) respectively. The results were 

very similar in both processes which means it is probably a good solution. 

 

Figure 5-29 Results presented in the Galapagos interface for the: a) first process; b) second 

process. 

The resulting shape at the end of the process is presented in Figure 5-30. For more details about 

the obtained geometry and a comparison with the original shape, one should refer to Appendix 

XI. The main differences between the obtained shape at the end of the morphogenetic process  

and the original, occurs in the x-direction, with the extremities of the shell having almost the 

same height as the original. 

 

Figure 5-30 Resulting geometry of the morphogenetic process. 

The seemingly random patterns described in the x-direction of the obtained geometry (defined by 

the New Curve 2) provides extra stiffness to the structure as if beams exist along the structure. 
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This can be seen by the analysis of the created FEM model based on the obtained geometry and 

presented in Figure 5-31. The model was created with the use of the custom component and 

presents all the default characteristics of the component.  

 

Figure 5-31 FEM model based on the obtained geometry at the end of morphogenetic 

process. 

In Figure 5-32 a comparison between the original map of vertical displacements and the map of 

vertical displacements resultant of the new shape's FEM model analysis is presented. By 

analyzing the results corresponding to the obtained geometry at the end of the morphogenetic 

process (see Figure 5-32b), it is possibly to verify that the entirety of the structure has 

displacements inferior to 4mm with a maximum of roughly 6mm occurring in the lower free 

edge. In comparison with the original structure (see Figure 5-32a), the new vertical displacements 

are substantially inferior in all the zones, even without beams on the edges.  

 

Figure 5-32 Map of vertical displacements for the: a) original shape; b) morphogenetic 

shape. Units in cm. 
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In addition, it is also important to notice that the highest area of the shell corresponds to the lower 

displacement value, which in turn will correspond to low acting forces as seen in the map of 

membrane forces in the x-direction presented in Figure 5-33b). Through a comparison between 

both maps, presented in Figure 5-33, it is possible to verify that the central zone (or higher zone) 

of the new shape has a clear superior performance with almost null forces acting on it. It is 

however, important to notice that both structures have similar tensile forces with the main 

difference being their location.   

 

Figure 5-33 Map of membrane forces in the x-direction for the: a) original shape; b) 

morphogenetic shape. Units in kN/m. 

In Figure 5-34, the map of membrane forces in the y-direction for both structures is presented. In 

this direction, both structures only present compressive membrane forces. In the original shape 

the maximum compressive values occur near the lower edge (see Figure 5-34a) and in the new 

shape the same occurs but with reduced values (see Figure 5-34b). In the opposite edge, the 

higher edge, the reverse occurs. In this edge, the new shape presents compressive values higher 

than the original shape. Lastly, in the central zone, similarly with the results obtained for the 

membrane forces in the x-direction, the new shape presents smaller membrane force values.  
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Figure 5-34 Map of membrane forces in the y-direction for the: a) original shape; b) 

morphogenetic shape. Units in kN/m. 

Lastly in Figure 5-35 and Figure 5-36 a comparison between the map of bending moments in the 

x and y directions respectively of both structures are presented. In the x-direction, both structures 

have the same range of values, with almost the entirety of the structure presenting null values 

differing only in the places where the maximum occurs. In the original structure, the maximum 

occurs near the supports (see Figure 5-35a) and in the newly obtained shape, the maximum 

occurs in the lower zone (see Figure 5-35b). 

 

Figure 5-35 Bending moments in the x-direction for the: a) original shape; b) 

morphogenetic shape. Units in kN.m/m. 
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In the y-direction the improvement in performance is more evident. The resulting shape at the 

end of the morphogenetic process presents almost null values in the entire ty of the structure, as 

presented in Figure 5-36b), whereas the original structures has some high values near the 

supports, similar to what is observed in the previous case.  

 

Figure 5-36 Bending moments in the y-direction for the: a) original shape; b) 

morphogenetic shape. Units in kN.m/m. 

The presented results, as well as, the remaining results presented in Appendix XII, reaffirm the 

initial statement that the apparent random geometry obtained, actually provides extra stiffness to 

the structure. As such, just like in the original structure, the minimum reinforcement in each 

direction is enough to withstand the acting tensile forces, as demonstrated by the results obtained 

with the custom component and presented in Table 5-7. In addition, the compressive forces do 

not exceed the permissible forces and the deflection control is verified.  

Table 5-7 Minimum reinforcement determined by the custom component for the structure 

obtained at the end of the morphogenetic process. 

As,min 
(cm²/m) 

Asx,s 
(cm²/m) 

Asx,i 
(cm²/m) 

Asy,s 
(cm²/m) 

Asy,i 
(cm²/m) 

1,81 0,78 0,94 0,00 0,00 
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Following the proposed methodology, it is also necessary to determine the buckling behavior of 

the newly obtained structure. The safety factor of the first five buckling modes were calculated 

and are presented in Table 5-8. According to the methodology proposed in Chapter 3.4 for a 

generic shell with a displacement of approximately 5mm in a shell with a thickness of 15cm and 

with a concrete type C30/37, the safety factor should be at least 7,96, which means the structure 

cannot be considered safe, and a solution must be found. In this case, the post-buckling behavior 

could, in theory, be deemed as not restrictive since at least one the principal stresses presents 

tensile values. In this situation, the safety factor would only need to be at least 1,75. However, for 

the purpose of this example, a solution will be presented nonetheless.   

Table 5-8 Safety factors of the structure obtained at the end of the morphogenetic process. 

Morpho. Shape 

Mode 
Safety 
Factor 

1 6.83 

2 6.87 

3 8.29 

4 9.24 

5 11.07 

 

In order to find a solution, the displacements associated with the first two modes were analyzed 

and presented in Figure 5-37. It is visible that both modes cause instability problems in the lower 

free edge of the structure, and so, a possible solution consists in increasing the stiffness in this 

zone. Since the safety factor is already high, the introduction of a beam element is not necessary; 

instead, it is opted to increase the thickness of the shell in the necessary zone.  

 

Figure 5-37 Deformation due to buckling correspondent to: a) Mode 1; b) Mode 2. 
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Through an iterative process, it was concluded that an increase in thickness from 0,15 to 0,30 

meter in the zones schematically represented in Figure 5-38, was enough to obtain the desired 

results. With this new section, the safety factors presented in Table 5-9 were obtained, where it is 

visible that a small increase in the critical load value was obtained and the structure can be 

deemed as safe. 

 

Figure 5-38 Representation of the new thickness of the shell. 

Table 5-9  Safety factors of the structure with increased thickness. 

Morpho. Shape 

Mode 
Safety 

Factor 

1 8,27 

2 9,82 

3 12,67 

4 13.06 

5 13.34 

 

In this case, it was possible to obtain a solution with superior performance in comparison with the 

original without the use of beam elements on the edges. This demonstrates the importance of the 

shape in a shell structure and more importantly, the increase in stiffness obtained through the use 

of various curvatures.  
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5.4. Case 2 - Matosinhos's Market 

The second case consists in proposing two alternatives to the existent roof of the Matosinhos's 

Market. The structure is the creation of the ARS-Arquitectos company, which in 1936 won the 

public contest to create the structure (Costa, 2001). In 1939, the definitive design was presented 

and the structure was finally completed in the 1950s. The result was a building arranged in two 

floors, taking advantage of the terrain's slope which can be seen schematically represented in 

Figures 5-39 and 5-40 along with some of its main dimensions. 

 

Figure 5-39 Three dimensional model of the market and dimensions. Units in meters. 

 

Figure 5-40 Additional dimensions of the market. Units in meters. 

Recently, the building has undergone some adjustment in its interior. These adjustments are the 

result of an interaction between the company Arquitectos Anónimos (AA) in junction with Maria 

Milano and Escola Superior de Artes e Desgin (ESAD). These recent changes have raised interest 
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in this building, with the following question arising: what if the exterior was changed? This 

section will present two different solutions to this question.  

 

5.4.1. Solution 1 - propose small alterations 

The first solution consists in proposing only small alterations to the initial roof geometry in order 

to obtain a better performance. Before implementing the proposed methodology, firstly, the 

original roof structure will be recreated in order to quantify the improvements. Based on the 

obtained information, the FEM model presented in Figure 5-41 was created. However, due to 

lack of information about the materials and some details about the geometry, some assumptions 

had to be made. It was assumed that the structure was entirely created with conc rete C30/37, with 

a shell thickness of 15cm and the beams on the free edges of the shell were assumed to have a 

height of 75cm and a width of 40cm. The created FEM model is not representative of reality, but 

it is nonetheless accurate enough for the intended purpose. The model was created with the use of 

the created custom component and as such presents all the default characteristics of the 

component with the exception of the supports that, in this case, are opted be fixed instead of 

pinned. 

 

Figure 5-41 Created FEM model of the original market roof. 

The original roof geometry essentially consists in a set of different barrel arches distributed along 

the market roof, and so the changes will focus mainly on the alteration of their shape and 

disposition. According to the proposed framework, the first step consists in performing a 
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formfinding process. In this case, the process will only be performed to obtain the shape of a 

single arch with the initial conditions represented in Figure 5-42a). As expected, the resulting 

shape is an arch defined by a catenary, seen in Figure 5-42b). 

 

Figure 5-42 Formfinding process: a) initial conditions; b) resulting shape. 

Based on the information obtained through the formfinding process, a parametric model was 

created in order to recreate the obtained geometry (see Figure 5-43a). The parametric model 

consists of two equal catenary curves that define the free edge of the arch, both referred to as 

Catenary 1, where the only parameter possible to vary is their length. The third curve is referred 

to as Catenary 2 and serves the purpose of defining the double curvature of the arch by adjusting 

its length. Using the created custom component for interoperability, through an iterative process, 

the lengths of the catenary curves were adjusted until the minimum height of the arch was similar 

to the original minimum height and good structural performance was obtained. The final result o f 

the geometry is presented in Figure 5-43b). For more details about the new arch's geometry and a 

comparison with the original geometry, one should refer to Appendix XIII.  

 

Figure 5-43 Parametric model of an arch in: a) initial position; b) updated position.  
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Because the obtained structural performance was considered good enough, the use of genetic 

algorithms to further improve the structural performance was deemed as unnecessary. The new 

arch was then repeated five additional times, obtaining the layout presented in Figure 5-44. By 

using the same geometry repeated several times, hopefully, the costs associated with construction 

will be minimized. 

 

Figure 5-44 Arch disposition view from: a) perspective; b) top (units in meters).  

Based on the roof geometry obtained, the FEM model presented in Figure 5-45 was created in 

order to analyze in detail the new roof structural behavior. The model was created with the use of 

the custom component and as such presents all the default characteristics of the component, with 

the exception of the supports that were opted to be fixed. 

 

Figure 5-45 FEM model of the proposed new roof. 

In Figure 5-46, the map of vertical displacements of the FEM model representing the original 

roof and the proposed new roof is presented. A comparison between the two shows that the 
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proposed new shape provides significantly better results when in comparison with the original, 

with displacements being inferior to 2mm in the entirety of the structure, even without beams in 

the free edges as seen in Figure 5-46b).  

 

Figure 5-46 Map of vertical displacements for the: a) original shape; b) new shape (solution 

1). Units in cm. 

In Figure 5-47 the map of membrane forces in the x-direction for both structures is presented. In 

this direction, the forces obtained in both structures are very similar, presenting reduced forces in 

all the roof structure.  

However, for the membrane forces in the y-direction, the differences between both structures are 

more noticeable as evidenced in the maps presented in Figure 5-48. In the original shape, due to 

the higher stiffness provided by the beams on the free edges, an increase in tensile forces occurs 

in the zone corresponding with the maximum height of the arch, near the edge seen in Figure 5-

48a). This, however, does not occur in the new proposed shape, where only compressive 

membrane forces are present, as visible in Figure 5-48b), thus making the new shape a better 

choice in terms of structural performance.  



160 

 

 

Figure 5-47 Membrane forces in the x-direction for the: a) original shape; b) new shape 

(solution 1). Units in kN/m. 

 

Figure 5-48 Membrane forces in the y-direction for the: a) original shape; b) new shape 

(solution 1). Units in kN/n. 
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Even with mainly compressive forces acting on the proposed shape in both directions, the 

calculated necessary reinforcement to withstand the acting tensile forces by the created custom 

component (assuming the default values of the component), presents values superior to the 

minimum reinforcement required in the y-direction as visible in the results seen in Table 5-10. 

Table 5-10 Reinforcement calculated by the custom component for solution 1. 

As,min 

(cm²/m) 

Asx,s 

(cm²/m) 

Asx,i 

(cm²/m) 

Asy,s 

(cm²/m) 

Asy,i 

(cm²/m) 

1,81 0,76 1,14 1,14 3,47 

 

This can be explained by the remaining results of FEM model presented in Appendix XIV. Their 

analysis shows that the proposed shape presents negligible bending moments in the arches with a 

clear increase in value near the supports of the shape (especially negative bending moments in the 

y-direction). The calculated reinforcement corresponds to this zone, whereas in the remaining 

zones the minimum reinforcement is enough to withstand the acting tensile forces which are for 

the most part inexistent. The results of the custom component also verified that the maximum 

acting compressive forces, do not exceed the permissible compressive forces. In addition, by 

multiplying the maximum vertical displacement by a coefficient of 3,5, the long term deflection 

can be estimated as previously explained. This corresponds to a value of approximately 7mm, 

which is inferior to the maximum recommended value of span/1000 (equal to 34,5mm in this 

case). Lastly, the first five buckling modes were determined and the resulting safety factors are 

presented in Table 5-11, where it is visible that there should not exist problems associated with 

stability. The proposed shape can thus be an alternate solution to the existent roof.  

Table 5-11 Safety factors of the proposed new shape (solution 1). 

New Shape 

Mode 
Safety 
Factor 

1 41.04 

2 41.04 

3 41.12 

4 41.12 

5 41.25 
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5.4.2.  Solution 2 - propose significant alterations 

The second solution consists in implementing the proposed methodology in order to propose a 

completely different roof to the market, without changing one of the main characteristic of the 

original shape which is the high exposure to sunlight in the interior. To achieve this design 

requirement, the position of the sun during an entire year must be defined. This task was achieved 

by using the solar position algorithm created by (Cornwall, Horiuchi, & Lehman, 2014). 

Knowing the exact coordinates of the market location it was possible to obtain a set of vectors 

that define the direction of the sunlight for any specific day and hour. 

Based on the obtained solar vectors, it is possible to define the location of the supports. To avoid 

the discomfort of the people inside the building, it was opted to avoid high sun exposure after  

15h, especially in the summertime, and always trying to maximize the exposure during the 

mornings of every day of the year. This means that in the direction of the vectors from 06h to 

15h, no supports should exist, as presented in Figure 5-49a). However, to further increase the 

solar exposure, the supports' layout was altered to the presented in Figure 5-49b). In addition, the 

use of rounded boundary condition instead of a linear boundary, generally provides structural 

advantages as Isler proved with his pneumatic shapes (Billington, 1982). 

 

Figure 5-49 Solar vectors for the day 9 of January from 6am to 7pm and: a) original 

configuration of supports; b) new configuration of supports. 

Knowing the supports conditions, a particle-spring system was created in order to perform a 

formfinding process with the initial conditions presented in Figure 5-50a). By starting the 
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simulation the first result obtained is presented in Figure 5-50b), however, this shape did not 

allow the desired solar exposure since the maximum height was too low. As a consequence, the 

stiffness of the springs was adjusted until the shape presented in Figure 5-50c) was obtained.  For 

more details about the obtained geometry one should refer to Appendix XV. 

 

Figure 5-50 Formfinding process in: a) initial conditions; b) first solution; c) last solution.  

According to the proposed methodology, the next step consists in creating a parametric model in 

order to manually improve even further the geometry. The created model consists in a total of 11 

catenary curves that define a translational surface as visible in Figure 5-51, where the only 

parameter possible to vary is their lengths.  

 

Figure 5-51 Schematic representation of the 11 catenary curves in the parametric model 

that define the surface. 

At this stage, the aspect deemed as most important is the solar exposition requirement. To fully 

achieve this requirement, the lengths (and subsequently the heights) of the curves numerated as 1 

and 11 where manually adjusted until the proper solar exposure was achieved. The final result is 

presented in Figure 5-52 along with the solar vectors for a day during summertime. 
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Figure 5-52 Solar vectors for the day 1 of August. 

In order to meet the remaining requirements of the project, namely the structural requirements, a 

morphogenetic process will be performed using the recommendation of the proposed framework. 

To ensure that the resulting solution does not alter the already established solar exposure, only 

the catenary numerated from 2 to 10 will be considered genes of the process, leaving the height 

of the roof entrances unaltered (curves 1 and 11). All the curves of the morphogenetic process 

can vary from a height of approximately 9 meters to 22 meters. Due to the high number of 

variables, the morphogenetic process was performed several times in order to try to achieve the 

best possible solution. The final result is represented in Figure 5-53. 

 

Figure 5-53 Solution of the morphogenetic process. 
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After completing the process, a detailed analysis of the obtained shape was performed. In this 

case, it was important to verify if the solar exposition criteria was achieved. In Figure 5-54, the 

resulting shape at four different times, using the rendering capabilities of the software Rhinoceros 

3D, is represented. In earlier months (corresponding to wintertime) in the morning, the interior of 

the market is completely exposed to sunlight (see Figure 5-54a), whereas at 15h only a small 

fraction of the interior receives sunlight (see Figure 5-54c). In the months corresponding to 

summertime, the only solar exposure occurs throughout the morning (see Figure 5-54b), with 

shadows being cast to the interior after 15h (see Figure 5-54d). With this configuration, the solar 

exposure requirement can be deemed as achieved.  

 

Figure 5-54 Solar exposition at: a) winter time in the morning; b) summer time in the 

morning; c) winter time in the afternoon; d) winter time in the afternoon.  

The next important aspect necessary to evaluate is the s tructural performance of the structure. In 

Figure 5-55 a FEM model created based on the obtained shape is presented. The model was 

created with the use of the created custom component and presents all the default characteristics 

of the component.  
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Figure 5-55 FEM model representing the shape obtained through the morphogenetic 

process. 

In Figure 5-56 the map of vertical displacements of the obtained shape is presented. The structure 

presents a maximum value of approximately 2mm, which corresponds to a long term deflection 

of 7mm by using the method previously explained. This value is clearly inferior to the 

recommended maximum of span/1000, which in this case is equal to approximately 58mm.   

 

Figure 5-56 Map of vertical displacements for solution 2. Units in cm. 

In Figure 5-57 and Figure 5-58, the maps of membrane forces in the x and y direction 

respectively are presented. It is evident that in the y-direction the performance can be considered 

better when in comparison with the results obtained in the opposite direction, since only 
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compressive forces occur. This is mainly due to the fact that in the y-direction, the shape's section 

is mostly composed of several arches shaped like catenary curves with negative curvatures,  

whereas in the x-direction, the shape's section is composed of a curve with an alternative 

curvature that leads to the rise of tensile forces instead of only compressive forces.  

 

Figure 5-57 Map of membrane forces in the x-direction for solution 2. Units in kN/m. 

 

Figure 5-58 Map of membrane forces in the y-direction for solution 2. Units in kN/m. 

The remaining results obtained are presented in Appendix XVI and their analysis shows that, as 

expected, the bending moments are mostly negligible, and the zones where small bending 

moments arise, corresponds to the zone where the maximum vertical displacements occur. In 
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addition, it is visible that the principal stresses are very similar with the membrane forces 

obtained, presenting small tensile forces in the central zone. According to the results obtained by 

the custom component, these tensile forces can be sustained by simply using the minimum 

reinforcement in each direction, as the results presented in Table 5-12 show. In addition, the 

acting compressive forces do not exceed the permissible forces.  

Table 5-12 Reinforcement calculated by the custom component for solution 2. 

As,min 
(cm²/m) 

Asx,s 
(cm²/m) 

Asx,i 
(cm²/m) 

Asy,s 
(cm²/m) 

Asy,i 
(cm²/m) 

1,81 0,66 0,52 0 0 

 

Lastly, in order to assess the structural safety, it is necessary to study the buckling behavior of the 

structure. The first five buckling modes were determined and the resulting safety factors are 

presented in Table 5-11, where it is visible that there should not exist problems associated with 

stability, thus completing the pre-design process of this structure. 

Table 5-13 Safety factors of the proposed new shape (solution 2). 

New Shape 

Mode 
Safety 
Factor 

1 14,36 

2 19,14 

3 25,59 

4 31,81 

5 35,09 

 

It was possible to implement the proposed framework with the aim of obtaining a geometry 

capable of satisfying various design requirements considered necessary for its accurate 

implementation. 
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6. CONCLUSION 

 

6.1. General conclusions 

This work has proposed a methodology for real- time interaction between Architects and 

Engineers in the context of pre-designing thin reinforced concrete shells, based on the use of a set 

of custom-devised software applications, supported by morphogenesis and formfinding concepts, 

and taking advantage of parametric modeling techniques associated with interoperability between 

different software applications.  

The possibility of creating different geometries and evaluating the influence of certain 

modifications in a short period of time, proved to be one of the benefits of this methodology and 

tools, not only reducing the time associated with the creation of structural models based on the 

finite element method by the Engineers, but also allowing and promoting fast interactive dialogue 

between the Architect and the Engineer in view of several variations of architectural/structural 

solutions. The use of numerical formfinding techniques also proved to be an added value in the 

design of thin shells. Even though this technique only takes into account structural requirements 

(and even these cannot always be deemed as fulfilled due to uncertainties associated with post-

buckling), it enables a good starting point to initiate a morphogenetic process taking into account 

all the design requirements deemed as necessary by both the Architect and the Engineer involved.  

The use of the proposed methodology was capable of always obtaining efficient thin shell 

structures that fit all the design requirements considered. In addition to the examples of 

implementation presented in this document, this methodology was used throughout this 

dissertation in several different real scenarios with professional Architects and Engineers in order 

to evaluate it. The obtained feedback and results were always satisfactory, and it was possible to 

conclude that the proposed framework is capable of increasing the effective dialogue between the 

involved in the process, and provides good conditions to perform a sound structural design.   
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6.2. Future challenges 

Although the feedback obtained from the users who have implemented the custom component for 

interoperability was overwhelmingly positive, it is verified that there is still many improvements 

that could be carried out.  

The first necessary improvement regards the speed of the exportation process. Even though when 

compared with the current alternatives the created tool is considered fast, developments should be 

performed to eventually obtain an exportation process that can be considered to occur seamlessly 

in real time (as opposed to several seconds that the updating of the structural model currently 

requires). It is also noticed that the viability in the BIM context should also be improved since it 

is becoming an industry standard. This means that the tool should also be improved to be capable 

of creating IFC models, which could possibly extend the use of this tool to the aid of the full 

design of a thin shell instead of only the pre-design stages. In addition, the improvement of the 

type of structural analysis used should be performed to better understand the structure behavior, 

thus allowing the creation of more effective structures. This could be materialized by allowing 

evaluation of the extent of tensile stresses that can exist without compromising the structural 

stability, or/and evaluating the post-buckling behavior of the structure. The creation of a possible 

tutorial and the improvement of the component to become more user- friendly are also important 

objectives so that all the future users can utilize the full potential of the component.  

Additionally, most of the components created had the aim of increasing the synergy between the 

structural and architectural aspects of a structure, and after the conclusion of this thesis it is found 

that more components should be added to open the possibility of simultaneously evaluating more 

relevant aspects for a sound design and to be used as possible fitness functions of a 

morphogenetic process. Some examples would be the creation of components to evaluate the 

solar exposure of a surface, evaluate the flow of waters on top of a surface, and even perform 

simple evaluations of sound propagation inside a surface using ray tracing techniques in order to 

aid the Architect in the pre-design stage. Components to assess the times and costs associated 

with the constructive process should also be created to aid the Engineer in designing this type of 

structure.   
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APPENDIX I. THREE ARCHES - ADDITIONAL RESULTS AND 

GEOMETRY 

 

Table I-1 Details about the geometries of Arch 1(catenary), Arch 2 and Arch 3 

Arch 1 (catenary) 

 

Arch 2 

 

Arch 3 

Y Z 

 

Y Z 

 

Y Z 

0 0 

 

0 0 

 

0 0 

0.833373 0.75436 

 

0.784238 0.813031 

 

0.851504 0.727999 

1.707211 1.46143 

 

1.63435 1.556911 

 

1.739408 1.41112 

2.621996 2.114611 

 

2.544259 2.226324 

 

2.662646 2.045649 

3.577239 2.706985 

 

3.507461 2.816484 

 

3.620519 2.626535 

4.572643 3.228964 

 

4.517072 3.323173 

 

4.61236 3.147237 

5.605661 3.671763 

 

5.565874 3.74277 

 

5.637154 3.599542 

6.671871 4.027196 

 

6.646372 4.072275 

 

6.693028 3.973417 

7.764778 4.289064 

 

7.750841 4.309332 

 

7.776562 4.257027 

8.877439 4.446951 

 

8.871387 4.452248 

 

8.881931 4.437108 

10 4.500003 

 

10 4.5 

 

10 4.5 

11.12256 4.446951 

 

11.12861 4.452248 

 

11.11807 4.437108 

12.23522 4.289064 

 

12.24916 4.309332 

 

12.22344 4.257027 

13.32813 4.027196 

 

13.35363 4.072275 

 

13.30697 3.973417 

14.39434 3.671763 

 

14.43413 3.74277 

 

14.36285 3.599542 

15.42736 3.228964 

 

15.48293 3.323173 

 

15.38764 3.147237 

16.42276 2.706985 

 

16.49254 2.816484 

 

16.37948 2.626535 

17.378 2.114611 

 

17.45574 2.226324 

 

17.33735 2.045649 

18.29279 1.46143 

 

18.36565 1.556911 

 

18.26059 1.41112 

19.16663 0.75436 

 

19.21576 0.813031 

 

19.1485 0.727999 

20 0 

 

20 0 

 

20 0 

 

The geometry of the structures was created using the software Rhinoceros 3D described in 

Chapter 4.3.1 and the FEM models were created using the created custom component for 

interoperability presented in Chapter 4.4.2, and presents all the default characteristics of the 

component. There is a total of 40 panels in each arch with triangular finite elements with a size of 

0,5 meters. 
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Figure I-1 Map of vertical Displacement for the: a) Arch 1 (catenary); b) Arch 2; c) Arch 3. 

Units in cm. 

 

 

Figure I-2 Map of membrane forces in the x-direction for the: a) Arch 1 (catenary); b) Arch 

2; c) Arch 3. Units in kN/m. 

 

 

Figure I-3 Map of membrane forces in the y-direction for the: a) Arch 1 (catenary); b) Arch 

2; c) Arch 3. Units in kN/m. 
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Figure I-4 Map of shear forces in the xy-direction for the: a) Arch 1 (catenary); b) Arch 2; 

c) Arch 3. Units in kN/m. 

 

 

Figure I-5 Map of shear forces in the x-direction for the: a) Arch 1 (catenary); b) Arch 2; c) 

Arch 3. Units in kN/m. 

 

 

Figure I-6 Map of shear forces in the y-direction for the: a) Arch 1 (catenary); b) Arch 2; c) 

Arch 3. Units in kN/m. 
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Figure I-7 Map of bending moments in the x-direction for the: a) Arch 1 (catenary); b) 

Arch 2; c) Arch 3. Units in kN.m/m. 

 

 

Figure I-8 Map of bending moments in the y-direction for the: a) Arch 1 (catenary); b) 

Arch 2; c) Arch 3. Units in kN.m/m. 

 

 

Figure I-9 Map of twisting moments in the xy-direction for the: a) Arch 1 (catenary); b) 

Arch 2; c) Arch 3. Units in kN.m/m. 
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Figure I-10 Map of principal stresses S1 of the: a) Arch 1 (catenary); b) Arch 2; c) Arch 3. 

Units in MPa. 

 

 

Figure I-11 Map of principal stresses S2 of the: a) Arch 1 (catenary); b) Arch 2; c) Arch 3. 

Units in MPa. 
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APPENDIX II. DOMES - ADDITIONAL RESULTS AND GEOMETRY 

 

Table II-1 Details about the domes' geometry 

Sphere shaped dome 
  

Catenary shaped dome 

x y z 
  

x y z 

12.5 12.5 0 
  

12.5 12.5 0 

12.4524 12.5 1.0894 
  

12.0912 12.5 0.9541 

12.3101 12.5 2.1706 
  

11.663 12.5 1.8997 

12.0741 12.5 3.2352 
  

11.2153 12.5 2.8363 

11.7462 12.5 4.2753 
  

10.7425 12.5 3.7603 

11.3288 12.5 5.2827 
  

10.2406 12.5 4.669 

10.8253 12.5 6.25 
  

9.7085 12.5 5.5603 

10.2394 12.5 7.1697 
  

9.1445 12.5 6.4319 

9.5756 12.5 8.0348 
  

8.5455 12.5 7.2799 

8.8388 12.5 8.8388 
  

7.906 12.5 8.0977 

8.0348 12.5 9.5756 
  

7.2205 12.5 8.8775 

7.1697 12.5 10.2394 
  

6.4876 12.5 9.6133 

6.25 12.5 10.8253 
  

5.7057 12.5 10.297 

5.2827 12.5 11.3288 
  

4.8707 12.5 10.9144 

4.2753 12.5 11.7462 
  

3.9815 12.5 11.4515 

3.2352 12.5 12.0741 
  

3.0414 12.5 11.8951 

2.1706 12.5 12.3101 
  

2.0567 12.5 12.2274 

1.0894 12.5 12.4524 
  

1.0369 12.5 12.4294 

0 12.5021 12.4999 
  

0 12.4952 12.4997 

 

 

The geometry of the structures was created using the software Rhinoceros 3D described in 

Chapter 4.3.1 and the FEM models where created using the created custom component for 

interoperability presented in Chapter 4.4.2, and presents all the default characteristics of the 

component. Both models have a total of 700 panels with triangular finite elements with a size of 

0,5 meters. 
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Figure II-1 -Map of vertical displacements of: a) spherical dome; b) catenary shaped dome. 

Units in cm. 

 

Figure II-2 Map of membrane forces in the hoop direction of: a) spherical dome; b) 

catenary shaped dome. Units in kN/m. 

 

Figure II-3 Map of membrane forces in the meridional direction of: a) spherical dome; b) 

catenary shaped dome. Units in kN/m. 



189 

 

 

Figure II-4 Map of bending forces in the hoop direction of: a) spherical dome; b) catenary 

shaped dome. Units in kN.m/m. 

 

Figure II-5 Map of bending forces in the meridional direction of: a) spherical dome; b) 

catenary shaped dome. Units in kN.m/m. 

 

Figure II-6 Map of shear forces in the hoop direction of: a) spherical dome; b) catenary 

shaped dome. Units in kN/m. 
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Figure II-7 Map of shear forces in the meridional direction of: a) spherical dome; b) 

catenary shaped dome. Units in kN/m. 

 

Figure II-8 Map of principal stresses S1 of: a) spherical dome; b) catenary shaped dome. 

Units in MPa. 

 

Figure II-9 Map of principal stresses S2 of: a) spherical dome; b) catenary shaped dome. 

Units in MPa. 
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APPENDIX III. PARTICLE-SPRING SYSTEM - ADDITIONAL RESULTS 

The simulation where realized using the formfinding tool created for this dissertation and 

presented in Chapter 4.4.1. Both particle-spring systems had the same stiffness in all the springs, 

with a value of 500 units, and the same load in all the particles with a value of 10 units. The FEM 

models were created using the created custom component for interoperability presented in 

Chapter 4.4.2, and presents all the default characteristics of the component. Both models have a 

total of 800 panels with finite elements with a size of 0,5 meters.  

 

Figure III-1 Map of membrane forces in the x-direction for the structure obtained by the: 

a) network of chains; b) piece of cloth. Units in kN/m. 

 

Figure III-2 Map of membrane forces in the y-direction for the structure obtained by the: 

a) network of chains; b) piece of cloth. Units in kN/m. 
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Figure III-3 Map of shear forces in the-xy direction for the structure obtained by the: a) 

network of chains; b) piece of cloth. Units in kN/m. 

 

 

Figure III-4 Map of bending moments in the x-direction for the structure obtained by the: 

a) network of chains; b) piece of cloth. Units in kN.m/m. 
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Figure III-5 Map of bending moments in the y-direction for the structure obtained by the: 

a) network of chains; b) piece of cloth. Units in kN.m/m. 

 

 

Figure III-6  Map of twisting moments in the xy-direction for the structure obtained by the: 

a) network of chains; b) piece of cloth. Units in kN.m/m. 
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Figure III-7 Map of principal stresses S1 for the structure obtained by the: a) network of 

chains; b) piece of cloth. Units in MPa. 

 

 

Figure III-8 Map of principal stresses S2 for the structure obtained by the: a) network of 

chains; b) piece of cloth. Units in MPa. 
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APPENDIX IV. COEFFICIENTS DETERMINED BY ALFRED PARME 

 

Table IV-1 Coefficients for  𝒄𝟏 𝒄𝟐 = 𝟏,𝟎 

x/a 
Stress 

Resultant 

y/b 

0.00 0.25 0.50 0.75 1.00 

0 

N'y 0.250 0.233 0.182 0.101 0.000 

N'x 0.250 0.267 0.318 0.399 0.500 

N'xy 0.000 0.000 0.000 0.000 0.000 

0.25 

N'y 0.267 0.250 0.199 0.111 0.000 

N'x 0.233 0.250 0.301 0.389 0.500 

N'xy 0.000 0.026 0.068 0.096 0.108 

0.5 

N'y 0.318 0.301 0.250 0.150 0.000 

N'x 0.182 0.199 0.250 0.350 0.500 

N'xy 0.000 0.068 0.140 0.210 0.244 

0.75 

N'y 0.399 0.389 0.350 0.250 0.000 

N'x 0.101 0.111 0.150 0.250 0.500 

N'xy 0.000 0.096 0.210 0.356 0.465 

1 

N'y 0.500 0.500 0.500 0.500 0.000 

N'x 0.000 0.000 0.000 0.000 0.000 

N'xy 0.000 0.108 0.243 0.465 ∞  

 

Table IV-2 Coefficients for  𝒄𝟏 𝒄𝟐 = 𝟎,𝟖 

x/a 
Stress 

Resultant 

y/b 

0.00 0.25 0.50 0.75 1.00 

0 

N'y 0.289 0.270 0.213 0.119 0.000 

N'x 0.211 0.230 0.287 0.381 0.500 

N'xy 0.000 0.000 0.000 0.000 0.000 

0.25 

N'y 0.304 0.285 0.228 0.130 0.000 

N'x 0.196 0.215 0.272 0.370 0.500 

N'xy 0.000 0.034 0.069 0.100 0.114 

0.5 

N'y 0.347 0.331 0.277 0.169 0.000 

N'x 0.153 0.169 0.223 0.331 0.500 

N'xy 0.000 0.065 0.139 0.215 0.255 

0.75 

N'y 0.416 0.406 0.369 0.270 0.000 

N'x 0.084 0.094 0.131 0.230 0.500 

N'xy 0.000 0.096 0.210 0.353 0.480 

1 

N'y 0.500 0.500 0.500 0.500 0.000 

N'x 0.000 0.000 0.000 0.000 0.000 

N'xy 0.000 0.101 0.229 0.443 ∞  
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Table IV-3 Coefficients for  𝒄𝟏 𝒄𝟐 = 𝟎,𝟖 

x/a 
Stress 

Resultant 

y/b 

0.00 0.25 0.50 0.75 1.00 

0 

N'y 0.336 0.316 0.252 0.143 0.000 

N'x 0.164 0.184 0.248 0.357 0.500 

N'xy 0.000 0.000 0.000 0.000 0.000 

0.25 

N'y 0.348 0.329 0.267 0.155 0.000 

N'x 0.152 0.171 0.233 0.345 0.500 

N'xy 0.000 0.031 0.067 0.103 0.120 

0.5 

N'y 0.383 0.377 0.312 0.196 0.000 

N'x 0.117 0.133 0.188 0.304 0.500 

N'xy 0.000 0.060 0.132 0.216 0.265 

0.75 

N'y 0.436 0.426 0.392 0.296 0.000 

N'x 0.064 0.064 0.108 0.204 0.500 

N'xy 0.000 0.081 0.185 0.342 0.494 

1 

N'y 0.500 0.500 0.500 0.500 0.000 

N'x 0.000 0.000 0.000 0.000 0.000 

N'xy 0.000 0.089 0.208 0.413 ∞  

 

Table IV-4 Coefficients for  𝒄𝟏 𝒄𝟐 = 𝟎,𝟔 

x/a 
Stress 

Resultant 
y/b 

0.00 0.25 0.50 0.75 1.00 

0 

N'y 0.395 0.374 0.307 0.180 0.000 

N'x 0.105 0.126 0.193 0.320 0.500 

N'xy 0.000 0.000 0.000 0.000 0.000 

0.25 

N'y 0.403 0.383 0.319 0.192 0.000 

N'x 0.097 0.117 0.181 0.308 0.500 

N'xy 0.000 0.026 0.060 0.101 0.125 

0.5 

N'y 0.425 0.410 0.357 0.235 0.000 

N'x 0.075 0.090 0.143 0.265 0.500 

N'xy 0.000 0.049 0.115 0.208 0.274 

0.75 

N'y 0.459 0.451 0.419 0.331 0.000 

N'x 0.041 0.049 0.081 0.169 0.500 

N'xy 0.000 0.065 0.156 0.316 0.506 

1 

N'y 0.500 0.500 0.500 0.500 0.000 

N'x 0.000 0.000 0.000 0.000 0.000 

N'xy 0.000 0.070 0.173 0.363 ∞  
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Table IV-5 Coefficients for  𝒄𝟏 𝒄𝟐 = 𝟎,𝟐 

x/a 
Stress 

Resultant 
y/b 

0.00 0.25 0.50 0.75 1.00 

0 

N'y 0.462 0.446 0.338 0.248 0.000 

N'x 0.038 0.054 0.112 0.252 0.500 

N'xy 0.000 0.000 0.000 0.000 0.000 

0.25 

N'y 0.465 0.451 0.396 0.261 0.000 

N'x 0.035 0.049 0.104 0.239 0.500 

N'xy 0.000 0.014 0.040 0.088 0.128 

0.5 

N'y 0.473 0.462 0.414 0.303 0.000 

N'x 0.027 0.038 0.086 0.197 0.500 

N'xy 0.000 0.027 0.074 0.174 0.280 

0.75 

N'y 0.485 0.840 0.456 0.383 0.000 

N'x 0.015 0.050 0.044 0.117 0.500 

N'xy 0.000 0.034 0.098 0.246 0.510 

1 

N'y 0.500 0.500 0.500 0.500 0.000 

N'x 0.000 0.000 0.000 0.000 0.000 

N'xy 0.000 0.038 0.108 0.262 ∞  
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APPENDIX V. MODELS FEM 1 AND FEM 2 - ADDITIONAL RESULTS 

The geometry of the structures was created using the software Rhinoceros 3D described in 

Chapter 4.3.1 and the FEM models were created using the created custom component for 

interoperability presented in Chapter 4.4.2, and presents all the default characteristics of the 

component. Both models have a total of 800 panels with triangular finite elements with a size of 

0,5 meters. 

 

 

Figure V-1Cross representations of the principal stresses in the FEM 2 model 
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Figure V-2 Map of vertical Displacement for the: a) FEM 1 model; b) FEM 2 model. Units 

in cm. 

 

 

Figure V-3 Map of membrane forces in the x- direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN/m. 
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Figure V-4 Map of membrane forces in the y-direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN/m. 

 

 

 

Figure V-5 Map of shear forces in the xy-direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN/m. 
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Figure V-6 Map of bending moments in the x-direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN.m/m. 

 

 

 

Figure V-7 Map of bending moments in the y-direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN/m. 
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Figure V-8 Map of twisting moments in the xy direction for the: a) FEM 1 model; b) FEM 2 

model. Units in kN.m/m. 
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APPENDIX VI. MODEL FEM 3 - ADDITIONAL RESULTS 

The geometry of the structure was created using the software Rhinoceros 3D described in 

Chapter 4.3.1 and the FEM models were created using the created custom component for 

interoperability presented in Chapter 4.4.2, and presents all the default characteristics of the 

component. The model has a total of 800 panels with triangular finite elements with a size of 0,5 

meters. 

 

 

Figure VI-1 Cross representation of the stresses 
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Figure VI-2 Map of vertical Displacement for the FEM 3 model. Units in cm. 

 

Figure VI-3 Map of membrane forces in the x-direction for the FEM 3 model. Units in 

kN/m. 
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Figure VI-4 Map of membrane forces in the y-direction for the FEM 3 model. Units in 

kN/m. 

 

Figure VI-5 Map of shear forces in the xy-direction for the FEM 3 model. Units in kN/m. 
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Figure VI-6 Map of bending moments in the x-direction for the FEM 3 model. Units in 

kN.m/m. 

 

Figure VI-7 Map of bending moments in the y-direction for the FEM 3 model. Units in 

kN.m/m. 
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Figure VI-8 Map of twisting moments in the xy-direction for the FEM 3 model. Units in 

kN.m/m.  
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APPENDIX VII. ROBOT API 

 

In Figure VII-1 the code to open a new project is presented. 

 

Figure VII-1 Open new project 

In Figure VII-2 the code to create a new material with the desired properties and save it to the 

Robot Structural Analysis database is presented. 

 

Figure VII-2 Create new material 

In Figure VII-3 the code to create two nodes and a bar element connecting the two nodes is 

presented. 

 

Figure VII-3 Create two nodes and a bar 
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In Figure VII-4 the code to create a new section, save it to the database of Robot Structural 

Analysis and assign the created section with the created material to all bar is presented. 

 

 

Figure VII-4 Create a section and apply to the bar with the created material 

In Figure VII-5 the code to apply supports in the first node, and proceed to calculations  is 

presented. 

 

Figure VII-5 Create supports and calculate 
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APPENDIX VIII.  IST - SOLUTION 1 - GEOMETRY 

 

Figure VIII-1 Original geometry proposed in (Cardoso, 2008) 

Table VIII-1 Details about the initial geometry proposed in (Cardoso, 2008) 

Curve 1 
 

Curve 2 
 

Curve 3 

Y Z 
 

X Z 
 

Y Z 

0.0000 0.0000 
 

0.0000 3.3638 
 

50.0000 0.0000 

2.4538 0.6152 
 

2.5000 3.6441 
 

47.7573 1.5032 

4.9188 1.1837 
 

5.0000 3.9244 
 

45.4662 2.9313 

7.3972 1.6905 
 

7.5000 4.2047 
 

43.1091 4.2474 

9.8883 2.1306 
 

10.0000 4.4850 
 

40.6818 5.4288 

12.3901 2.5051 
 

12.5000 4.7653 
 

38.1891 6.4651 

14.9010 2.8130 
 

15.0000 5.0456 
 

35.6357 7.3411 

17.4192 3.0534 
 

17.5000 5.3259 
 

33.0288 8.0417 

19.9430 3.2257 
 

20.0000 5.6063 
 

30.3785 8.5534 

22.4706 3.3292 
 

22.5000 5.8866 
 

27.6972 8.8652 

25.0000 3.3638 
 

25.0000 6.1669 
 

25.0000 8.9700 

27.5294 3.3292 
 

27.5000 6.4472 
 

22.3028 8.8652 

30.0570 3.2257 
 

30.0000 6.7275 
 

19.6215 8.5534 

32.5808 3.0534 
 

32.5000 7.0078 
 

16.9712 8.0417 

35.0990 2.8130 
 

35.0000 7.2881 
 

14.3643 7.3411 

37.6099 2.5051 
 

37.5000 7.5684 
 

11.8109 6.4651 

40.1117 2.1306 
 

40.0000 7.8488 
 

9.3182 5.4288 

42.6028 1.6905 
 

42.5000 8.1291 
 

6.8909 4.2474 

45.0812 1.1837 
 

45.0000 8.4094 
 

4.5338 2.9313 

47.5462 0.6152 
 

47.5000 8.6897 
 

2.2427 1.5032 

50.0000 0.0000 
 

50.0000 8.9700 
 

0.0000 0.0000 
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Figure VIII-2 New geometry obtained in solution 1  

Table VIII-2 Details about the new Geometry obtained in solution 1 

Catenary 1 
 

Catenary 2 
 

Catenary 3 

Y Z 
 

X Z 
 

Y Z 

0.0000 0.0000 
 

0.0000 4.7811 
 

0.0000 0.0000 

2.4031 0.8819 
 

2.4325 5.4620 
 

2.2063 1.5611 

4.8346 1.6824 
 

4.8772 6.0973 
 

4.4897 3.0070 

7.2927 2.3967 
 

7.3338 6.6850 
 

6.8482 4.3270 

9.7754 3.0205 
 

9.8016 7.2241 
 

9.2793 5.5076 

12.2787 3.5552 
 

12.2792 7.7157 
 

11.7806 6.5311 

14.8008 3.9929 
 

14.7665 8.1563 
 

14.3418 7.3937 

17.3372 4.3385 
 

17.2617 8.5486 
 

16.9573 8.0737 

19.8853 4.5832 
 

19.7646 8.8892 
 

19.6138 8.5700 

22.4406 4.7335 
 

22.2738 9.1801 
 

22.2994 8.8711 

25.0000 4.7811 
 

24.7884 9.4192 
 

25.0000 8.9700 

27.5594 4.7335 
 

27.3073 9.6074 
 

27.7006 8.8711 

30.1147 4.5832 
 

29.8295 9.7438 
 

30.3862 8.5700 

32.6628 4.3385 
 

32.3541 9.8282 
 

33.0427 8.0737 

35.1992 3.9929 
 

34.8798 9.8612 
 

35.6582 7.3937 

37.7213 3.5552 
 

37.4057 9.8416 
 

38.2194 6.5311 

40.2246 3.0205 
 

39.9306 9.7708 
 

40.7207 5.5076 

42.7073 2.3967 
 

42.4535 9.6473 
 

43.1518 4.3270 

45.1654 1.6824 
 

44.9735 9.4733 
 

45.5103 3.0070 

47.5969 0.8819 
 

47.4892 9.2463 
 

47.7937 1.5611 

50.0000 0.0000 
 

50.0000 8.9700 
 

50.0000 0.0000 
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Figure VIII-3 Comparison between the original curve 1 and the new 

 

Figure VIII-4 Comparison between the original curve 2 and the new 

 

Figure VIII-5 Comparison between the original curve 3 and the new 
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APPENDIX IX. IST - SOLUTION 1 - ADDITIONAL RESULTS 

The geometry of the structures was created using the software Rhinoceros3D described in chapter 

4.3.1 and the FEM models were created using the created custom component for interoperability 

presented in Chapter 4.4.2, and presents all the default characteristics of the component. Both 

models have a total of 3200 panels with triangular finite elements with a size of 0,5 meters.  

 

Figure IX-1 Map of shear forces in the xy-direction for the: a) original shape; b) new shape. 

Units in kN/m. 

 

Figure IX-2 Map of twisting moments in the xy-direction for the: a) original shape; b) new 

shape. Units in kN.m/m. 
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Figure IX-3 Map of principal stresses S1 for the: a) original shape; b) new shape. Units in 

MPa. 

 

 

Figure IX-4 Map of principal  stresses S2 for the: a) original shape; b) new shape. Units in 

MPa. 
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APPENDIX X. IST - SOLUTION 1 - ADDITIONAL RESULTS (STRUCTURE 

WITH BEAMS) 

The geometry of the structures was created using the software Rhinoceros3D described in chapter 

4.3.1 and the FEM models were created using the created custom component for interoperability 

presented in Chapter 4.4.2, and presents all the default characteristics of the component. Both 

models have a total of 3200 panels with triangular finite elements with a size of 0,5 meters.  

 

Figure X-1 Map of shear forces in the xy-direction: a) new without beams; b) new with 

beams. Units in kN/m.  

 

Figure X-2 Map of twisting moments in the xy-direction: a) new without beams; b) new 

with beams. Units in kN.m/m. 
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Figure X-3 Map of principal stresses S1: a) new without beams; b) new with beams. Units 

in MPa. 

 

 

Figure X-4 Map of principal stresses S2: a) new without beams; b) new with beams. Units 

in MPa. 
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APPENDIX XI. IST - SOLUTION 2 - GEOMETRY  

 

 

Figure XI-1 Original geometry proposed in (Cardoso, 2008) 

 

Table XI-1 Details about the original geometry proposed in (Cardoso, 2008) 

Curve 1 
 

Curve 2 
 

Curve 3 

Y Z 
 

X Z 
 

Y Z 

0.0000 0.0000 
 

0.0000 3.3638 
 

50.0000 0.0000 

2.4538 0.6152 
 

2.5000 3.6441 
 

47.7573 1.5032 

4.9188 1.1837 
 

5.0000 3.9244 
 

45.4662 2.9313 

7.3972 1.6905 
 

7.5000 4.2047 
 

43.1091 4.2474 

9.8883 2.1306 
 

10.0000 4.4850 
 

40.6818 5.4288 

12.3901 2.5051 
 

12.5000 4.7653 
 

38.1891 6.4651 

14.9010 2.8130 
 

15.0000 5.0456 
 

35.6357 7.3411 

17.4192 3.0534 
 

17.5000 5.3259 
 

33.0288 8.0417 

19.9430 3.2257 
 

20.0000 5.6063 
 

30.3785 8.5534 

22.4706 3.3292 
 

22.5000 5.8866 
 

27.6972 8.8652 

25.0000 3.3638 
 

25.0000 6.1669 
 

25.0000 8.9700 

27.5294 3.3292 
 

27.5000 6.4472 
 

22.3028 8.8652 

30.0570 3.2257 
 

30.0000 6.7275 
 

19.6215 8.5534 

32.5808 3.0534 
 

32.5000 7.0078 
 

16.9712 8.0417 

35.0990 2.8130 
 

35.0000 7.2881 
 

14.3643 7.3411 

37.6099 2.5051 
 

37.5000 7.5684 
 

11.8109 6.4651 

40.1117 2.1306 
 

40.0000 7.8488 
 

9.3182 5.4288 

42.6028 1.6905 
 

42.5000 8.1291 
 

6.8909 4.2474 

45.0812 1.1837 
 

45.0000 8.4094 
 

4.5338 2.9313 

47.5462 0.6152 
 

47.5000 8.6897 
 

2.2427 1.5032 

50.0000 0.0000 
 

50.0000 8.9700 
 

0.0000 0.0000 
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Figure XI-2 Obtained geometry at the end of the morphogenetic process 

 

Table XI-2 Details about the geometry obtained at the of the morphogenetic process   

New Curve 1 

 

New Curve 2 

 

New Curve 3 

X Z 

 

X Z 

 

X Z 

0.0000 0.0000 

 

0.0000 4.0000 

 

0.0000 0.0000 

2.4319 0.7393 

 

2.5432 4.5446 

 

2.2452 1.4688 

4.8845 1.4069 
 

5.0937 5.0540 
 

4.5582 2.8283 

7.3558 2.0015 
 

7.6414 5.5776 
 

6.9365 4.0701 

9.8437 2.5219 
 

10.1753 6.1634 
 

9.3765 5.1855 

12.3463 2.9666 
 

12.6823 6.8550 
 

11.8742 6.1651 

14.8614 3.3341 

 

15.1570 7.6550 

 

14.4241 6.9991 

17.3867 3.6230 

 

17.6307 8.4583 

 

17.0203 7.6749 

19.9199 3.8313 

 

20.1408 9.1371 

 

19.6555 8.1778 

22.4586 3.9576 
 

22.7087 9.5355 
 

22.3197 8.4917 

25.0000 4.0000 
 

25.3032 9.4603 
 

25.0000 8.6000 

27.5414 3.9575 
 

27.8247 8.8369 
 

27.6803 8.4917 

30.0801 3.8312 
 

30.2505 7.9004 
 

30.3445 8.1778 

32.6133 3.6228 
 

32.6424 6.8789 
 

32.9797 7.6749 

35.1386 3.3341 

 

35.0774 5.9674 

 

35.5759 6.9991 

37.6537 2.9666 

 

37.6088 5.3855 

 

38.1258 6.1651 

40.1563 2.5219 

 

40.2046 5.3236 

 

40.6235 5.1855 

42.6443 2.0016 
 

42.7724 5.7207 
 

43.0635 4.0701 

45.1155 1.4069 
 

45.2652 6.4577 
 

45.4418 2.8283 

47.5681 0.7393 
 

47.6725 7.4403 
 

47.7548 1.4688 

50.0000 0.0000 
 

50.0000 8.6000 
 

50.0000 0.0000 
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Figure XI-3 Comparison between the original curve 1 and the obtained at the of the 

morphogenetic process 

 

Figure XI-4 Comparison between the original curve 2 and the obtained at the of the 

morphogenetic process 

 

Figure XI-5 Comparison between the original curve 1 and the obtained at the of the 

morphogenetic process 

0.00

2.00

4.00

6.00

8.00

10.00

12.00

0.00 20.00 40.00

z-
co

o
rd

in
at

e
 (

m
)

y-coordinate (m)

Curve 1

New Curve 1

0.00

2.00

4.00

6.00

8.00

10.00

12.00

0.00 10.00 20.00 30.00 40.00 50.00

y-
co

o
rd

in
at

e
 (

m
)

x-coordinate (m)

Curve 2

New Curve 2

0.00

2.00

4.00

6.00

8.00

10.00

12.00

0.00 10.00 20.00 30.00 40.00 50.00 60.00

z-
co

o
rd

in
at

e
 (

m
)

y-coordinate (m)

Curve 3

New Curve 3



220 

 

APPENDIX XII. IST - SOLUTION 2 - ADDITIONAL RESULTS  

The geometry of the structures was created using the software Rhinoceros3D described in chapter 

4.3.1 and the FEM models were created using the created custom component for interoperability 

presented in Chapter 4.4.2, and presents all the default characteristics of the component. Both 

models have a total of 3200 panels with triangular finite elements with a size of 0,5 meters.  

 

Figure XII-1 Map of shear forces in the xy-direction: a) original shape; b) morphogenetic 

shape. Units in kN/m. 

 

Figure XII-2  Map twisting moments in the xy-direction: a) original shape; b) 

morphogenetic shape. Units in kN.m/m. 
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Figure XII-3 Map of principal stresses stress S1: a) original shape; b) morphogenetic shape. 

Units in MPa. 

 

 

Figure XII-4 Map of principal stresses S2: a) original shape; b) morphogenetic shape. Units 

in MPa. 
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APPENDIX XIII. MATOSINHOS' MARKET SOLUTION 1 - GEOMETRY 

Table XIII-1 Details about the geometry proposed (Solution 1) 

Original 

 

New Shape - Arch 1 

 

New Shape - Arch 2 

X (m) Y (m) Z (m) 

 

X (m) Y (m) Z (m) 

 

X (m) Y (m) Z (m) 

0.0000 0.0000 0.0000 

 

0.0000 0.0000 0.0000 

 

0.0000 0.0000 0.0000 

0.0000 1.1718 1.8332 

 
0.0000 1.2289 1.9324 

 
0.0000 0.4855 0.8063 

0.0000 2.5115 3.5475 

 
0.0000 2.5504 3.8028 

 
0.0000 1.4138 1.9867 

0.0000 4.0085 5.1263 

 

0.0000 3.9821 5.5901 

 

0.0000 2.4281 3.0134 

0.0000 5.6517 6.5523 

 
0.0000 5.5356 7.2725 

 
0.0000 3.4230 3.9517 

0.0000 7.4283 7.8081 

 
0.0000 7.2247 8.8184 

 
0.0000 4.6656 5.0310 

0.0000 9.3240 8.8754 

 

0.0000 9.0565 10.1918 

 

0.0000 6.0864 6.1384 

0.0000 11.3221 9.7358 

 
0.0000 11.0351 11.3428 

 
0.0000 7.9481 7.3857 

0.0000 13.4027 10.3708 

 
0.0000 13.1483 12.2218 

 
0.0000 10.1515 8.5662 

0.0000 15.5424 10.7626 

 

0.0000 15.3686 12.7754 

 

0.0000 13.4791 9.7630 

0.0000 17.7135 10.8956 

 
0.0000 17.6488 12.9628 

 
0.0000 17.6488 10.2933 

0.0000 19.8845 10.7605 

 
0.0000 19.9290 12.7754 

 
0.0000 21.8184 9.7630 

0.0000 22.0248 10.3715 

 

0.0000 22.1492 12.2218 

 

0.0000 25.1460 8.5662 

0.0000 24.1071 9.7421 

 
0.0000 24.2624 11.3428 

 
0.0000 27.3494 7.3857 

0.0000 26.1078 8.8878 

 
0.0000 26.2411 10.1918 

 
0.0000 29.2112 6.1383 

0.0000 28.0063 7.8254 

 

0.0000 28.0728 8.8184 

 

0.0000 30.6319 5.0310 

0.0000 29.7847 6.5722 

 
0.0000 29.7619 7.2725 

 
0.0000 31.8745 3.9517 

0.0000 31.4273 5.1457 

 
0.0000 31.3154 5.5901 

 
0.0000 32.8694 3.0134 

0.0000 32.9204 3.5632 

 

0.0000 32.7471 3.8028 

 

0.0000 33.8837 1.9867 

0.0000 34.2514 1.8422 

 
0.0000 34.0686 1.9324 

 
0.0000 34.8120 0.8063 

0.0000 35.4089 0.0000 

 
0.0000 35.2975 0.0000 

 
0.0000 35.2975 0.0000 
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Figure XIII-1 Geometry proposed in solution 1.  

 

 

Figure XIII-2 Comparison between the original roof and the geometry proposed in solution 

1. 
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APPENDIX XIV.  MATOSINHOS' MARKET SOLUTION 1 - ADDITIONAL 

RESULTS 

 

The geometry of the structures was created using the software Rhinoceros 3D described in 

chapter 4.3.1 and the FEM models were created using the created custom component for 

interoperability presented in Chapter 4.4.2, and presents a ll the default characteristics of the 

component. The model representing recreation of the original structure has a total of 170 panels 

with triangular finite elements with a size of 1,0 meters, and the model representing the new 

structure has a total of 1730 panels with elements with a size of 0,5 meters.  

 

 

Figure XIV-1 Map of shear forces in the xy-direction for the: a) original shape; b) new 

shape (solution 1). Units in cm. 
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Figure XIV-2 Map of bending moments in the x-direction for the: a) original shape; b) new 

shape (solution 1). Units in kN.m/m. 

 

Figure XIV-3 Map of bending moments in the y-direction for the: a) original shape; b) new 

shape (solution 1). Units in kN.m/m. 
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Figure XIV-4 Map of twisting moments in the xy-direction for the: a) original shape; b) 

new shape (solution 1). Units in kN.m/m. 

 

Figure XIV-5 Map of principal stresses S1 for the: a) original shape; b) new shape (solution 

1).. Units in MPa. 
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Figure XIV-6 Map of principal stresses S2 for the: a) original shape; b) new shape (solution 

1). Units in MPa. 
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APPENDIX XV. MATOSINHOS' MARKET SOLUTION 2 - GEOMETRY 

 

Figure XV-1 Shape resulting of: a) formfinding process; b) morphogenetic process. 

Table XV-1 Details about the shape obtained by the formfinding and morphogenetic 

process. 

Formfinding Curve 
 

Morphogenetic 
Curve X Z 

 
X Z 

3.5117 20.8868 
 

3.3836 28.5230 

6.6164 20.5244 
 

5.0264 25.3925 

9.7215 20.1660 
 

6.8453 22.3616 

12.8273 19.8142 
 

8.9868 19.5529 

15.9339 19.4687 
 

11.7898 17.4482 

19.0413 19.1312 
 

15.2112 17.7238 

22.1497 18.8023 
 

18.2672 19.4971 

25.2591 18.4833 
 

21.5038 20.8534 

28.3695 18.1739 
 

24.7970 19.8138 

31.4812 17.8783 
 

27.4762 17.5129 

34.5940 17.5949 
 

30.0266 15.0646 

37.7081 17.3259 
 

32.9108 13.0427 

40.8238 17.0756 
 

36.3347 12.2728 

43.9409 16.8441 
 

39.8370 12.6912 

47.0595 16.6335 
 

43.2620 13.5679 

50.1797 16.4466 
 

46.6867 14.4457 

53.3013 16.2868 
 

50.1612 15.0924 

56.4243 16.1574 
 

53.6886 15.2751 

59.5486 16.0621 
 

57.2056 14.9410 

62.6737 16.0045 
 

60.6535 14.1670 

65.7994 15.9921 
 

64.0277 13.1114 
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Table XV-2 Details about the shape obtained by the formfinding and morphogenetic 

process (cont.) 

Formfinding Curve 
 

Morphogenetic 
Curve X Z 

 
X Z 

68.9249 16.0294 
 

67.4540 12.2520 

72.0491 16.1233 

 

70.9716 12.2563 

75.1707 16.2816 
 

74.3319 13.3382 

78.2875 16.5172 
 

77.6546 14.5404 

81.3964 16.8400 

 

81.1497 14.7109 

84.4924 17.2682 
 

84.4236 13.4038 

87.5677 17.8259 
 

87.5623 11.7777 

90.6088 18.5463 

 

90.9794 11.0334 

93.5876 19.4898 
 

94.2820 12.1886 

96.4422 20.7568 
 

96.9336 14.5096 

 

 

Figure XV-2 Comparison between the geometry obtained at the end of the formfinding 

process and the solution obtained using the morphogenetic process.  
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APPENDIX XVI.  MATOSINHOS' MARKET SOLUTION 2 - ADDITIONAL 

RESULTS 

The geometry of the structure was created using the software Rhinoceros 3D described in chapter 

4.3.1 and the FEM model was created using the created custom component for interoperability 

presented in Chapter 4.4.2, and presents all the default characteristics of the component. The 

models has a total of 2400 panels with triangular finite elements with a size of 0,5 meters.  

 

Figure XVI-1 Map of shear forces in the xy-direction for solution 2. Units in kN/m. 

 

Figure XVI-2 Map of bending moments in the x-direction for solution 2.. Units in kN.m/m. 
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Figure XVI-3 Map of bending moments in the y-direction for solution 2. Units in kN.m/m. 

 

 

Figure XVI-4 Map of twisting moments in the xy-direction for solution 2. Units in kN.m/m. 
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Figure XVI-5 Map of principal stresses S1 for solution 2. Units in MPa. 

 

 

Figure XVI-6 Map of principal stresses S2 for solution 2. Units in MPa. 

 


