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ABSTRACT. We consider a class of nearest-neighbor weakly asymmetric mass
conservative particle systems evolving on Z, which includes zero-range and
types of exclusion processes, starting from a perturbation of a stationary state.
When the weak asymmetry is of order O(n~7) for 1/2 < v < 1, we show that
the scaling limit of the fluctuation field, as seen across process characteristics,
is a generalized Ornstein-Uhlenbeck process. However, at the critical weak
asymmetry when v = 1/2, we show that all limit points solve a martingale
problem which may be interpreted in terms of a stochastic Burgers equation
derived from taking the gradient of the KPZ equation. The proofs make use of
a sharp ‘Boltzmann-Gibbs’ estimate which improves on earlier bounds.

1. INTRODUCTION

There has been much recent work on the classification of fluctuations of
certain interfaces and currents, corresponding to mass conservative particle
dynamics in one dimensional nearest-neighbor interacting particle systems
such as simple exclusion and its variants, with respect to so-called Edwards-
Wilkinson (EW) and Kardar-Parisi-Zhang (KPZ) classes (cf. [20] for a review
and references). Following recent sensibilities, a d = 1 particle system is in the
EW class if the standard deviation of the associated ‘height’ function h.(z) of
the interface at time ¢ and space point z, or the integrated current at time ¢t > 0
across the space point = € R, is of order t!/4, and also spatial correlations are
nontrivial at range t!/2. Examples in this class are independent random walk
systems, random averaging, and reversible simple exclusion processes start-
ing from a stationary state or even in non-stationary states [9], [23], [32], [39],
[58].

On the other hand, a system is in the KPZ class if its ‘height’ function and
integrated current have standard deviation of order ¢'/3, and nontrivial spa-
tial correlations at range t?/2. A well-studied particle system model in this
class is the asymmetric simple exclusion process starting from deterministic
initial configurations such as step profile and alternating conditions, or from
a stationary state (cf. [7], [8], [10], [16], [17], [25], [42], [49], [52], [63] and
references therein).

These two classes can be seen in the study of the famous KPZ stochastic
partial differential equation first mentioned in [35]:

Oihi(x) = DAhy(x) + a(Vhe(2))” + 0o Wy(z) (1.1)
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where W, (z) is a space-time white noise with unit variance. When a = 0 and
D,o > 0, then h:(z) is a generalized Ornstein-Uhlenbeck process in EW class.
However, when a # 0 and D,o > 0, a physical argument indicates that h;(z)
is in the KPZ class (cf. [13], [35]). Also, in another sense, it has been shown
that the ‘Cole-Hopf” solution of the KPZ equation, starting from certain initial
conditions, interpolates between the two classes when the centered solution is
examined in different asymptotic scaling regimes, that is when normalized by
t1/% as t 1 co or when normalized by ¢t!/4 as t | 0, nontrivial limits are obtained
(cf. [1], [12]).

Moreover, it is believed that in many ‘critical’ weakly asymmetric, d = 1
particle systems, that is when the weak asymmetry is scaled at a critical level,
the diffusively scaled ‘height’ function or integrated current should converge
to the solution of the KPZ equation with parameters depending on the struc-
ture of particle interactions and initial conditions. Recently much progress
has been made in making clear this convergence. Part of the difficulty is that,
since ‘solutions’ to the KPZ equation are expected to be distribution-valued,
the nonlinear term in the equation does not make sense, and so the equation
is ill-posed. Hence, what does it mean to solve the KPZ equation? And also,
when properly interpreted, how to derive the KPZ equation from microscopic
particle interactions?

One way to approach these questions is to observe that the Cole-Hopf trans-
form z:(z) := exp{(a/D)h:(z)} linearizes the KPZ equation to a stochastic heat
equation

drz(x) = DAz(x) + (ao/D)z(z)WV,(z) (1.2)

which can be solved uniquely starting from a class of initial conditions and is
also strictly positive for times ¢ > 0 [47], [64]. Then, the ‘Cole-Hopf” solution
is defined as h:(z) := log z;(x). In [15], starting from near stationary measures
in a certain weakly asymmetric simple exclusion process observed in diffusive
scale, this sentiment was made rigorous. Namely, it was proved that the micro-
scopic Cole-Hopf transform of the microscopic height function, using a clever
device in [26] which linearizes the simple exclusion dynamics to a more man-
ageable system, converges to the Cole-Hopf transform of the KPZ equation,
the solution to the stochastic heat equation (1.2). More recently, in [1], [56]
this notion of solution further gained traction in that the result in [15] was
non-trivially generalized to step profile deterministic initial configurations. At
the same time, in [31], it has been shown that log z;(z) is the unique solution
of a well-posed equation on a torus (the question on Z seems open), derived
from a ‘rough paths’ approximation of (1.1), so that it is clear what sort of KPZ
equation the ‘Cole-Hopf” solution actually solves.

In this article, another approach is considered which allows to generalize
the types of microscopic particle interactions considered, given that the device
in [26] seems limited to simple exclusion and a few variants such as ¢-TASEP
dynamics [19]. At the microscopic level, the height function H;(z), evaluated
for ¢t > 0 and z € Z, takes form

Jo(t) = Xygmly)  forz>1
Hy(z) = Jo(t) forxz=0 (1.3)
Jo(t) + E;:lm ne(y) forz < -1
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where J,(t) is the current across bond (y — 1,y) and ,(y) is the particle num-
ber at y € Z at time ¢ > 0. Then, the discrete gradients of the microscopic
height function are the particle numbers, H;(x + 1) — Hi(z) = m:(x), and the
corresponding fluctuation field examined in diffusive scale, that is when time
is scaled in terms of n? and space is scaled by n, is the particle density fluctua-
tion field )}*. The guiding idea is that )} should converge to ), = VA, in some
sense.

Formally, by carrying through the ‘V’ operation, )); satisfies a type of sto-
chastic Burgers equation,

OVi(x) = DAY, () + aV (Vi())” + o VW, (z) (1.4)

which again for the same reasons as for the original KPZ equation is ill-posed
when a # 0. If a = 0, however, it is a type of Ornstein-Uhlenbeck equation
which possesses a unique solution when starting from a large class of initial
distributions (cf. [14], [64]).

A main contribution of the article is to understand the derived stochastic
Burgers equation (1.4) in the context of a general class of nearest-neighbor
weakly asymmetric interacting particle systems on Z, starting from perturba-
tions of the invariant measure v,. This class is composed of systems with ‘gra-
dient’ dynamics, not necessarily product invariant measures, sufficient spec-
tral gap and ‘equivalence of ensembles’ estimates among other technical con-
ditions (cf. Subsection 2.1), which include in particular the already studied
simple exclusion process, and also zero-range and exclusion models with Kki-
netically constrained or speed-change interactions, which have varying and
sometimes slow mixing behaviors. The initial distributions consist of ‘bounded
entropy’ perturbations of the invariant measure v, (cf. Subsection 2.1 for a
precise statement).

Our results describe the limit points of the fluctuation field V;"” in diffu-
sive scale, in a reference frame moving with a process characteristic velocity
U (t) ~ n=t[n?(p, — gn)vt|. Here p, — ¢, is the difference of the single particle
jump rates which identifies the strength of the weak asymmetry considered,
and v is a homogenized velocity parameter depending on the particle dynam-
ics. Given the size of p, — ¢,, a dichotomy emerges in the form of the limits
derived. Namely, for p,, — ¢, = O(n~7), when 1/2 < v < 1, we show a ‘crossover
result’ (Theorem 2.2) that J;"” converges to an Ornstein-Uhlenbeck field with
certain homogenized parameters. When v = 1, convergence of ;""" to the same
Ornstein-Uhlenbeck field has been known for many particle systems since the
work [18]. For discussions of ‘crossover’ results with respect to simple exclu-
sion see [57], [29].

However, when v = 1/2, a critical value, we prove (Theorem 2.3) that limit
points of );"7 solve a martingale problem, also with homogenized constants,
which interprets the stochastic Burgers equation, namely the non-linear term
in (1.4) is understood in terms of a certain Cauchy limit of a function of the
fluctuation field acting on an approximation of a point mass as the approxi-
mation becomes more refined. In this context, we note [5] further clarifies the
limit point found starting from the invariant state v, with respect to the simple
exclusion process. Also, we note another martingale problem was given with
respect to the Burgers equation in [3].



4 PATRICIA GONGCALVES, MILTON JARA, AND SUNDER SETHURAMAN

Convergence of J,"" to a unique limit when v = 1/2 is known with respect
to the simple exclusion process (cf. [15]), although it has not been shown yet in
our more general framework, an important open question. However, one may
still try to characterize limit points of the height function across process char-
acteristics, H;""(z) := n~Y/2H,2;(nz — nv,(t)), via (1.3) given subsequential
convergence of );”7. Although this is not the purpose of this paper, we indi-
cate how this might be accomplished to be more complete. Indeed, by (1.3) and
Jo(t) = Juta(t) = 25:0 (nt(y) - 770(19))’ one has H;"" () = n™"?Jpy o, (n?t) —

n=1/2 Z;ﬁgm’"(” no(y), say for x > 0. To write the current in terms of the fluc-
tuation field, formally, n=Y/2J,., 0. (1) (%) = V" (1,00)) — Vo7 (L, 00)) +0(1),
although as there are an infinite number of particles and 1, ) is not a com-
pactly supported function some sort of truncation is needed to make a rig-
orous argument. Using the method in [55] and [32], one can approximate
Y2 e non 1y (n?t) by V7 (G ) for large k where Gy, . (2) = (1 — (2 — 2)/k) 4,
and so it is possible to take subsequential limits of H;"”. Finally, we remark if
uniqueness of solution for the v = 1/2 martingale problem were known in our
more general framework, one should be able to identify the solution, modulo
parameters, as the limit already identified for simple exclusion through the
Cole-Hopf apparatus. In this way, one should be able to determine that the
height function limits, with respect to a general class of interactions starting
from nearly the invariant measure, are in the KPZ class for instance.

We now remark on the argument for Theorems 2.2 and 2.3. We take a sto-
chastic differential of ;""7, namely

4V = (VI + Lo )dt 4+ dM;

where L, is the system infinitesimal generator and M;"” is a martingale. We
note, because the reference frame moves with velocity v, (t), the term 9,),""
does not vanish. Beginning in a perturbed invariant measure, the martingale
term can be handled by an ergodic theorem. However, to write the drift term
Y + L, Y7, in terms of the fluctuation field itself and therefore ‘close’
the equation, is a more difficult task, and requires what has been known as a
‘Boltzmann-Gibbs’ principle. Such a principle, first proved in [18] when v = 1,
would replace in our context the expression

t
1
/O m Z VG(I‘/”)TIV(nnZS)dS

T€EZ

with

2p) / mil/QZVG(a:/n)

0 TEL
<[5 (G temcera) =B [907 (G lmcnra) Jas

in L? (P,,) asn 1 oo and € | 0. Here, G is a function in the Schwarz class, 7,
is the z-shift operator, V' is a mean-zero function with the property that the
derivative of its ‘tilted mean’ vy (z) vanishes at z = p (cf. definition near (2.4)).
Given such a replacement principle (cf. Subsection 3.2 for precise statements),
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one can prove the sequence ), is tight and derive martingale problem char-
acterizations of limit points as desired.

The case v = 1/2 is the most difficult since there is no spatial averaging at
all. However, there is much cancelation with respect to the time integral which
helps to prove the replacement needed. We show the cases 1/2 < v < 1 would
follow from the v = 1/2 replacement. A similar replacement for symmetric
simple exclusion, using specific duality methods, was performed in [4].

The method given here, in our general framework, is quite different. The
main idea is to use an involved H_; renormalization scheme to bound errors in
the replacement. Such a scheme makes good use of three assumed ingredients
(cf. precise statements (R), (G), (EE) in Subsection 2.1): First, the measure v, is
invariant with respect to all asymmetric and symmetric versions of the process,
the main reason for the ‘gradient dynamics’ condition. Second, a spectral gap
lower bound for the symmetric process localized on a interval A, with width ¢
and ) . A n(z) particles which, after averaging with respect to v, is of order
O(£=2). Also, third, an ‘equivalence of ensembles’ estimate holds with respect
to canonical v, (-| >, <, n(z) = k) and grand canonical v, measures.

We note the current article is an evolution of the arXiv paper [28], encom-
passing the work there on a type of exclusion model starting from a Bernoulli
product invariant measure and a model specific Boltzmann-Gibbs principle.
See also [5] for a different type of resolvent method specific to simple exclu-
sion. In this context, the current article is a nontrivial generalization to more
diverse models, starting from perturbations of the stationary state, using a
more general H_; renormalization scheme. We remark that part of this im-
provement, of its own interest, is that the Boltzmann-Gibbs principle (Theo-
rem 3.2) shown here does not rely on the independence structure of a product
measure, or on a sharp spectral gap estimate, or on a process ‘duality’. Finally,
we note elements of our H_; renormalization scheme go back to [27] and [61]
in different contexts.

We now give the structure of the article. In Section 2, the general class of
models studied, results, and specific systems satisfying the class assumptions
are discussed. Then, in Section 3, we outline the proof of the main results,
Theorems 2.2 and 2.3, stating the form of ‘Boltzmann-Gibbs’ principle used. In
Section 4, this principle is proved. In Section 5, we prove for a class of systems,
including the specific processes discussed in Section 2, the ‘equivalence of en-
sembles’ estimate assumed for the proofs in Section 3. Finally, in Section 6, we
show that the field convergences in Theorems 2.2 and 2.3 can be restricted to a
Hermite Hilbert space of functions which strictly contains the Schwarz space.

2. ABSTRACT FRAMEWORK, RESULTS, AND MODELS

We now discuss the abstract framework we work with in Subsection 2.1,
and state results in this framework in Subsection 2.2. This framework covers a
wide class of models such as zero-range models and different types of exclusion
processes which we detail in Subsections 2.3 - 2.5. A reader focusing on one
of these models, might skip to its subsection while referring to Subsection 2.1,
and then proceed to results in Subsection 2.2.
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2.1. Notation and Assumptions. We consider a sequence of ‘weakly asym-
metric’ nearest-neighbor ‘mass conservative’ particle systems {n}* : ¢t > 0} on
the state space = NZ where Ny = {0,1,2,...}. The configuration of the sys-
tem n; = {n:(z) : * € Z} is a collection of occupation numbers 7;(z) which
counts the numbers of particles at sites x € Z at time ¢t > 0. In some of the
examples we will consider, the occupation number is bounded by 1, in which
case the effective state space reduces to {0, 1}%.

‘Gradient’ dynamics. The dynamics will be of ‘gradient’ type. That is, we
suppose there are functions {bf*"},~; and {bL"},>; satisfying the following
conditions (R1) and (R2). Let 7, be the shift operator where (7,7)(z) = n(z + 2)
and 7, f(n) = f(rxn) for x € Z. Let also Ay, = {j : |j| <k} CZfor k > 1.

(R1) For all n > 1, bB™ = 7,b5™ and bL" = 7,b)™ are nonnegative finite-
range functions on 2 such that bé:i’” and bg ™ are supported on {n(y) :
y € Ag} for some R > 1. We suppose uniformly in n that [b5""(n)| +

o) < C > yean M(y). Moreover, there are nonnegative functions
e = 7,¢" on ), supported on {n(z) : x € Ar} such that

b () = b (n) = ci(n) = ya(n).

In addition, suppose there are fixed functions b¥, b} and ¢, such that
configurationwise

Tim " () = bg' (), lim 6™ () = b5 (), and.* Tim €3 (1) = co ().

In some of the models considered, such as zero-range processes in Subsec-
tion 2.3, the functions by"" = bE, bi™ = bl and & = ¢, are fixed and do not
depend on the parameter n. However, for the kinetically constrained exclusion
models in Subsection 2.4, the rates do depend on n.

(R2) With respect to a fixed measure v, on (2, for all n > 1, we have

dl/x+1,;t
bR,n z+1,x P — bL,n
(7 )7{1% (n) = b""(n)
where v2 717 is the measure of the variable ¢ = #**!* under v,.

We also define b7 (1) = b[""(n) + by"(n), b"(n) = bi(n) and c"(n) = c(n) to
simplify notation.
We now specify the process generator. For a € R and v > 0, let

1 n a q 1 1 a
n — 5 o L an n—41—Pn—=373 " 5 -
Pn =5 T oy 1 P =9 " om
Let also ng be such that 0 < p,,,, gn, < 1, and 7' > 0 be a fixed time.

(M) Suppose, for each a € R and v > 0, that {n : ¢t € [0,7]} is a L*(v,)
Markov process with strongly continuous Markov semigroup P;* and
Markov generator L,, (cf. [43][Chapter I; Section IV.4]) with a core com-
posed of local L?(v,) functions on which

TEZ
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where V., f(n) = f(n"Y) — f(n), and n*¥ is the configuration obtained from 7
by moving a particle from z to y:

n(y)+1 whenz=y
n*¥(z) = < n(z)—1 whenz==x
7(z) otherwise.

The role of « € R and v > 0 is to control the strength of the ‘weak asymmetry’
in the model.

Invariant measure v,. We now specify some technical properties which v,
should satisfy. Define for a probability measure «, the path measure P,, gov-
erning the process {n : ¢t € [0,7]} with initial configurations r, distributed
according to . Let then F, and E, denote expectations with respect to x and
P, respectively.

(IM1) Suppose v, is a translation-invariant measure which is ‘spatially mix-
ing’. That is, for local L?(v,) functions f and h,

liﬁgo EV[) [f(m)meh(n)] = EVp [f]EVp [h].

In addition, suppose the mean E, [(0)] = p, and moment-generating
function E, [e’(?)] < oo for [A| < A* for a A* > 0.
Although product measures v, are considered in most of the examples, we note,
in Subsection 2.5, a non-product measure v, corresponding to an exponentially
mixing ergodic Markov chain is used.

Now, the measure v,, by (IM1) and the ‘gradient dynamics’ conditions (R1)
and (R2), is an invariant measure with respect to L,, for all « € R and v > 0.
Indeed, let ¢ be a local L?(v,) function supported with respect to sites in Ay.
Then, for ¢ > k, we have

EylLad] = =By, [ 3 (o = a0)o(n) [ci(n) — cipa ()]

x| <t

= —(Pn — @) Eu, [6(n)(ce(n) — i1 (n))]-
The limit as ¢ 1 0 vanishes, by translation-invariance and the spatial mixing
assumption in (IM1).

One can also compute that the L?(v,) adjoint L}, is the generator with pa-
rameter —a, that is when the jump probability is reversed. Define S,, = (L,, +
L?)/2. Then, the Dirichlet form D, ,(f) := E,,[f(=Lnf)] = E,,[f(=S,f)] on
local L?(v,) functions, is given by

Do (1) = 5 B [ (0) (Vi F0) ). 2.2)

TEZ

We remark when a = 0, .S, is the generator of the process and v, is a reversible
measure.
Consider now the empirical measure

vy = %Zm(x)—p)am/n

€L
and its covariance under measure x,

CHG.H) = B.|(¥5(6) — EY(G)] ) (W (H) — B3 (H)] )]
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with respect to compactly supported functions G and H.
(IM2) We assume, starting from v,, that Jj converges weakly to a spatial
Gaussian process with covariance C,, (G, H) := limy1 C)) (G, H) such
thatC,,(G,G) < C(p)||G Hi?(R)' Also, suppose the fourth moment bound

¢ 4
SUpy>q Eup [(% Zz:l(n(x) - p)) ] < 0.
It will be convenient to define the variances

ok(p) = CJ (H,H) = Ey[(\/%T > (n(w)—p))Q]
zEA,

and 02(p) = C,,(H, H) = lim1o0 02 (p) when H(z) = 1(_1 1)().
When v, is sufficiently mixing, the case of our examples, (IM2) holds with
C, (G, H) = 02(/7)<G7H>L2(]R)-
Now, for A € (—A*, X\*), consider the tilted measure v with ‘tilt’ or ‘chemical
potential’ \ given by
@) O e, ()0

d—yp(n(ac) =e(x),z € Ag’n(x) =¢{(z),z & Ag) = —Z000 (2.3)

where e,¢ € Q and Z(, ¢, ¢) is the normalization.

(D1) We will assume the measures {v) : [\| < A\*} are well-defined on 2, that
is a limit of the finite-dimensional measure in (2.3) as A, * Z can be
taken which does not depend on £. Also, we assume that the measures
can be indexed by density, that is El,? [n(0)] is strictly increasing in ) for
[A] < A%

These assumptions hold of course when v, is a product measure. They also
hold when v, is an FKG measure corresponding to an ergodic Markov chain
on a finite alphabet, the case for the exclusion with speed-change model in
Subsection 2.5.

The measures {1/;‘ : |[A] < A*} are translation-invariant since v, is assumed
translation-invariant (IM1). Also, given exponential moments of v, (IM1),
E,x[n(0)] is continuous in A for [A| < A*. Hence, by the strict increasing as-
sumption in (D1), one can reparametrize {u;\} in terms of density: Let z €
(ps, p*) where p, = limy - B, [7(0)] and p* = limysx~ B, [7(0)]. Let \(z) €
(=A%, A*) be the parameter such that Eyj@[n(o)] = z. Then, we will define

A
Vv, =V, (=)

Define also, for a local L?(v,) function f, the ‘tilted mean’ function ¢(z) :
(ps, p*) — R where

vr(2) = B, [f(n)]-
We define the derivatives of ¢(z) as the formal limits of the derivatives of
E,_[f(n)|n(z) = &(x),x € Ag] as £ 1 oo which take form as

Pi(z) = NEEL(fm) = BN ((x) - 2))]

TEZL
Wiz = WE)EL(Fm) = EL DO () = 2))7]
TEZ
+N'(2) B, [(f(n) = Eu [N (n(x) = 2))]. (2.4)

TEZ
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For the Oth derivative, we set w(fo) (2) == E,_[f]-

(D2) For local L*(v,) functions f, suppose the limits (2.4) are well-defined

and [} ()|, 1¢7(p)| < CP)fllL2(v,); already, [or(p)| < [ fllz2(,). Also,
suppose

when {f,} and f are local functions such that lim,; f.(7) = f() and
fn(n) < f (n) configurationwise for each n where fe L*(v,).

When, {v, } are product or rapidly mixing Markov measures, again the case for
our examples, this condition also holds by calculation with (2.3).

Spectral gap. We now give a ‘spectral gap’ condition. For ¢ > 1, recall A, is
the box of size 2¢ + 1, namely A, := {x € Z : |z| < ¢}. Let also, for £ > 0 and
€ Grue=1{n:2pen, n@) =kn(y) =&(y) fory ¢ A} be the hyperplane of
configurations on A, with k particles which equal £ outside A,. Denote by vy, ¢ ¢
the canonical measure on Gy, ¢ ¢, namely

veee() = vp( 1Y n@) = kony) =€) for y & Ac).

TEN,
Consider now the process, restricted to the hyperplane G;, ; . with generator

1

Snygk,e,gf(n) = 5 Z bZ(U)Vz,yf(n)

|z—y|=1

T, yENAy
This is a finite-state Markov process with reversible invariant measure vy ¢ ¢.
Denote by Ay ¢ the spectral gap, that is the second largest eigenvalue of
~Sn.Gr.e (With 0 being the largest). Let W (k,¢,{,n) denote the reciprocal
of Agen, Which is set to oo if A\g¢¢n = 0. Then, the associated Poincaré-
inequality reads as

Var(f, Vk,f,f) < W(k7£?§an)pn(f7 Vk,é,{) (25)

where Var(f, v, ¢) is the variance of f with respect to v ¢ ¢ and the canonical
Dirichlet form D,,(f, v .¢) is given by

Dy (f, Vke.6) ::% Z Euk,e,g[bf’n(n)(vm,m—&-lf(n)y]-

z,x+1€A,

When W (k,¢,£,n) < oo, the process is ergodic and v, ¢ ¢ is the unique invariant
measure.

Denote the ‘outside variables’ by n; = {n(z) : = ¢ A,}. We will assume the
following condition on W (k, ¢,£,n).

(G) Suppose there is a constant C' = C(p) such that, for n > 1, we have

2
E,, W(Z n(x),&n},",n) < o

TEN,

We remark a sufficient condition to verify (G) would be the uniform bound
supy, ¢, £ 2W(k,€,&,n) < oo, which holds for some types but not all of the spe-
cific models discussed.



10 PATRICIA GONCALVES, MILTON JARA, AND SUNDER SETHURAMAN

Equivalence of ensembles. We will also assume an ‘equivalence of ensembles’
estimate between the canonical and grand-canonical measures. Define, for
¢>1and 5 € Q, the empirical average

1
n = > ).

2041 e

(EE) For local L°(v,) functions f, supported on {n(z) : * € A}, such that
vr(p) = ¥4(p) = 0, and £ > £y, there exist constants ap > 0 and C' =
C(p, ap) where

7 2

0 el ¢ (p) @ 2 0i(p)
| 1] = 5= [0 = 00 = 52 ]
On the other hand, when only ¢(p) = 0 is known,

CllfllLs )
L4(l/p) - 61/2+a0/2 :

< Ollleew,)
Liw,) —  LiFeo/2

HE% [fln(‘), 772?} — s (p) (' - p)‘

We remark, a weaker version, where the L?(v,) norm, instead of the L*(v,)
norm of the difference, is say less than the same right-hand side expressions
with || f]|zs(,,) in place of || f||zs(,,) would be sufficient for our purposes if there
is a uniform bound on the inverse gap supy, ¢, £ W (k, £,£,n) < oc.

Usually, such estimates follow from a local central limit theorem. In Propo-
sition 5.1, we show, when v, is a nondegenerate product measure, that (EE)
holds with ayg = 1. In Proposition 5.2, with respect to a Markovian measure,
we prove (EE) holds with ayp = 1 — ¢ for any fixed 0 < £ < 1. These two propo-
sitions cover the examples discussed in the article.

Initial conditions. We will start from initial measures {y"} which have
bounded relative entropy H(u.";v,) with respect to v,.

(BE) Suppose {u"} satisfies

du™ du™
sup H(u";v,) = supE,, {d% logd% < 00.
n n p Z

In addition, we presume a diffusive initial limit starting from {u"}.

(CLT) Under initial measures {u"}, we suppose )} converges weakly to a spa-
tial Gaussian process ) with covariance C(G, H) = lim,1c Ciin (G, H)
for compactly supported functions G, H.

Of course, if " = v,, (BE) and (CLT) trivially hold with C(G, H) = C,, (G, H).
When v, is a product measure, a possible way to get non-trivial examples
of measures {u"} satisfying (BE) and (CLT) is the following. For simplicity,
we consider the case on which v, is a Bernoulli product measure on {0,1}%.
Let {k" : € Z} be a given bounded sequence and define ;™ as the non-
homogeneous Bernoulli product measure satisfying

n

K
pn(n(z) =1) = p+ Jn
A simple computation shows that

H(,U/n;yp) < C(”HHKQC)Z(,‘QH)Q

T€EZ
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Therefore, taking «” = x(z/n), where x : R — R is bounded and in L?(R), we
see that sup,, H(u™;v,) < oo, and (BE) is satisfied. On the other hand, since
the measure ;" is product, a simple computation shows that, under {."}, the
process ) converges in distribution to Yo + K, where ), is a white noise with
variance p(1 — p). In [51], the Cole-Hopf solution of KPZ is considered starting
from such initial conditions.

One may relate probabilities of events A under p with those under v, by
an application of the entropy inequality:

log2+ H(p";v,)
Pn(A) < — =t
pr(A) = 1+logP,, (A)

(2.6)

For instance, let r € L?(v,) be a local function. By the spatial mixing assump-
tion (IM2), under v,, we have the convergence in probability,

ot

lim

n—oo 0 2n—+1

> mr(nl)ds = By, [r(n)]. 2.7

TEA,

Then, by the entropy relation, also under {u"}, the same limit also holds in
probability.

Of course, given that we begin from nearly the invariant measure v, (2.7)
is a trivial case of ‘hydrodynamics’. Formally, starting from more general mea-
sures, the hydrodynamic equation for the limiting empirical density p = p(z,t)
would read

Op(z,t) + ngob(p(x,t)) = %Ag&c(p(x,t)). (2.8)

In a sense, the main results of the paper are on the different fluctuations
from the law of large numbers (2.7) which arise for different regimes of the
strength asymmetry parameters a and ~.

2.2. Results. Denote by S(R) the standard Schwarz space of rapidly decreas-
ing functions equipped with the usual metric, and let S'(R) be its dual, namely
the set of tempered distributions in R, endowed with the uniform weak-* topol-
ogy. Denote the density fluctuation field acting on functions H € S(R) as

ve(en = =31 (%) o @) = o)

Denote by D([0,T],S'(R)) and C([0,T],S'(R)) the spaces of right continuous
functions with left limits and continuous functions respectively from [0, 7] to
S'(R).

We now state a result from the literature which has been proved for some
processes (cf. [24], [36][Chapter 11] for zero-range processes with bounded
rate, [53], [22] for simple exclusion processes, and [62][Section 11.2.10] for ex-
clusion systems with speed-change), sometimes from more general initial con-
ditions, when the asymmetry is of order O(n™1!).

Proposition 2.1. For v = 1, starting from {u"}, the sequence {Y;';n > 1}
converges in the uniform topology on D([0,T],S'(R)) to the process ), which
solves the Ornstein-Uhlenbeck equation

1 1 .
OV = FeLO)AV+ b0V + | 5ou(p) VW, 2.9
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where W, is a space-time white noise with unit variance, and Yo = ), the field
given in (CLT).

The Ornstein-Uhlenbeck equation (2.9) has a drift term coming from the
weak asymmetry of the jump rates. The drift, as is well known, can be under-
stood in terms of a characteristic velocity v = (a/2)¢}(p) from considering the
linearization of the hydrodynamic equation (2.8) (cf. [62][Chapter I1.2]). How-
ever, it can be removed from the limit field by observing the density fluctuation
field in the frame of an observer moving along the process characteristics. De-
fine

yp) = o= S (- LA ) ),

2nY

If v = 1, Proposition 2.1 is equivalent to the statement that );"” converges in
the uniform topology on D([0,T],S'(R)) to ), the unique solution of the drift-
removed Ornstein-Uhlenbeck equation

1 1 .
OYr = 5%02(/0)Ayt + iﬁpb(P)VWv (2.10)

This equation of course corresponds to (2.9) with a« = 0, is well-posed and has
a unique solution (cf. [64]).

Now we increase the strength of the asymmetry in the jump rates by de-
creasing the value of v. We show for 1/2 < v < 1, starting from the measures
{u"}, that there is no effect in the convergence result of the fluctuation field.

Theorem 2.2 (Crossover fluctuations). For 1/2 < v < 1, starting from initial
measures {"}, the sequence {Y;"";n > 1} converges in the uniform topology on
D([0,T],S'(R)) to the process V; which is the solution of the Ornstein-Uhlenbeck
equation (2.10) with initial condition YV, = ), given in (CLT).

However, for v = 1/2, which is a threshold, a much different qualitative limit
behavior is obtained as the strength of the weak asymmetry in the jump rates
is big enough to influence the limit field. As mentioned in the introduction,
the limit field ); should satisfy, in some sense, a stochastic Burgers equation,
written in our framework as

/
03 = P Ay, 4 L)V + eV, (@.11)
although it is ill-posed.

We now detail in what sense we mean to ‘solve’ (2.11) in terms of a mar-
tingale problem. Let : : R — [0,00) be the function «(z) = (1/2)1;_1 1)(2).
Also, for 0 < ¢ < 1, define t.(2) = e 1i(c7'2) and let G. : R — [0,00) be a
smooth compactly supported function in S(R) which approximates ¢.: That is,
||GE||2L2(R) < 2||58H2L2(R) =¢ 'and

lime™"2(|Ge — te|| 2@ = 0.
"-:1?016 [eX LeHLZ(R) 0

Such choices can be readily found by convoluting .. with smooth kernels. Also,
for z € R, define the shift 7, so that 7,G.(z) = G.(z + z).
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Consider now an S'(R)-valued process {);;t € [0,T]} and for 0 < s < ¢ < T
let

) = [ [ P e
R

We say the process ). satisfies the Cauchy energy condition if for each H €
S(R),

{AS +(H)} is Cauchy in probability as e | 0 (2.12)
and the limit in probability does not depend on the particular smoothing family
{G.}. This limit defines the process {A; ;0 < s <t < T} given by

Aa(H) = Tim A5 (H),

which is S’'(R) valued (cf. [64][p. 364-365; Theorem 6.15 and Corollary 6.16]).
We will say that {);;t € [0,T]} is a Cauchy energy solution of (2.11) if the
following conditions hold.
(i) Initially, ), is a spatial Gaussian process with covariance C(G, H) for
G,H € S(R).
(ii) The process {J;t € [0,T]} satisfies the Cauchy energy condition (2.12).
(iii) Then, the S'(R) valued process {M; : t € [0, T]} where

Mo(H) = D) - () — 4P / Yu(AH)ds — W0 ) @13)
0

is a continuous martingale with quadratic variation

3 2
) = 2O,

In particular, condition (iii) specifies, by Levy’s theorem, that M, (H) is a Brow-
nian motion with variance (s(p)/2)t||VH| 72 -

We also define a stronger notion of solution to (2.11) which may be verified in
some cases. We say that ), satisfies the L? energy condition if in (2.12), instead
of in the probability sense, we assert {AS ,(H)} is Cauchy in L? with respct to
the underlying probability measure, and A, ;(H) is its L? limit. Then, we say
Y, is an L? energy solution of (2.11) if (i) holds as before, (i)’ the L? energy
condition holds, and (iii) holds with respect to the L? limit A ,(H).

Theorem 2.3 (KPZ fluctuations). For v = 1/2, starting from initial measures
{u"}, the sequence of processes {V,"" : n > ng} is tight in the uniform topology
on D([0,T],S'(R)). Moreover, any limit point of V""" is a Cauchy energy solution
with respect to (2.11) with initial field Y, given in (CLT).

If the initial measure is " = v,, any limit point of Y;"" is an L? energy
solution of (2.11) with initial field ), given in (CLT).

Remark 2.4. We now make the following comments.

1. Formally, equation (2.13) corresponds to the stochastic Burgers equation
(2.11) where the nonlinear term is represented by A, ;. We remark, as in [5], by
taking a fast subsequence in ¢, one may write Ag; as a function of {Y,, : u < ¢},
and form an equation which ), satisfies (2.11) a.s. on a type of negative order
Hermite Hilbert space.

2. We also remark, as alluded to in the introduction, if there were a unique
Cauchy (or L?) energy solution, that is uniqueness of process in the associated
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‘martingale problem’, since with respect to simple exclusion the fluctuation
field limit is in terms of the ‘Cole-Hopf’ solution of the KPZ equation [15], not
only could one conclude a unique fluctuation field limit in Theorem 2.3 in the
framework of particle systems considered, but also identify it in terms of the
‘Cole-Hopf” apparatus.

3. In addition, the space S'(R), in the results Theorems 2.2 and 2.3 and
notions of Cauchy and L? energy solutions, can be relaxed to a Hermite Hilbert
space H_j with k& > 4 which is strictly contained in S'(R). [With respect to
Proposition 2.1, starting from v, this has already been proved in the models
mentioned just before the proposition statement.] To make this improvement,
since all arguments with G € S(R) use only properties of functions in H,4, we
need only show ;"7 is tight in the uniform topology on D([0,T]; H_x) with
k > 4. In particular, in Section 6, we define these Hermite spaces and show
how to improve the simpler tightness argument on S'(R) given in the main
argument.

4. We also note that the statement of Theorem 2.3 is non-trivial when a # 0
and b is such that

5 (p) # 0. (2.14)
Otherwise, when ¢}/ (p) = 0, the limit field ); satisfies the Ornstein-Uhlenbeck
equation (2.10). Examples, fitting in our framework, where the second deriva-
tive vanishes include types of zero-range, that is independent particle systems
where ¢, (p) = 2p which are in the EW class.

2.3. Model 1: Zero-Range Processes. The one-dimensional weakly asym-
metric zero-range process 7, on the state space () := N7, consists of a collection
of random walks which interact in that the jump rate of a particle at vertex z
only depends on the number of particles at . More precisely, the generator is
in form (2.1) where

b () = g(n(x)) and by (n) = g(n(z + 1))
do not depend on n and are fixed with respect to a function ¢ : Ny — R, such
that ¢g(0) = 0, g(k) > 0 for k > 1 and ¢ is Lipschitz,
(LIP) sup>q lg(k + 1) — g(k)| < oc.

Under this specification, a Markov process ;' can be constructed (on a subset
of Q) [2]. Hence, (R1) holds and we identify the fixed function ¢" = ¢ as

c(n) = g(n(0)).

The zero-range process possesses a family of invariant measures which are

fairly explicit product measures. For a > 0, define

k
!

ETO S g a—"

2 4(1).-9()
Let o* be the radius of convergence of this power series and notice that Z
increases on [0,a*). Fix 0 < @ < o* and let 7, be the product measure on N%

whose marginal at the site x is given by

1 k

__aF
Uodn:n(x) =k} = { Z(e) 9(1)--~9§k)
Z(a)

when k > 1
when k = 0.



STOCHASTIC BURGERS EQUATION FROM MICROSCOPIC INTERACTIONS 15

It will be useful to reparametrize these measures in terms of the ‘density’. Let
pla) := E5_[n(0)] = aZ’(a))/ Z(«r). By computing the derivative, we obtain that
p(a) is strictly increasing on [0, a*). Then, let a(-) denote its inverse. Now, we
define

Vp(') = Da(p)(')v
so that {v, : 0 < p < p*} is a family of invariant measures parameterized by
the density. Here, p* = lim,44- p(«), which may be finite or infinite depending

on whether lim,_,,+ Z(«) converges or diverges.
Az) _

Note, since v, is a product measure, that v, = v, for 0 < z < p*, and
condition (D) holds.
One can readily check that (R2) holds:
dyg e 9(n(z))lg(n(z + 1))!

r+1,x T = T
90" @) )+ D) ) + Dlgna+ 1)~ 1

Also, by the construction in [59], which extends the construction in [2] to
an L*(v,) process, we have that L,, is a Markov L?(v,) generator whose core
can be taken as the space of all local L?(v,) functions. [Indeed, in [59], a core
of bounded Lipschitz functions is identified; however, since any local L?(v,)
function is a limit of bounded Lipschitz functions, and the formula (2.1) is well
defined and bounded for a local L?(v,) function, by dominated convergence
the core can be extended.] It follows that the measures {v, : 0 < p < p*}
are invariant for the zero-range process. Also, (IM) holds as v, is a product
measure whose marginal has some exponential moments. In addition, one can
check that (EE) holds by Proposition 5.1.

We now address the spectral gap properties of the system. Since the mea-
sures are product measures, the gap does not depend on the outside variables
¢. However, the gap depends on g, as it should since g controls the rate of
jumps. We identify three types of rates for which a spectral gap bound has
been proved.

o = olnfa 1)

e If g is not too different from the independent case, for which the gap is of
order O(¢~2) uniform in k, one expects similar behavior as for a single particle.
This has been proved for d > 1 in [40] under assumptions (LIP) and

(U) There exists x¢ and ¢ > 0 such that g(z + z¢) — g(z) > & for all z > 0.

e If g is sublinear, that is g(z) = 2" for 0 < v < 1, then it has been shown the
spectral gap depends on the number of particles k, namely the gap for d > 1 is
O((1+ B)~7472) where B = k/(2¢ + 1)% [48].

o If g(x) = 1(z > 1), then it has been shown in d > 1 that the gap is
O((1 + B)~2¢72) where 8 = k/(2¢ + 1) [46]. In d = 1, this is true because of the
connection between the zero-range and simple exclusion processes for which
the gap estimate is well-known [50]: The number of spaces between consecu-
tive particles in simple exclusion correspond to the number of particles in the
zero-range process.

In all these cases, (G) follows readily by straightforward moment calcula-
tions.

2.4. Model 2: Kinetically Constrained Exclusion Systems. We consider a
version of the exclusion process, developed in [30][see also references therein],
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in one dimension on € = {0, 1}* where particles more likely hop to unoccupied
nearest-neighbor sites when at least m — 1 > 1 other neighboring sites are full.
When m = 2, the rates are in the form

bR 0) = (@)1= n(@+ D) [n@ — 1) + (@ +2) + %}
B e0) = n(e+ )~ e — 1) (e +2) + o],

with respect to a parameter 6 > 0. If § would vanish, particles can jump from

site x to x + 1 exactly when there is at least 1 particle in the vicinity of the

bond (z,z + 1). However, with 6 > 0, the jump from z to = + 1 may also occur

irrespective of the neighboring particle structure with a small rate 6/(2n).
When m > 2, the rates generalize to

by (1;0) = n(2) (1 = n(z +1))An(n;0) and bz (;0) = n(x +1)(1 = n(x))An(n;0)
where A,,(n;0) equals

—1 2 m—1 m
. ‘ ‘ . 0
I e+ I n@+d e+ L n@+i)+ [In@+0)+ 50
j=—(m-1) j=—(m-2) j=-1 j=2
Jj#0,1 Jj#0,1

The role of § > 0 is to make the system ‘ergodic’. If 8 = 0, there would be
an infinite number of invariant measures, such as Dirac measures supported
on configurations which cannot evolve under the dynamics. The hydrodynamic
limit for this model corresponds to the porous medium equation, 9;p:(t,u) =
Ap™(t,u), and so the model may be thought of as a microscopic porous medium
analog.

Now, one may calculate that b2"(n;0) — bL-"(n;0) = ¢(n) — ¢, (n) where,
for m > 2,

e = [ wi++[Ini- II @~ I 261+ 5000
j=—(m-1) j=0 j=—(m—1) j=—1
j#0 J#0

In the case m = 2, the last formula reduces to ¢"(n; 0) = n(—1)n(0) + n(0)n(1) —
n(=1)n(1) + 5,7(0).
Of course, uniformly in 7, as n 1 oo, the terms involving # vanish,
b (m;0) = b (n) == b (n), bE™(n;0) — bl (n) == bE (1; 0)
and c"(n;0) — c:=c'(n;0).

Consider now the Bernoulli product measure on :

v, = H K, where p,(1) =1— p,(0)=p
TEL
for p € [0, 1]. By the construction in [43], it is now standard that L,, is a Markov
L?(v,) generator. One may also inspect that condition (R2) holds with respect
to v,. Hence, v, is invariant for p € [0,1]. Condition (IM) also holds as v,
supports two-state configurations. In addition, as v, is a product measure,
ypA (=) _ v, and (D) holds. Also, by Proposition 5.1, (EE) is satisfied.
We now discuss the spectral gap behavior of the process.
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Proposition 2.5. For kinetically constrained exclusion processes evolving on
Ay, when m > 2, there exists a constant C, uniform over £ and n, such that

W(k,0,€,n) < C£2<£)m1(k > 1).

When m = 2 and k < ¢/3, the above spectral gap estimate is already given
in [30][Proposition 6.2]. However, a straightforward modification of the proof
[30][Proposition 6.2] yields the more general estimate in Proposition 2.5. [In-
deed, the difference when m > 2 is that to bound equation [30][(6.10)] in the
general case, one uses that there at most Cj™~! ways to arrange m— 1 particles
in an interval of width j. Now, a similar optimization on j as given in the proof
of [30][Proposition 6.2] leads to the desired generalized spectral gap estimate.]

Lemma 2.6. For the kinetically constrained exclusion model, the spectral gap
condition (G) is satisfied.

Proof. With respect to a constant C', which may change line to line,

B, (WY n(m),z,g,n))z} < cr'B, 1 (ﬁ <) ()"
zEA

£

064{5—2’" + E,, {1(% <n® < E) (n(@)_m”

cefe2m 4 2mp, (1 <)}

IN

IN

for a fixed ¢ < p. Then, as v, is a Bernoulli product measure, by Markov’s

2
inequality, F,, [W(zmz n(x),e,g,n) ] < Ot forall £ > 1. O

2.5. Model 3: Gradient exclusion with speed change. In this version of
exclusion on Q = {0, 1}2, rates are chosen which correspond to a Hamiltonian
with nearest-neighbor interactions,
= =B (n(x) = 1/2)(n(x +1) - 1/2),
T€EZ
and which will be reversible with respect to a Markovian measure v, /. That
is, specify vy /5 by its finite-dimensional distributions
e—Qs.e(e,8)
V1/2 (77(96) =e(z) :x € Agln(y) = &(y) for y & Az) = —

where

Qpu(e,€) = =B > (elx) —1/2)(e(z+1) - 1/2)
z,x+1EA,
—BE(=€—1) —1/2)(e(=0) — 1/2) — Ble(t) — 1/2)(§(t + 1) — 1/2),
e, € Qand Z = Z({,§) is the normalization. It is not difficult to see that v/,
is Markovian with transition matrix
1 oA g—B/A
[ e—Bl4 B4 ]

o eﬁ/4+e*ﬁ/4
and EZ,W[ (0)] =1/2.
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We now introduce a family of reversible measures by use of a ‘tilt’ or ‘chem-
ical potential’ \. Define V{\/Q, again specified by its finite-dimensional distribu-
tions, through the relation

dv A, en, (e(@)-1/2)
U2 () = ey s a € Aglly) = E(y) fory & Ay) = °
dl/l/g Z!

where ¢,¢ € Q and 2/ = Z/(¢,§) is another normalization. These measures are
also Markovian with transition matrix
prlef/AeN2  prle=BlAgN/2

P, = pyleBlAemA2 poleB/Ach/2
where
P = eBIA=AI2 L o=B/AEN2 414 py = e B/A=A/2 | B/AN/2 (2.15)
A(z)

To parametrize in terms of ‘density’, recall v
that E,_[7(0)] = =.

Then, as discussed in [62, Section I1.2.4], (R2) is ensured if we take the rates
bEn = bR and bL" = bL which don’t depend on n as

1/2 = V- where A(z) is chosen so

b)) = nx)(1—nlz+1)[an(z —nlz +2) + az(1 —n(z — 1))n(z + 2)
tagn(z —1)(1 —n(z+2)) + as(1 = n(z — 1))(1 — n(z + 2))]
bi(n) = n(z+1)(1—n))[an(z — Dyl +2) + as(1 —n(z — 1)n(z + 2)

tasn(z —1)(1 —n(z+2)) + (1 — n(z — 1))(1 — n(z +2))]

where a1, as = ePag, ay > 0. The condition (R1) also follows if we also assume
that a; — as — ag + a4 = 0 so that, as can be checked, c¢(n) takes the form

cm) = aun(0)+ (as — ag)n(=1)n(0) + (a3 — as)n(0)n(1)
+(as — az)n(=1)n(1) + (a2 — az)n(=1)n(0)n(1).

Again, by [43], L,, is a Markov L?(v,) generator for the process. We note
when 5 = 0 and «; = 1 for i = 1,2,3,4, the model is the simple exclusion
process and v, /, is the Bernoulli product measure with density 1/2.

The spectral gap for a more general model, including this one, has been
bounded as follows [44]: Uniformly over k and £ (it doesn’t depend on n), we
have

W (k,£,&,n) < CO2.
Hence, (G) holds.

Also, as vy /; supports two-state configurations, is FKG, and is exponentially
mixing both (IM) and (D) hold. Explicit computations are also possible here to
show Eylx/z [7(0)] strictly increases in A. In Proposition 5.2, we show that (EE)

holds.

3. PROOFS-OUTLINE

The strategies of the proofs for Theorems 2.2 and 2.3 are similar. We con-
sider the stochastic differential of ;" and represent it in terms of corrector
and martingale terms. Tightness is shown for each term in the decomposition
of V7. Under the assumption that the initial measure is the invariant state
v,, limit points are identified using a Boltzmann-Gibbs principle, and shown
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to satisfy (2.10) when 1/2 < v < 1 and to be energy solutions of (2.11) when
v = 1/2. When the initial measures {u"} satisfy (BE), the entropy inequality
then allows to characterize the limit points as desired.

In the following Subsections 3.1 - 3.3, associated martingales, Boltzmann-
Gibbs principles, and tightness are discussed. In Subsection 3.4, limit points
are identified and Theorems 2.2 and 2.3 are proved.

To reduce some of the notation, we will drop the superscript ‘n’ in the rate
functions and write b2 = bE bLn = pL b = p,, b" = b, " = ¢, and " = ¢
until Subsection 3.4.

3.1. Associated Martingales. For H € S(R), z € Z and n > 1, define
el (50) em (50) -2 ()}
n n n
r+1 T
Define also, for v, s > 0, the functions

SO I Gy L 0L | RS SOy Gy L (LI S RYE R

H.
n 2n7 n 2nY

AMH

Ve H

We note, in H, ;, the process characteristic shift is along n~'Z, which helps
make tidy some proofs (in applying a Boltzmann-Gibbs principle (Theorem 3.2)
in proofs of Propositions 3.3 and 3.5), instead of along R as in H., ..

Let F(s,n; H,n) = Y07(H), and F(n; Hyn) = n=V2 Y, H(x/n)(n(z) — p).
Although, F(n; H,n) is an L?(v,) function, in general it’s not a local function.
However, by approximation by local functions and noting by condition (R1) that
b(n)| < C' 2\, <rn(z), one may conclude F(n; H,n) and also F?(n; H,n) belong
to the domain of L,,. In particular,

n 1 n n Iy a n\wn 1y
LnF(Sﬂ?s ) Ha TL) = m Z CI(ns )Am’H’YaS + W Z bm(ns )VIH%S'

xEZL TEZL
Also,
a n. 70“90?)(/))”2 1 T z n
gl Hn) = {=5 }nw%w <(5) mr@ ).
TE
Then,
MP(H) = F(t,n; H,n) — F(0,nq; H,n)
Ly
_/ - F (s, Hon) + Lo F (s, s H,n)ds
0 S

is a martingale. We may decompose

M (H) = Y (H) =Yo7 (H) =77 (H) = B (H) — K '(H) - (3.2)
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7o) = g [ 223 (e — el AL, s

TEL

B(H) = 27%1/2/0 Y (5a(12) = 9u(p) = @i (p) (03 (x) = p)) Vi Hoyodls
TEL

ko = [ = > () ) (o)
S S R, ) (b2 0) — ) — () ) — )]s
TEZ

Here, we introduced the centering constants ¢.(p) and ¢, (p) in Z;"” and B;"”
as ATH, ; and VI H, ; both sum to zero. Also,

KV H,s) = AN(Hy,—H,s) = O(n™') - ATH!,  +O0(n~2) - HY)(2' /n)
k2 (H,s) = V@ (I?%S — H%S) = O(n1)- AH,  (z/n) + O(n=?)- H;’fs(m”/n)

where |2/ — z|,|z" — | < 2.
To capture the quadratic variation (M;""), we compute

L.F(s,nl; H, n)2 —2F(s,ny; Hyn)L,F(s,nY; H,n)

1 n n Iy a n " e
= g 2 O (VEH + s 3 () = con () (VaHo)?
Tre z€

so that (M7 (H))? — (M7 (H)) is a martingale with

M) = [ S ST ds
TEZL

t
a N . .
+/O oni+ty > (ealnl) = corr () (Vi H, 5) ds.
T€EZ

When starting from the invariant measure v,, noting the bounds in (R1), we
have

E,, [(M}7(H) - M2 (H))’]

< L[ (w202 ds} [0 + 5 o) — 0]
s T€Z
< Ca)[bllLry,) /t (% Z(V;ﬁmsy)ds. (3.3)

s TEZL

To express an exponential martingale, we now observe for 0 < A < A\(H,n)
small that exp{\F(n; H,n)} is in the domain of L,,. Indeed, if H is a local func-
tion, as v, is assumed in (IM) to have small parameter exponential moments,
then exp{\F(n; H,n)} € L*(v,) for all small \. Again, an approximation argu-
ment when H € S(R) is not local shows also exp{A\F'(n; H,n)} belongs to the
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domain of L,,. We calculate
n a n
exp{ - AF(%%, Ha TL)} (67 + Ln) eXp {AF(U»WMH» n)}

= 2 3 (b Gp(exp P2V W)} - 1)
TEZL

s = VL)) <)

e { PR} S e/ () )

which, given the assumptions on b in (R1) and on moments of v, in (IM), be-
longs to L?(v,).
Hence, by (the proof of) [21][Lemma IV.3.2],

¢
n 6 n
Zs1 = exp {)\F(t,nf) — AF(s,ny) — / e M (umy) (87 + Ln) e’\F("’"“)du}

s u

is a martingale. We may expand Z; ; in terms of X as

Z = exp{A(MMH) — MZ7(H))

N Azt .
_7<M?’( ) M”v /Rldu+ !/Rgdu+)\5/ R3du}
where
Ri(u) = 2n9/22 (n) —bL ))(v;ﬁ%u)s
z€Z
an? o
+W % bo () (Vi )
4
Rz(u) = 2n6 Z b 'y u)
z€Z
an2 n rr 4
+operaz Z (b7 () — bE () (V2 H )
ze

By the gradient condition and the bound on b in assumption (R), one may com-
pute for i = 1,2 that

Rolzsr) < S ) e, (- SIVHE) e

Since E,, [Z; ;] = 1, by expanding in powers of )\, using Schwarz inequality,
the bound on the quadratic variation (3.3), bounds on R; (3.4), and invariance
of v,, we obtain a bound for the fourth moment of M;""(H) — M™7(H):

By, [(MP(H) = M2 ()] < Cla, )bl () (1t = 52 + 072t = 5]). (3.5)
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3.2. Generalized Boltzmann-Gibbs principles. To treat the stochastic dif-
ferential of J;"”, we replace the spatial terms of form )~ __, h(z)7.f(n), where
h is a function on Z and f is a local function, in terms of the fluctuation field
itself to close the evolution equations. Such replacements fall under the term
‘Boltzmann-Gibbs principles’ coined by Brox-Rost in [18] which have general
validity. For instance, the following result forms the backbone of the argument
for Proposition 2.1, when starting from the invariant measure v,, with respect
to the papers cited just before the proposition statement.

Proposition 3.1. Let f be a local L?(v,) function. For t > 0 and h € (*(Z), we
have

e [( [ 77 32 (= 0) = 01(0) = 32 = ) )is) ] =o.

We now state a main result of this paper which provides a sharper estimate,
perhaps of independent interest, when starting from v,. To simplify expres-
sions, we will use the notation

©(p) —
(n) () %HZnsxﬂ/
yEA,

Theorem 3.2 (L? generalized Boltzmann-Gibbs principle). Let f be a local
L®(v,) function supported on sites Ay, such that o (p) = ¢'+(p) = 0. There exists
a constant C = C(p) such that, for t > 0, £ > (3 and h € (*(Z) N (*(Z),

e [( t > (rett) — EE2H ()00 - )’ - NV payis) |
t2 2

1
< Ol (i3 (3 S 1) + i (z S 1))

On the other hand, when only ¢;(p) = 0 is known,

E,, {( /Ot 3 (Txf(n?) — so’f(p){ () () - p}h(w)ds) 2}
< P, (& (2h2 ) Lo X int 0)°)

Here, ag > 0 is the power in assumption (EE).

The proof of Theorem 3.2 in given in Section 4. We note, if the uniform
spectral gap holds, sup;, . , (72W (k,,&,n) < oo, then the argument shows one
can replace in the right-sides above || f||zs(,,) with || f[[z3(,,)-

3.3. Tightness. We prove tightness of the fluctuation fields, first starting from
the invariant measure v, using the L? generalized Boltzmann-Gibbs principle.
Then by the relative entropy bound (2.6), we deduce tightness when beginning
from initial measures {u"}.

Proposition 3.3. The sequences {V,”" : t € [0,T]}n>1, {M;"7 1 t € [0,T]}n>1,
{Z7 t € [0, T]}nz1, (B 2t €0, T]}n>1, (K7 ot €[0,T]} and {(M}7) i t €
[0,T]}n>1, when starting from invariant measure v,, are tight in the uniform
topology on D([0,T],S'(R)).
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Proof. By Mitoma’s criterion [45], to prove tightness of the sequences with re-
spect to uniform topology on D([0,T],S'(R)), it is enough to show tightness of
{ytn”y(H);t € [OvT]}nZD {M?W(H) tte [OvT]}nZh {Itnﬁ(H) it e [OaT]}nZh
{B;"(H) :t € [0, T]}n>1, {K{"7(H) : t € [0,T]} and {(M{"7(H)) : t € [0,T]}n>1,
with respect to the uniform topology for all H € S(R). Note that all initial
values vanish, except )" (H).

Tightness of V;"7(H), in view of the decomposition V,""(H) = Y, (H) +
" (H) + B (H) + K""(H) + M7 (H), will follow from tightness of each
term. The tightness of Jj"7(H), given that we begin under v,, follows from
assumption (IM).

For the martingale term, we use Doob’s inequality and stationarity to obtain

Py, ( sup M) = M2 (H)| > <)
o‘é;fé‘}

< ey, [ sup IMP(H) - M ()
R

Ce 57 'E,, [(ME(H))".

IN

Now, by the fourth moment estimate (3.5), we have
07 By, [(M3(H))'] < Clbllpsw,) (6 +n=%2)

which vanishes as n 1 oo and then 6 | 0. This is enough to conclude that
{MP7(H) : t € [0,T]}n>1 is tight in the uniform topology.

We now prove tightness for B;”7(H) through the Kolmogorov-Centsov crite-
rion. The argument for Z;"”7 (H) is similar. Also, the proofs for (M7 (H)) and
Ki"7(H), given their forms, are simpler and can be done using invariance of v,
by squaring all terms. We focus on the case v = 1/2, given that the estimates
are analogous and simpler when 1/2 < v < 1. Let

Vo(n) = b(n) — eu(p) — @u(p)(n(0) — p).

By assumption (R1), V, has range R. Also, by its form, ¢y, (p) = ¢}, (0) = 0 and
also ¢y, (p) = ¢y (p).
Then,
t
n a n
B (H) = 3 /0 > (VEH, )7 Vi(ns)ds.
TEL

By invoking Theorem 3.2 and translation-invariance of v, which allows to re-
place V2 H., ; with V7 H (which does not depend on time s), for ¢ > (3 = R3, we
have

. (57 = [ S wit a0 { (007w o) - 70 as)’]

TEL
< bl {5 + g} (G S02) + (L S wen) |- 09

On the other hand, given sup,sy E,, [(Vi(n® — p))!] < oo by assumption
(IM) and |¢} (p)| < C||b]|z2(,,) by assumption (D), and the Schwarz inequality
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(52, h(@)r(z))? < (3, [h(@)]) S, |h(2)|r?(z), we have for £ > R? that

&2 / R S (o) = )

T€EZ

CO Mz o (230 1v2])’

TEZ

Hence, for ¢ > R®, we have E, [(B;7(H))?|] < C(a,p,H)||bHi4(Vp)[t€/n +

t2n? /%], noting the domination n?/¢?>*2 < n2?/¢?. Then, if / is taken as ¢ =
t1/3n > R®, we conclude E, [(B;"7(H))?] < C(a, p, H)|[b]|7 4, t4/3,

However, when ¢'/3n < R?, we have by the same Schwarz bound that

O, a) s,y 2n* (3 1V HI)

S C(pvaaHa R)Hb||%2(u,,)t4/3

IN

E,, [(B77(H))?]

This shows tightness of B;"" (H).
Combining these estimates, we conclude the proof of the proposition. d

We now update to when the process begins from the measures {u"}.

Proposition 3.4. The fluctuation field sequences {V;"" : t € [0,T]}n>1, {M;"7 :
t € [0, T nsr, T : t € [0,Tbnss, (B2 : t € [0, nsr, (K27 < t € [0,T]}
and {{(M}"7) : t € [0,T]},>1 are tight in the uniform topology on D([0,T],S'(R))
when starting from {u"} satisfying assumption (BE).

Proof. As before, all initial values vanish except )”” which however is tight
by (CLT). Next, by Proposition 3.3, we have lims o lim,+o0 ]P’,,p(Og’,E) = 0 where

03 = { sw |IX7 - X1 > e},
t—s|<s
s,t€[0,T)
and X' may be equal to V"7, M7, 7,7, B"7, K7 or (M}"7). Then, we
have by the entropy inequality (2.6) that also lims o limy4o0 Pyn (Os,e) = 0 which
allows to conclude. O

3.4. Identification of limit points: Proofs of Theorems 2.2 and 2.3. With
tightness (Proposition 3.4) in hand, we now identify the limit points of {J,"" :
t € [0,T]} and its parts in decomposition (3.2). Let Q™ be the distribution of

n’yy n'y 'y gan’ sy geny n’,y
(yt ’ 7Mt ’ 7It ’ 7Bt ’ 7’Ct ?<Mt > )

and let n’ be a subsequence where Q™ converges to a limit point ). Let also ),
My, I, By, K; and D, be the respective limits in distribution of the components.
Since tightness is shown in the uniform topology on D([0,7],S'(R)), we have
that ), M, Z;, B;, K; and D, have a.s. continuous paths.

Let now G. : R — [0,00) be a smooth compactly supported function for
0 < ¢ < 1 which approximates i.(z) = e '1j_1j(2¢"!) as in the definition of
energy solution before Theorem 2.3. That is, |G- |72 < 2/tc[|72 =<' and
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limsw 671/2“G5 — LE||L2(R) = 0. Define

t
n,Y,€ 1 n n 2
L) = [ SR [y (G
s TEZL
Since for fixed 0 < ¢ < 1 the map m. — [ dufal:r(VH(x)){Wu(T,IGs)}2 is
continuous in the uniform topology on D([0, T]; S'(R)), we have subsequentially
in distribution that

lim A7 (H) = / du / Ao (VH () {Vu(r_oGa)}> =i AZ, (H).

n’too
Proposition 3.5. Suppose the initial distribution is the invariant measure v,
andt € [0,T).
When v = 1/2, there is a constant C = C(a, p) such that

” 2
hTm ]EVP |: B'tnv'Y(H) _ a@z(p) Ag:{hs(H)‘ :|

< Ct(e+ MG = el ) 030w, [IVH ey + IV H 1 ey

Then, in L*(P,,), A§ ;(H) is a Cauchy s-sequence. Hence,

aw!’ .oa w e
A g a1y = i PO 5 (1) = ).

In particular, we conclude As . (H) 4 Ao.+—s(H) does not depend on the specific
smoothing family {G.}. Moreover, when 1/2 < ~v < 1, we have B;(H) = 0.
In addition, when 1/2 < v < 1,

/ t 2
lim E, [I{W(H)— L(M/ y;W(AH)ds‘ } =0
ntToo 4 2 0
. @b(p) 2
i By, [V (1))~ P29 H ] = 0

. n’y 2
fm e, [Jerenf] <o
Then, in L*(P,,), Ki(H) = 0 and
/ t
zn) = E40 [y amas ana i) = LV
0

Proof. We prove the limit display for B,(H) when v = 1/2 which shows, by a Fa-
tou’s lemma, that E,, [|B:(H) — (a9} (p)/4).A5 .(H)|"] < C(a, p, H)te. Therefore,
A5 ,(H), as a sequence in ¢, is Cauchy in L*(P,,). The arguments for Z;(H),
D,(H), and K,(H), noting their forms, are similar; for D,(H) and K;(H) one
might also use spatial mixing assumed in (IM). To simplify notation, we will
calln =n'.
Note, for ¢ = en, that
2

S ) () @ -0) = NV (o X 00— p)

TEL TEL |z|<ne

- L(n‘) Z(V;H) [Twyg,'v(La)f_

n
TEZ
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Here, the shift by n=!|ay}(p)sn?/(2n7)| in VI H, , (cf. (3.1)) was transferred to

TV (Le).
Then, with ¢ = en, by Theorem 3.2, as in the bound (3.6), we have

TILITH;; E,, [(Bf”y( agobn / Z (VEH) T Y (ee) ds) }

= limE, [(B?”(H )
a%n / Z (VEH)T {ynv(be) 0222_'0) }ds)?
lim Cla, p)[Ib"1Zss, t(E + %)

(G za) + (G S lveal) ]

Here, as the sum of V7 H, ; on = vanishes, we introduced the centering con-
stant (2¢)~'0Z(p) in the second line.
Now,

VIV = YP(Ge)® = (Y07 (e) = Vi (Go)] - [V (ee) + VI (Ge)]
and by (IM2)

IN

1/2

Cup (La = Geyte — Ga)1/2 : CV,, (1/5 +Ge,te + Gs) < 0(0)5_1/2”Ge - LEHL?(R)

Hence, by Schwarz inequality,

hm Eup / Z (VeH)T, Y27 ( LE) dszn'ys( )) ]

_ 1 n
< C) MG el (5 Y2 V2H])
TEZ
Finally, combining these estimates with the inequality (a + b)? < 2a? + 2b2,
and by assumption (D) that lim,+o ¢}. (p) = ¢} (p), we finish the proof. O

Proposition 3.6. Suppose the initial measures {u"} satisfy assumption (BE),
and t € [0,T).
When v = 1/2, we have Aj ,(H) is a Cauchy e-sequence in probability with
respect to the limit measure (), and hence
/! /!
Lpz(p ) Ao (1) = 1im 2220 e (1) = B,().
el0 4

On the other hand, when 1/2 < v < 1, we have B,(H) = 0.
When 1/2 <~ <1, we have K}'(H) =0,

/ t
n) = P40 [y amas and D) = PG H
0
Proof. By assumption (BE), and lower semi-continuity of entropy, the limit

measure () also has bounded entropy with respect to P, H(Q;P,,) < co. When
v = 1/2, by the L*(P,,) statements in Proposition 3.5, we have for § > 0 that
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limeyo Q(|B:(H) — (apy (p)/4) A5 (H)| > 6) = 0 and so A (H) is Cauchy in proba-
bility with respect to Q). Therefore, lim. o(ay} (p)/4)A;(H) = B.(H).
The other claims follow similarly. a

Proof of Theorems 2.2 and 2.3. Let H € S(R), ¢ € [0,T], and suppose the
initial measures are {u"}. When v = 1/2, by the decomposition (3.2), Proposi-
tion 3.6, and tightness of the constituent processes M;"7, V"7, V"7, 7,7, B}
and K" in the uniform topology, any limit point of

7y Y n,y Y 7,7y n,y
(Mt y St 7y() 7It 7Bt 7’Ct )
satisfies

Mk = i) =o)L [y (om0 — a0/ A,
However, when 1/2 < v < 1,
M(H) = Vi(H) = Yo(H) — @ /0 "V (AH)s, 3.7)
Also, in both cases, Vo(H) = Y (H) by assumption (CLT).

We also claim in both cases that M;(H) is a continuous martingale with a
quadratic variation

M) = P .

Indeed, by Proposition 3.6, any limit point of the quadratic variation sequence
equals D,(H) = (gob(p)/Q)t||VH||2L2(R). Next, M, (H) as the limit of martingales
with respect to the uniform topology is a continous martingale. Also, by the
triangle inequality, Doob’s inequality and the quadratic variation bound (3.3),
1/2

supE,, [ sup |(MY7(H) — M"_V(H)ﬂ < 2supE,, [ sup |MZ'Y(H)|2}

0<s<t s we[0,t]

Then, by [34][Corollary VI.6.30], (M;"7(H),(M;"7(H))) converges on a subse-
quence in distribution to (M, (H), (M(H))). Since, also (M;"7(H)) converges
on a subsequence in distribution to D,(H) = (¢u(p)/2)t|VH|? 12(r)> We have
(Me(H)) = (2u(p) /2t VH |72

By Proposition 3.6, when v = 1/2, ), is a ‘Cauchy energy solution’ corre-
sponding to the stochastic Burgers equation (2.11). But, if initially ;" = v,,
by Proposition 3.5, ), is an ‘L? energy solution’. This completes the proof of
Theorem 2.3.

However, when 1/2 < v < 1, by the form of M;(H) in (3.7), we conclude
Y:(H) solves the Ornstein-Uhlenbeck equation (2.10). By uniqueness, all sub-
sequences converge to the same limit, and we obtain Theorem 2.2. |

< 2supE [ MM }1/2 < C(a, T)Bllpr oy IVH |22
= Vp l/p L
)
)

4. PROOF OF THE GENERALIZED BOLTZMANN-GIBBS PRINCIPLE

We start by recalling the notion of H, ,, and H_; , spaces. For n > ng, recall
Sp = (Lp,+L})/2 (cf. near (2.2)), and define the H; ,, semi-norm ||-||; , on L?(v,)
functions by

115 = Bu, [f(=Sn)f] = 0Dy, (f).
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The Hilbert space H; ,, is then the completion of functions with finite H; ,, norm
modulo norm-zero functions. In particular, local bounded functions are dense
in H 1,n-

Correspondingly, one can define the dual semi-norm || - ||_;,,, with respect to
the L?(v,) inner-product by

E,
Ifll=1,n == sup{ ,Lf) : ¢ # 0 local, bounded},
||¢| 1,n
and the Hilbert space H_; , which is the completion over those functions with
finite || - ||~1,, norm modulo norm-zero functions.

We now state a helping lemma for the results in this section. Define the
restricted Dirichlet form on local, bounded functions with respect to the grand
canonical measure v, as

Dupe@) = 3 By [l 0)(Vaws16(n)®].

z,x+1€A,
Recall the collection 7S := {n(z) : x & A, }.

Proposition 4.1. Let r : Q — R be an L*(v,) function and ¢y > 2. Suppose that
E,,[r|n'“),n5 ] = 0 a.s. Then, for local, bounded functions ¢, we have

/
B rmom)| < B, [W( X n@). fo.ni,n) | Irla,) DY, ()

-’I?EA@O

Proof. Recall, from Subsection 2.1, for k£ > 0, ¢, > 2 and £ € 2, the space
Groe = {n: Y n(@) = knly) = £(y) for y & A, |

IGA[O

and generator S,, g, , . Which governs the evolution of the symmetrized process
on Gy ¢,.e. Suppose W(k, ly,&,n) < co and the measure vy g, ¢ is the unique
invariant measure for the process.

Given Ellp[r| Z|x|§£0 n(z) = k,nly) = &(y) fory ¢ Afo] = EVk,zo,g[ﬂ =0, we
have r restricted to Gy 4, ¢ is orthogonal to constant functions and therefore
belongs to the range of —S5,, g, , ., that is the equation r = —S,, g, , .u can be
solved for some function u : Gy ¢, ¢ — R.

Now, with k£ = ) n(x), W(k,ly,ng ,n) < oo a.s. by assumption (G).
Hence,

%EA[O

|EV/) [T¢] | = |E”p [EV/) [T¢|n(e0)’ ngo]] |
- |E1/p [Eup[(_5n7gk,lo»ngo u)¢|77(zo)777§0]] ‘

< EV/J {EV,J [u(—S u)m(éo)’nz)]l/?

n’gklomgo

XEVp [¢(_Sn,gk,zo,nfo ) |’7(€O)7 7750]1/2} .

The last line follows as —S, g, , . is @ nonnegative symmetric operator, and
therefore has a square root.
Further, since W (k, £y, , n) is the reciprocal of the spectral gap for —S,, g, t0:?
we have
By, [ruln ), m ] < Wk, lo,n5,,n) By, [r* 1“0, 05, ]
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Therefore, we conclude

1/2
B lrll < B, [W( X2 @), to,ngyn) B, 2, 1| DY, (0).
-’L‘EA@O
The desired bound now follows from Schwarz inequality. d

The following bound on the variance of additive functionals is the main way
we control the fluctuations of several quantities in the sequel. A proof of Propo-
sition 4.2 can be found in [36][Appendix 1.6].

To simplify notation, for the rest of the section, we will drop the superscript
‘n’ and write n" = 7).

Proposition 4.2. Let r : Q@ — R be a mean-zero L*(v,) function, ¢,(p) = 0.

Then, , ,
By [( [ rmas)] < 202,

The proof of Theorem 3.2, given at the end of the section, is made through a
succession of steps, labeled ‘one-block’, ‘renormalization step’, ‘two-blocks’ and
‘equivalence of ensembles’ estimates.

Lemma 4.3 (One-block estimate). Let f : Q — R be a local L*(v,) function
supported on sites in Ay, such that ps(p) = 0. Then, there exists a constant
C = C(p) such that for £ > ly, t > 0 and h € (1(Z) N (*(Z):

([ Sr@rn {1000 - B . 0T }is)

63
< Ctﬁ”f“%él(up) Z h?(x)

TEZ
Proof. By Proposition 4.2, we need only to estimate the H_; ;, norm of the in-
tegrand (which is in L?(v,) since h € ¢*(Z)). Bound the H_; ,, norm multiplied
by n, using Proposition 4.1, as follows:

bl;p{ Zh TJ,{f Eup[f‘ﬁ 7775]}915]}

€L
= supZDup B, [h(w)n (f—E,If In“),ng]);b] 4.1)
TEL
< supDup )Y h@)| By, [W( Y n(x), & n,n )]lefl\m(up)Dup (T-20).
TEZL TEA,

Observe now, by translation-invariance of v,, that
Y Duu(r-2¢) < (20+1)D,,(9).
TEZL

Then, noting the spectral gap assumption (G), and using the relation 2ab =
inf,~ola’k + k~1b%], we bound (4.1) by

sup Dy, (6) inf {KCL I3, 3 h2(w) + n7CED,, (6))
¢

TEZ

< (CEIfltay 1)

TEZ
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where C = C(p) is a constant. This finishes the proof. O

Now we double the size of the box in the conditional expectation.

Lemma 4.4 (Renormalization step). Let f : @ — R be a local L(v,) function
supported on sites in Ay, such that ¢;(p) = ¢';(p) = 0. There exists a constant
C = CO(p) such that for { > Lo, t > 0 and h € (*(Z) N L?*(Z):

e [( ] S B ), (18] — By £ 020, ()50 (o) ds) |
0 zez

14
< C||f\\%5(up)tﬁ > Ri(a).

T€EZ
On the other hand, when only ¢¢(p) = 0 is known,

E, |( / b o { B, T (00)e] — B, T In. (n)5) bh(a)ds) |

TEZ

62
< Clf e tos 2 H2().
TEL

Proof. We prove the first statement as the second is similar. Since

B, [Eup LF)|n' D, ng] |n3, 775@] = B, [f(m)|n®9,n5,],

we follow now the same steps as in the proof of Lemma 4.3 to the last line. At
this point, we need a sufficient bound on the variance

1B, LF )0t n5) = B, LFm)n®O 5174,
— HE”P [f(n) _ M{(n“) o2 @Hn(@)}

2 20+ 1
~B,, [10n) - “OfT(’”{W@ —p)? - m}\n@‘)] I, "

+O(||f\|2m(up)£_2)~

The last equality follows from bounding the fourth moment of () — p) using
assumptions (IM) and (D). We now apply the equivalence of ensembles assump-
tion (EE), obtaining a further bound on the right-hand side of O(¢~2). O

Lemma 4.5 (Two-blocks estimate). Let f : @ — R be a local L(v,) function

supported on sites in Ay, such that ¢¢(p) = ¢(p) = 0. Then, there exists a
constant C = C(p) such that for £ > lo, t > 0 and h € (*(Z) N 2(Z):

B, [( S B 0 15) - B @, hi)ds) |
TEL

J4
< Clf sty S W),

TEZ
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On the other hand, when only ¢;(p) = 0 is known,

E, [( /Ot S { B, )5, = B, 1 )1, ] }h(z)dsﬂ
TEZ

£2
< CHf”%S(up)tﬁ Z h? ()

TEZ

Proof. We prove the first display as the second is analogous. Again, we invoke
Proposition 4.2 and bound the square of the H_; ,, norm. To this end, write
¢ =210y +r where 0 < r < 2*+1¢, — 1. Then,

B, [f(m)n' n5. ] — By, [f ()09, ]
= B, [fm)n®" ) nGmsrg, ] — B, [ ()0, 7]

n i ) i1
+Z {Eu,, [f(??)|77(2 ZO)a néieo} - Eup [f(??)l (2 /0)77721+1/0]}

Now, by Minkowski’s inequality, with respect to the H_; ,, norm, over the
m + 2 terms, and Lemma 4.4, we obtain that the left-side of the display in the
lemma statement is bounded by

Ct2m+2‘€ CtQH‘l[ C||f||25 v te
(G oy 5~ Q2T ) <« el g e

n n
=0 TEZ T€EZ

to finish the proof. O

Lemma 4.6 (Equivalence of ensembles estimate). Let f : © — R be a local
L>(v,) function supported on sites in Ay, such that ¢;(p) = ¢’(p) = 0. Then,
there exists a constant C = C(p) such that for { > ly, t > 0 and h € (*(Z):

E., /Zn L), (1))

TEZ
*@((nﬁ” -9’ - gzip)l)}h(x)ds) 2}
< Ol e (2 S o))

T€EZ

On the other hand, when only v¢(p) = 0 is known,

E, |( / S B [0 )] - 2 0) (0~ )]
TEL

< ClflEs,) tzfﬁw,( D _Ihe )

TEZ

Here, oy > 0 is the power mentioned in assumption (EE).

Proof. By squaring and using invariance of v,, the left-hand side of the display

is bounded by
21 E,,p[ 3 |h(@)|r(x }

T€EZ
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where r(z) is the expression in curly braces in the display of Lemma 4.6. Now,
by Schwarz inequality,

(S @) < (X)) X b)),
TEL TEZ TEL

Since v, is translation-invariant, the desired bound is now obtained by noting
the form of r(x) and the equivalence of ensembles assumption (EE). O

Proof of Theorem 3.2. By combining Lemma 4.3 with ¢ = ¢y, and Lemmas
4.5 and Lemma 4.6, we straightforwardly obtain the result. O

5. EQUIVALENCE OF ENSEMBLES

We prove in Proposition 5.1 that condition (EE) holds for a large class of
systems with product invariant measures. In this case, v} ;¢ does not depend
on ¢, which simplifies the conditional expectation in the statement of (EE).

Next, we show in Proposition 5.2 that (EE) also holds for the Markov chain
measure v, /; defined in Subsection 2.5. Some parts of the proofs of these state-
ments are similar those in [61].

Define A} = {z:1 <z <n}.

Proposition 5.1. Let v, be a product measure on Q such that (IM) holds, and
0 < v,(n(0) = 1) < 1. Let also f be a local L(v,) function, supported on sites
Af, such that ¢f(p) = ©’t(p) = 0. Then, there exists a constant C = C(p) such

that , ,
|2, rmla) = {2 - 21 222

On the other hand, when only ¢¢(p) = 0 is known,

Clifllise
< Ifllzs by
L4(vp) n

< C||f||L5(V,,)'

Li(v,) — n3/2

|0, L)1) = e 0)

Here, y:= 1Y, n(x) - p.

Proof. We prove the first display as the second statement, following the same

scheme, has a simpler argument. Recall the tilted measures {v, : p. < z < p*}

given after assumption (D1) which are well defined as v, is a product measure.

Let 0%(z) = E,_[(n(0) — 2)?]. Note also the canonical expectation E,_[f|y] does

not depend on the specific value z, and that we are free to choose it as desired.
Then,

B, = B 0 S n(e) —p=1y]

zeAt;
By, [f)1(5 Xens n(x) = p=y)]
Yyt (5 Laeny 1(@) = p =)
Define 0,,(z) = v/mvy1,(3_,cpt 1(z) — p— y = z), and write the last expres-

sion as
\/ﬁen—f(_ erAzr (77(37) —Yy—- p))
Vytp f(n) \/mGn (0)

E
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Let ¢, (t) = E,, +p[e”(”(”)*P*y)] be the characteristic function. Then, one can
write

S

om(-r) = 6im¢;n(t)dt
7r —Tr
1 mvm
= — ety (¢ //m)dt
2 —m/m
By Taylor expansion,
T/m . m/m izt "
nt(e) = [ _wptepvmie- [ Doy 5.1)
—m/m —m/m \/>
A i o( S5 [T v
2 —m/m 3/2 —m/m Y

Let now 6 > 0 be a small number. We observe that the integral, when |y| < J,
in the last term in (5.1) is uniformly bounded in m.

Indeed, given v, governs i.i.d. Nj-valued random variables with moment
generating function and which are nondegenerate in that 0 < v,(n(0) =1) < 1,
for e < |t/\/m| < m, one computes |7 (t//m)| < Co(y)™ where sup|, ;<5 Co(y) <

15 also, for 0 < [t/ < &, v (1/y/m) = (1~ (202 + p)/(2m)) + O(m~3/2))"
and [} (t/y/m)| < e~ @), Here, sup), <5 0> (y+p) < o0 and infj,| <5 min{o? (y+

p);C1(y)} > 0.
Also, the second integral in (5.1), when |y| < 4, given

piefyvm) = (1= SN ooz

is almost the integral of an odd function and is of order O(m~'/2).

On the other hand, given v, is a translation-invariant product measure
whose marginal has moment generating function, by the classical local limit
theorem, lim, 100 0, (0) = (2m02(y + p))~'/2. Then, for |y| < §, we have

B, [f(nly] = moEVy+p[f<n>1+%Euw (S (@) —p—y)]
xeA?
2 By, (Y @) = p = )] +25(0)
mEAj

where |ef(n)| < C(p)||fllL2q,n *? and k; = k;(n) for i = 0,1,2 are explicit
expressions. Indeed, one observes

_ \/ﬁ Qn_g(O) _ —-1/2

_ vn 1 A t _ —1/2
) = G T_m/,rm“"y (5= )it = 0w
_ ii V=t 2 1m—~4 t
raln) = 20,,(0)v/n — £ 2w /_ﬁmt ¥y (\/n—f)dt
— _714_0(”—1/2)_

20%(y +p)
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Now, for a local L?(v,) function h supported on coordinates in A}, we have
e/\(erp) EmeA; (n(z)—p)

g ME(A(y + p))

h} = Eup h(n)

Vy+p[

where A(y + p) is the ‘tilt’ chosen to change the density to y + p and M(\) =
E, [eX@®=7)]. Note that z = M'(\(z))/M (A\(z)) and

N(z) = [M”(A(Z)) _ (M’(A(Z))ﬂ*l 1

M(A(z)) N M(A(z)) - o2(2)
For |y| < 6, after a straightforward calculation, one obtains
2
Y
By, [h(m] = N (p)*5 By, lh(m) ( D n() =)+ lyPr(p. o, h)
IGAX

when ¢ (p) = ¢},(p) = 0. When, only ¢ (p) = 0 is known,

By, b)) = N(pyE, [hm)( > n(@) —p)] + ly[*r(p,6,h).

wEA;

Here, the remainders are bounded |r(p,d,h)| < C(p,6)[|h||L2(,,). Indeed, the
second remainder estimate holds by noting the second derivative given in (2.4)
is bounded for |y| < §; the first remainder bound also holds given that the third
derivative is in form

j;EVW [h(n)] = X" (y+ p)E,,., [h(n)( %\; n(z)—y—p)]
+3N (y + )N (Y + p)Eu, ., [R) (D n(x) —[y N
zeAT
+N W+ 9)* By, [B) (D nz) =y —p)°)
zeA)
=3\ (y+ ) Bu, o, [B) (D 1@) =y = p)] By, [( D (@) —y = p)°]
zeAf zeAf

where h(n) = h(n) — E,,,  [h].
Now, from (2.4), we have

A0 = ) B ) (X ) - 0) ]

weAj

when goglkfl)(p) = ¢n(p) =0, for k = 1, 2. Also, given the assumptions on f and

E,,[y*] = O(nP) (which means each y factor is of order n='/2), we can group
the dominant terms to arrive at

< Clp )| fhagu,ym®
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and hence, as ro(n) = 1 +O0(n"?), k1 (n) = O(n~'/?) and, by expanding o2 (y +
p), ka(n) = =2"1072(p) + O(y),

@} ¢ (p)

B, (100l = 8) (B, [0l - {2 = ZE2VEEENT < 0o, )l s, n7°

On the other hand, we bound, noting [’ (p)| < C|f|12(,) by assumption

(D), and simple estimates (one can use large deviations bounds), that also
a%(p) } ©%(p)
n

By, [1lyl > ) (B, 7 mly] — {v? - )T < 00, O7)

to finish the proof. |

We now prove the equivalence ensembles estimate (EE) with respect to a
Markovian measure. Recall the Gibbs measures v/, and v, = Vf\/(g ) defined
in Subsection 2.5. To see how the next proposition can be used to satisfy as-
sumption (EE), we note (1) the estimate is uniform in the ‘outside variables’
ng, and (2) since the transition matrix Pj is positive, the L>° norm of any local
function supported on sites Ay, can be bounded || f||z~ < C(fo, B)|fl|Lr(,) for
p > 0. Recall also the definitions of ¢ (p) and its derivatives in (2.4).

Proposition 5.2. Let f be a local function, supported on sites indexed by Ay,
such that ¢(1/2) = ¢;(1/2) = 0. Then, for each 0 < ¢ < 1, there is a constant
C = C(e) such that for every fixed a,b € {0, 1},

HEul/z[flym(w ~1)=a,n(n+1)=0b - #r(1/2) [y2 _ 03(1/2)} ‘

2 2n 4+ 1 1lL4(vy0)
Cllf e
= n3/2—¢
On the other hand, when only ¢;(1/2) = 0 is known,
C|lfllze
|Bunalstyn(n =0 =amnr ) =6~y < Al
LA(v1/2) n

Here,y = (2n+1)"' Y cp n(z) —1/2.

Proof. The argument has the same structure as for Proposition 5.1. We will
concentrate on the first display as the second statement has a similar and eas-
ier argument. Since v/, corresponds to an ergodic finite-state Markov chain
with uniform invariant measure, it is exponentially mixing and allows stan-
dard block approximations, which are used in many steps.

Let 0 < x < 1/6. Let also n’ = n — nX. Develop

EVl/z [f|y,77(*771 - 1) = a777(n + 1) - b]

= Ey, [y, n(—n—1) =a,n(n+1) = b]

VIR0, = Tren (0(0) —y — 1/2)
men,y,a,b(o)

‘n(—n —1)=amnn+1)=>

= Bup [f ()
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where
O yap(?) = @Vy+1/2( > @) -y-1/2==2
nx<|z|<n
(%), m(=nX), (=0 = 1) = a,n(n +1) = b)
and
Ony,an(z) = \/mupr( Z n(@)—y—1/2=z|n(-n—1) =a,n(n+1) = b).

TEA,

By a local central limit theorem for ergodic Markov chains [38], we have

1
MmO y,05(0) = ————=
nfoo 2rno?(y +1/2)

where we recall 0*(z) = limy oo 0" By, [(3,cn, n(x) — 2)%]. Here, inf), <5 0 (y +

1/2) > 0.
Let the characteristic function v, , 1. 5(t) for |t| < 7 be defined by

By | 2 ctetzn OOV [0 (), (= = 1) = a,n(n +1) = b].

Vy+1/2
Recall formulas p; and p; in (2.15). By diagonalizing the transfer matrix,
[ pl—leﬁ/4€—,\/26—z‘t(1/2+y) plfle—,@/4e)\/2€it(1/2—y) }

p2—16_5/4e—,\/26—z‘t(1/2+y) p2—leﬂ/4e)\/26it(1/2—y)

one can show for |y|, |t| < ¢ that

t . t20?(y + 1/2)\ 2n+1 1—1/2
Yny,x,a,b (\/ﬁ> = (1 - T) [1 +O(n )}

In particular, for |y|,[t| < 0, |¥ny.ab(t)] < exp{—Ct?} for some C = C(4) > 0.
Also, one can obtain for |y| < 0 and § < |t| < 7 that [, 4,y,q5(t)] < A" Where
A=A <1

Now, write as before

\/Tn/ " itx
O panl@) = o [y anlthi
TV 2n'
1 ) 7
T o ey xoan(t/V/20)dE.
—mV2n'

One can rewrite the last expression as

27 - Y, X,a \/T 1T V2n' \/7
R n t n’ dt+ /‘ﬂ' . ) t - dt
U 2n/w Yo X ,b(/ ) 27.(-\/7 ! - 7/1 X ,b(/ )

1‘2 7 \/ﬁ
! /ﬂ. tZQpnvy’X,a,b(t/m)dt + r (CC)’I’L_S/Z
47 oY

in terms of error ro(z) which is bounded |ro(x)| = O(|z|3).
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Then, as in the proof of Proposition 5.1, we have, for |y| < J, that

Ey, , [fly,n(—=n—1) = a,n(n + 1) = b]

= koBEy, .\, [f()n(—=n—1) =a,n(n+1) =]

+ =B, [0 |Z 1(@) =172 =g)lp(=n—1) =a,n(n+1) =]
o By n [F( Y n(@) =12 9)*|n(=n—1) = a.n(n +1) = ]
+ €f(n) =

where |e;(n)| < C||fllr20,n %2 and k; = k;(n) for i = 0,1,2 have the same
asymptotics as before.

Now, for |y| < 4, h supported on sites in A,x and i = 0, 1,2, using the ex-
ponentially mixing property of the measures {v, 1/, : |y| < 0} and ¢;(1/2) =
¢4(1/2) = 0, we can expand

B[t (X n@ - 1/2-) iV =amm =1 62

o] <nx

- XU (X nw) —1/2) ] + () + ol

Y
(2 —1)! ol <mx

Here, the error 1 (f,n) stands for the error made first in Taylor approximation
with respect to the conditioned measure. Using that v,,,/, is exponentially
mixing, one can bound the first, second and third derivatives uniformly in a, b
and |y| < ¢ after a straightforward but tedious calculation so that |ri(f,n)| <
C(8)n3X||f|| L. The error ro(f,n) represents other errors made by exponential
approximations and |ry(h, n)| < C| f|l 12, n /2.

Here, for h supported on sites in A,x, and notation

h(n) = h(n) = By, ., ,[hln(—n—1) = a,n(n + 1) = b] and 7(z) = n(z) —y —1/2,
the first derivative is

a4

dy

= Ny +1/2Ey,.,, [h)( 3 7)) [n(-n—1) = a,n(n+1) = b].

je|<n

By, phm)n(-=n—1)=a,n(n+1) =1

The second derivative is
d2

dy?

= X'+ 1/2) B, [B) (Y @) ) [n(=n— 1) = a0+ 1) = )

|z|<n

F V2B, [ (X @) - - 1) =+ 1) = b].

e <n

EVy+1/2 [5(77”7’(*” - 1) =a, 7}(71 + 1) = b}
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The third derivative is
PE .
35 Brvena [BODIn(=n = 1) = a;m(n +1) = ]
= X"y + 1/2) By, [ (32 @) (== 1) = an(n+ 1) = o]
jal<n

+3N (y+ 1/2)N"(y + 1/2)
< By [ (3 7)) fo(=n 1) = ann+ 1) = ]

|z|<n
FX 412 By [ (X 7@) [nn = 1) = a.n(n +1) = 1]
lz|<n
=3O\ (y+ 1/2)° B, [ (2 0@)) (== 1) = a,n(n +1) = 0]
lz|<n
XEy, K Z ﬁ(x))Q‘n(—n -1 =a,nn+1)= b].

|z|<n

We have applied these expressions with h(1) = f(7)( 2 |,)<,x(n(z) — 1/2))" for
1=0,1,2 to bound (5.2).

The rest of the proof navigates a virtually similar route as for Proposition
5.1, noting that a factor n®Xy is of order O(n~(1/2=3%)), The parameter x may
be chosen small enough to fit with the desired estimate. |

6. TIGHTNESS IN HERMITE SPACE

We prove that {);"7 : t € [0,T]}, when a # 0 and v = 1/2, is tight in a dual
Hermite Hilbert space H_, C S'(R) with £ = 4. When ~ € (1/2,1], the proof is
the same with similar estimates.

To define Hy, let {h, : z > 0} be the Hermite functions on L?(R), that is
ho(u) = m=1/2¢=%*/2 and, for z > 1,

_ oz \—=1/2/_1\z..—1/2 u2/2£ —u?

h.(u) = (2°2!) (=1)*n—*e et
It is standard that {h,} are orthonormal and complete on L?(R). Each Hermite
function is an eigenfunction with respect to operator & = |u|? — A, that is
|u|?h, — Ah, = X\.h, with eigenvalue \, = 2z + 1. Also, the recursion holds:
R (u) = (2/2)Y%h,_1(u) — ((z +1)/2)2h. 1 (u) for z > 1. See [54][Chapter V]

for more discussion.

We will need the following L? estimates on h, which follow from the above
properties: Namely, [[h{"|2.5) < C(1 4 2)" for i = 1,2. Also, ||h.| @) <

C|1 + 2|*/* from Lemma 6.3, and therefore |[AY || 1m) < C|1 + 2|*+1/* for
1 <4 < 4. Here, C is a universal constant.
Now, any function f € L?(R) can be expressed as

f="> (fiho)he

220
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where
<f7 hz> = /f(U)hz(u)du

Define, for £ > 1, the Hilbert spaces H; which are the completions of smooth
compactly supported functions with inner product

<fv g>k = <faukg>

In particular, L*(R) = Ho D H1 D -+ D Hy O S(R) are those functions such
that
D ()N < oo,
220
The duals of H;, are H_y, relative to completion with respect to the inner-
product, can be identified as those functions such that

U h)AF < oo

z>0
We have the ordering Ho C H_1 C -+- C H_j. Also, H_;, C S'(R) for k > 0. We
will endow H_; with the uniform weak-* topology.

Now, to prove that {);"” : ¢t € [0,7]} is tight in the uniform topology on
D([0,T); H_x) with k > 3 + d = 4, starting from the invariant measure v,, it is
sufficient to show the following result—see [36][Chapter 11].

Then, tightness when starting under a pertubed state {u."} would follow the
same argument given in Subsection 3.3 with respect to S'(R).

Proposition 6.1. For each z > 0, there is a constant C = C(p,T) such that
limsupIEl,p{ sup |V (ho)]?| < C]1+ 2[°/?
ntoo t€[0,T)
and for € > 0 that
lim limsupIP’,,p( sup |V (hy) — Y (k)| > 5) = 0.

610 ntoo |s—t| <6
s,t€[0,T

Proof. The second line in the display follows already from the tightness bounds
given in Subsection 3.3 with h, substituted for H. We now argue the first
estimate. As in Subsection 3.3, we write

T (he) = ygﬁ + 277 (he) + B (he) + K7 (he) + MG (he).
The term )" (h.), noting assumption (IM2), is bounded

limsupE,, (%57 (h:)"] < Clo)lhalliae = Co)

The martingale term is bounded, by Doob’s inequality and the quadratic vari-
ation bound (3.3), noting bounds in (R1), as
limsupE,, | sup (M?’W(hz))z} < Cla,p, T)||th||2L2(R) < C(a,p,T)|1 + 2.
nToo te[0,T]
The most involved term is B;"” (h.) which we now treat. Recall the notation
of Subsection 3.3, in particular 7,V,(n) = 7,b(n) — ¢u(p) — 5 (p) (n(z) — p).
We will also, to simplify notation for the rest of the proof, drop the super-
script ‘n’ and write n™ = n.
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We may bound
(a/2)—2Eyp[ sup (BZ‘(hz)ﬂ

te[0,T]
t 2
< SEl,p[ sup / Wl(ns)ds) } +3E,, | sup / Wa(ns) ds
te[0,T] fe[O T)
+3E,,| sup / Ws(ns) ds
te[o T)
= Q1 +Q2+Q3
where
Wi = (Vihe) {7 Ve(n) = By, [Vs () (", nf]
>
€L
_ np, € .c _@Z'(P) @ N2 U?(P)
Wo = 3 (Vih){ B, [Vimlnl ] 5 {1 (@) =) 2£+1}} and
TEL
14

Wi = %(V:ﬂl ) bép){(n(Z)(x)_p)Q_ ;;S_p)l}

In the following we will take ¢/ = n and use the bounds on b, ¢, ¢} (p) and
¢.(p) afforded by (R1), (IM) and (D). From the proofs of Lemma 4.3 and Lemma
4.5, which together bound the H_; norm of the integrand W;, and Lemma 6.2
below, we have

4
Q1 < CO AT |IVhelF2@) < Cb,p)TIL+ 2]

On the other hand, Q> can be bounded by use of Schwarz inequality,

Q2 < TE,, {/OT (Wz(ns))st]

Then, by the proof of Lemma 4.6, which makes use of the equivalence of en-
sembles assumption (EE), and the bound on ||VA.|| 11 (z) mentioned at the be-
ginning of the section,

TL
Q2 < COPT s IVhaliae) < )T

Similarly, by the assumption in (IM) that the fourth moment of () — p is
bounded as O(¢~2), we have

Q3 S C(ba P)T2

Hence, we have

2
n -
ﬁHVhZ”%A(R) < C(b,p)T? |2,

E,,[ sup (B}"7(h:))’] = O(l=]"?).

te[0,T]
The term Z,”7(h.) is handled similarly. Noting |\Ahz||%2(R), ”Ahznle(R) <
C|z|°/?, we have the bound

Ey, | swp ()] < Clesp, )1+ 22,
te[0,7]
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Also, the term K7 (h.), noting its form and the L'(R) bounds on h{’ for
1 < ¢ < 4, can be analyzed as for Q3 above:

" 1 1
Ey, [ sup K27 (h)P] < CO)[10+ 2P/ 4 14 2]/ 4 1 4 272
t€[0,T] n n

which tends to C(p)|1 + 2|>/? as n 1 co. This completes the proof. O

We now state a case of [60][Theorem 2.2], valid for our processes, that we
used above.

Lemma 6.2. For f € L?(v,) N H_ ,,, we have

t 2
B[ sw | [ romasl | < sTife
1'Jo

tel0,T

We could not find a reference for a bound on the L' norm of h,,(u). Although a
sharp bound using [41][Theorem 2.1] can be made, the following cruder bound

is sufficient for our purposes.
Lemma 6.3. There is a universal constant C such that ||h.||11(z) < C(1+ 2)V4,

Proof. Consider the related Hermite polynomials, for z > 1,
d? 2
i — (—=1)%(2! —1/2 _u?/2 —u®/2
hal) = (—1)7(a1) V22

and kg(u) = 1. One can relate {x.(u)} to the Hermite functions {h,(u)} defined
at the beginning of the section: For z > 0,

h.(u) = e 212y, (2120).

L? estimates for {x.(u)} have been proved in [33][Theorem 5.19] with re-
spect to weight function w(u) = (27) /2 exp{—u?/2}. Namely, for 2 < p < oo,

1/p 5
[ [P < o177
Then,
Ihellr® = 7T_l/g/6_“2/2\f-6z(21/2u)|du
R
— 2 [ )y
R
= [ wle e ldy
2 1/q 1/p
[/w(z)eqy /4dy] [/W(y)lﬁz(y)lpdy}
R R

where we choose p = 2+ 1/(1+ 2) andso g ~ 2—1/(1 + z). Now, by the L?
estimate above, for some universal constant C,

[ [wwlspa)” < @-p = aryasa? < cor

IN

]1/q }(2*1/(1+Z))71

and {wa(:ﬁ)eqyz/‘ldy ~ [fR e /A0+2) gy < O(1+2)Y4, O
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