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Abstract

In this paper, we investigate the recently defined notion of inverse along an element
in the context of matrices over a ring. Precisely, we study the inverse of a matrix along a
lower triangular matrix, under some conditions.
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1 Introduction

In this paper, R is a ring with identity. We say a is (von Neumann) regular in R if a € aRa. A
particular solution to axa = a is denoted by a~, and the set of all such solutions is denoted by
a{l}. Given a~,a~ € a{l} then x = a~aa~ satisfies axa = a, zrax = a simultaneously. Such a
solution is called a reflexive inverse, and is denoted by a™. The set of all reflexive inverses of a
is denoted by a{1,2}. Finally, a is group invertible if there is a* € a{1, 2} that commutes with
a, and a is Drazin invertible if a* is group invertible, for some non-negative integer k. This

k1P = akf aPaa? = aP, aa? = aPa.

is equivalent to the existence of a” € R such that a

We say R is a Dedekind-finite ring if ab = 1 is sufficient for ba = 1. This is equivalent to
saying invertible lower triangular matrices are exactly the matrices whose diagonal elements
are ring units, and in this case the matrix inverse is again lower triangular.

We will make use of the Green’s relation H in R, see [5], defined by
aHb if aR = bR and Ra = Rb.

b <y d denotes b € dR N Rd.
In this paper, we will study invertibility along a fixed element, as defined recently in [12]
in the context of semigroups.
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Definition 1.1. Given a,d in R, we say a is invertible along d if there exists b such that
bad = d = dab and b < d. If such an element exists the it is unique and is denoted by all?.

The inverse along an element reduces to von Neumann, group and Drazin inverses (see
[12]) by all' = a1, all* = a#, alld® = oD

In this paper, the existence of al? by means of a unit in the ring R as studied in [13] will
allow us to study invertibility of some matrices along lower triangular matrices. We will give
an alternative proof for the sake of completness. In order to do so, we state a well known
preliminary result.

Lemma 1.2 (Jacobson). 1 — xy is a unit if and only if 1 — yx is a unit, in which case
(1—azy) ' =1+a(l—yz)"'y.

We refer the reader to [3] and [4] for a similar result with Drazin inverses.

Theorem 1.3. Let a,d € R such that d is a reqular element of a ring R, and let d~ € d{1}.

Then the following are equivalent:
1. al?® exists.
2. u=da+1—dd” is a unit.
3. v=ad+1—-ddis a unit.
In this case,

ald = 414

= dv L.

Proof. (2) and (3) are equivalent by writing v = 1—d(d™ —a),v =1—(d~ —a)d and applying
Lemma 1.2.

Suppose now all? exists, that is, there is b € R such that bad = d = dab with b = dz = yd,
for some z,y € R. Since (dadd™ +1—dd™)(dzd™ +1—dd™) =1 = (ydd~ +1—dd~)(dadd™ +
1—dd™) then dadd~ + 1 —dd~ is a ring unit. Note that we can write u = dd"da+1—dd~ =
14 dd™ (1 — da) and therefore u is a unit if and only if dadd™ +1—dd™ =1— (1 —da)dd™ is
a unit, using Lemma 1.2.

Conversely, suppose u, and therefore, v are units. Since ud = dad = dv then u='d = dv~*
and d = (u"'d)ad = da(dv'). Taking b = u~'d = dv~! then obviously b € Rd N dR.
Therefore al® = b = u~1d = dv= . O

The previous theorem shows, in particular, that given d regular then 114 exists if and only
if d# exists, using [18] and Lemma 1.2.



2 The inverse of a lower triangular matrix along another lower

triangular matrix

Let D be a regular lower triangular matrix and suppose B = AP exists, with A lower

di 0
! ] and A= | ¢ . According to [14], the regularity of D

0
dy d3 b d
is equivalent to the regularity of w = (1 — dsd3 )d2(1 — di dy) for one and hence all choices of

triangular. Write D = [

reflexive inverses dT and d;f of d; and ds, respectively. Using [14], there is D~ such that

e ! dyd} 0 ]

(1 — ww_)(l — dgd;)dgdf d3d3+ + ww_(l — dgdg)
Consider now the matrix

U = DA+I1-DD™
dia+1—did] 0
doa + d3b — (1 — ww‘)(l — dgd;_)dgd—li_ dsd+1— dgd; — ww_(l — d3d§_)

The existence of AP is equivalent to the invertibility of U.
Futhermore, using Definition 1.1 together with Theorem 1.3, if AlP exists then

DV *A)D = AlPAD = D = DAAIP = D(AUY)D

and therefore AU, V1A € D{1}.

ma 0

Lemma 2.1. Given M = [
mo Mg

] with reqular diagonal elements, then M has a lower

triangular von Neumann inverse if and only if (1 — mgmg)mg(l — mfml) =0.

Proof. Writing M = [ my 0 ] + [ 0 01 _ A+B,letY = (I - AAT)BU (I - AT A),

0 ms mo 0
. 1 0 .
with U = I + A™B = L . By [8, Corollary 2.7], M has a lower triangular von
mgmg 1
Neumann if and only if Y = 0, that is, (1 — msm3 )ma(1 — mjmy) = 0. O

Theorem 2.2. Suppose R is Dedekind-finite and let A and D be as above. Then AP ezists
if and only of all®t and dl% ezist and (1 — dsdy)da(1 — df dy) = 0.
In this case,

Alp — al® 0
| vlda(1 = df)al®  dlds (b 4 df dod a4 vTldy  dllds |

with v =dsd+1 — dddg



Proof. Note that if AP exists then U is invertible and AU~' € D{1}. Since U is a lower
triangular invertible matrix and R is Dedekind-finite, then U~! is again lower triangular, and
sois AU~L. Applying Lemma 1.2, and since AU ! € D{1}, then w = (1—dsd3 )d2(1—d{ d1) =
0. The matrix U then has the form

dia+1— dld;r 0

U= .
doa + d3b — (1 — dgd;)dgdf dsd +1— dgdg

Using the Dedekind-finiteness of R, the invertibility of U is equivalent to its diagonal elements
being ring units. This in turns means all“ and dlls exist.

In order to give the expression for AlP, we will compute U~1. Setting v = dja + 1 —
didy, x = dga + dgb — (1 — dgd:}f)dgdf and v = dzd + 1 — d3d; , the inverse of U is Ul =

ul 0
. This gi
oyl ol is gives
AHD _ U_lD _ Uildl 0
—v ety + v ldy vlds |
Now
wldy = a”dl,
v ldy = dl%
and
vz ldy v dy = v ldyallt 4 dlldspglidr — v_l(l - dgdgr)defa”dl + v ldy
= v dpall® 4 @l palldt — o dydfald + dldf dod a4 vty
= v ldy(1 — df)al® 4 dl9 (b + df dod)al 4 v dy
which gives the desired expression. O

Theorem 2.3. Given a Dedekind-finite reqular ring R, let A = [a;;] and D = [d; ;] be
lower triangular matrices over R. If AP exists then all ay;-li’i exist and AP is again lower
triangular.

d 0
* D1

a

A=
’ * A1

Proof. Set d; = d;;,a; = a;; and write D = [ . From Theorem

2.2, a!dl and A!Dl exist. Applying the same reasoning to A; and D1, we obtain the existence
agdz. Repeating this process on a finite number of steps, the desired result follows. By

llds 0
a

R E then AllP is again lower triangular. O
1

induction, and since AlP = [

Applying the previous result to All4 = A% and Al4™ = AP, we obtain known implications
([15, Proposition 4.2, Corollary 4.1]). That is, given a group invertible [resp. Drazin invertible]



n x n matrix M over a Dedekind-finite regular ring, then its diagonal elements are necessarily
group invertible [resp. Drazin invertible] and M# [resp. MP] is again lower triangular.

Let R be a ring with elements u,w such that uw = 1 # wu. Consider the 2 x 2
matrices over R defined as A = [ and D = [ 2; Note that D is invertible with
w

. Therefore, AIP? = I, which is lower triangular, and still 1l and

D1 w 1—wu
| U

1" do not exist. Indeed, 11* exists if and only if u# exists, and 11 exists if and only if w#
exists. If u¥ exists, for instance, then u#u? = u implies u#u = 1 = wu®, that is, v is a unit.
A similar reasoning can be applied to w#.

3 The inverse of a matrix along a lower triangular matrix

di 0
do d3

a

‘We now consider the inverse of A = b

2 ] along the regular D = [ ] , with dp, d3

regular, under a component condition.

Theorem 3.1. For A and D as above such that ol ezists then AP exists if and only if
(=p8—- aal®e
s a Ting unit, where

= (1- dgd;{)dg(l —dfdy)
doa + d3b — (1 - wwf)(l - dgdg_)dgdi"_
8 = dec+dzd+1— dgd; - ww_(l - dgd;)

Q
I

In this case,

AHD _ a”dl _aHdlcC*Idg
| Cladt ¢y ¢Thdy |

Proof. We know AllP exists if and only if U = DA+ I — DD~ is invertible. Taking D~ such

U 0
that DD~ = btai
@ [ (1 — ww™)(1 — dsdd)dad}  dsdif +ww—(1 — dsd) ]  We obtatl
u dic
U =
a p ] ’

where u = dla—i—l—dldf. Since allt exists, then v is a ring unit, and using Schur complements

1 0 u 0 1 uwldje
au™! 1 0 ¢ 0 1 '

we may use the factorization

U =




Hence, U is invertible if and only if ¢ is a ring unit.
In order the compute AP, note that

gl |1 —utdie | | wt 0 1 0
|0 1 0o ¢! —aut 1|’
Then
AP = y-'p
a”dl _aHdlcC*Idg
| —Cladh Ny (Tl
since u~td; = alld, O

Take, as an example, the ring R of 2 x 2 matrices over Z/8Z, and its elements

Dy = 75,D2: 11 Ds— 3 6
10 3 3 3 6

and _
4 11 11
A1: > aAQZ 7A3: 50 7A4: .
1 3 2 0 3 6 6 6
Note that the matrices A;, Dy are ring units and D3 is idempotent, and as such we can take
D 0 A A
D;r = D3. Consider the matrices over R defined as D = D; Dy and A = A; Ai .

We now follow the notation for «, 3, and w of Theorem 3.1. Since Aj, D; are ring units
then A!Dl exists and w = 0. Also,

5 5 0 2 4 4
7 7]’ﬁ:[5 5]’4211 3]'

Now, the determinant of the matrix ¢ is not relatively prime with 8, and therefore ( is not

o=

invertible, which is equivalent to AP does not exist.

Using the same notation as in Theorem 3.1, if dic = 0, which includes the case A is lower
triangular considered in Theorem 2.2, then the matrix U is lower triangular. If the ring is
Dedekind-finite then the existence of AP implies all?t exists.

Corollary 3.2. Let A = a0 , D= di 0 with D, dy,ds reqular, and suppose allds
b d ds ds
exists. Then AIP exists if and only if dI% exists and (1 — dsdy)da(1 — df di) = 0.

In this case, AP is lower triangular with

| vlda(1 = df)al® + dlds (b 4 df dod)alh +vTldy dllds |7

with v = d3d + 1 — d3ds .



Proof. Following the same notation for U, u,w, (, 8 as the proof of the Theorem 3.1, if U is
invertible, since it is lower triangular with a unit diagonal element then its inverse is again
lower triangular. So, AU! is a lower triangular von Neumann inverse of D, which implies,
using Lemma 2.1, that w = 0. Using Theorem 3.1, ( = 8 =d3sd + 1 — dgalgr is a unit, that is,
dlds exists.

For the converse, the matrix U in the proof of Theorem 3.1 has the form

dia+1— dld;r 0
* dsd+1— d3d§r ’
which is invertible since its diagonal elements are units. Therefore AlP exists. ]

From [14], there is

D 1 0 df (1 —dfd)w (1 —dsd]) 1 0
—didy 1 0 ds —(1 —dsdf)dodf 1 |’

with w = (1 — dsd3 )d2(1 — di dy) for which choice

DD — di"_dl + (1 — dfdl)w*(l — d3d§_)d2(1 — di’—dl) 0
d;;dg(l — di'—d1) — d;dg(l — dfdl)’wf(l — dgdé")dg(l — dfdl) d;—dg )

Recall dll¥s exists if and only if v = dds + 1 — dd ds is a ring unit, and AlP exists if and only
if V.= AD + 1 — D™D is an invertible matrix. For the choice of D™ above,

V= (1)

n v

v Cd3]

where

= ady+1-— di"_dl — (1 — dfdl)wf(l - dgdg_)dg(l — dfdl)
n = bdl + ddQ — d;dg(l — dii_dl) + d;dg(l — dfdﬂw_(l — dgd;)dg(l — di‘_dl)

Using Schur complements, we may factor V as

b

where ¢ = v — cd3v™'n. Therefore, V is an invertible matrix if and only ¢ is a ring unit.

1 ecdsv™?

V=
0 1

We now compute

I 1 0 &0
v N [—v_ln 1][0 v_1]

[ ¢ —Ecdgv!

0 1

1 —cdsv™? ]

—v~ et v inéledgv 0t




which gives

di&71 —di & Ledl

D _ py-1 _
AT =DV = et —aglspet _gye—loglds 4 gldsye1eglds 4 glds

since dll9s = dqv1.
We have proved the following result:

Theorem 3.3. For A, D, n,v,w as above such that dl ezists then AP ezists if and only if
£ =7 —cdl®n
is a ring unit. In this case,

di&71 —di & edl

1D — py-1 —
e _[dzfl—dd3n§1 — € ed! s + a1l 4 s

Corollary 3.4. Let A = b d dy ds

exists. Then AIP exists if and only if all®* exists and (1 — dzdf)da(1 — df dq) = 0.

a0 ], D = [ di 0 ] with D, dy,ds reqular, and suppose dllds

Proof. Tf all¥t exists and (1 — d3d§)da(1 — dfdy) = 0, since dl¥ exists then using Corollary
3.2 the existence of AlP follows.

Suppose now AP and dll¥ exist. Then the matrix V' defined in (1) is a lower triangular matrix
with invertible diagonal elements. Therefore V! is invertible. Since V="'V =14 € D{1} then
(1 —dsdy )da(1 —dydy) =0. O

4 Remarks

Theorem 1.3 collapses to known characterizations of group and Moore-Penrose invertibility.
Indeed, when a = 1 then we obtain [17], and when a = d, we obtain an equivalent condition
to [18], since d3d~ + 1 —dd~ is a unit if and only if d> 4+ 1 — dd~ is a unit, by Lemma 1.2 and
by d3d~+1—dd~ = (d2d_ +1-— dd_)Q. It could be of interest to link to the characterization
of group invertibility given in [11]. When a = d* we obtain the characterization given in
[16]. Finally, it is not clear how to relate the inverse along an element with the adugate of an
operator matrix, as defined in [6].

Acknowledgment

The authors wish the thank both referees for their corrections and remarks.



References

1]

2]

[13]

[14]

[15]

[16]

Ben Israel, A.; Greville, T. N. E.; Generalized Inverses, Theory and Applications, 2nd
Edition, Springer, New York 2003.

Brown, B.; McCoy, N. H.; The maximal regular ideal of a ring. Proc. Amer. Math. Soc.
1, (1950), 165-171.

Castro-Gonzéalez, N.; Mendes-Aratjo, C.; Patricio, P.; Generalized inverses of a sum in
rings. Bull. Aust. Math. Soc. 82 (2010), no. 1, 156-164.

Cvetkovi¢-Ili¢, D.; Harte, R.; On Jacobson’s lemma and Drazin invertibility, Appl. Math.
Lett., 23 (2010), no. 4, 417-420.

Green, J.A.; On the structure of semigroups, Ann. of Math., 54 (1951), no. 1, 163—172.

Harte, R.E.; Hernandez, C.; Adjugates in Banach algebras. Proc. Amer. Math. Soc. 134
(2005), 1397-1404.

Hartwig, R.E.; Block generalized inverses, Arch. Rational Mech. Anal. 61 (1976), no. 3,
197-251.

Hartwig, R.E.; Patricio, P.; Puystjens, R.; Diagonalizing triangular matrices via orthog-
onal Pierce decompositions. Linear Algebra Appl. 401 (2005), 381-391.

Hartwig, R.E.; Shoaf, J.; Group inverses and Drazin inverses of bidiagonal and triangular
Toeplitz matrices. J. Austral. Math. Soc. Ser. A, 24 (1977), no. 1, 10-34.

Huylebrouck, D.; Puystjens, R. Generalized inverses of a sum with a radical element.
Linear Algebra Appl. 84 (1986), 289-300.

Kantun-Montiel, D.; Djordjevi¢, S.V.; Harte, R.E., On semigroup inverses. Funct. Anal.
Approx. Comp. 1 (2009), 11-18.

Mary, X.; On generalized inverses and Green’s relations. Linear Algebra Appl. 434 (2011),
no. 8, 1836—-1844.

Mary, X; Patricio, P.; Generalized inverses modulo A in semigroups and rings, submitted
for publication.

Patricio, P.; Puystjens, R.; About the von Neumann regularity of triangular block ma-
trices. Linear Algebra Appl. 332/334 (2001), 485-502.

Patricio, P.; Hartwig, R. E. Some additive results on Drazin inverses. Appl. Math. Com-
put. 215 (2009), no. 2, 530-538.

Patricio, Pedro; Mendes-Aratjo, C.; Moore-Penrose invertibility in involutory rings: the
case aa' = bb'. Linear Multilinear Algebra 58 (2010), no. 3-4, 445-452.



[17] Patricio, Pedro; Veloso da Costa, Antnio; On the Drazin index of regular elements. Cent.
Eur. J. Math. 7 (2009), no. 2, 200-205.

[18] Puystjens, R.; Hartwig, R. E.; The group inverse of a companion matrix. Linear and
Multilinear Algebra, 43 (1997), no. 1-3, 137-150,

10



