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Abstract — The main objective of this tutorial is to present the 
basic concepts on the instantaneous p-q Theory and them show 
its applicability for controlling switching converters connected in 
a micro-grid.  These converters can be used for connecting 
renewable energy sources (solar, wind, and others) to the micro-
grids or for harmonic, reactive power or unbalance 
compensation, and even for voltage regulation.  The emphasis is 
given on the compensation characteristics derived from the p-q 
Theory, and simulation results of test cases are shown.  Special 
attention is put on the oscillating component of the instantaneous 
real power, as it may produce torque oscillations or frequency 
variations in weak systems (micro-grids) generators.  This 
oscillating component, as defined in the p-q Theory, gives the 
amount of oscillating energy between the source and the load, 
and its compensation through a switching compensator must have 
an energy storage element to exchange it with the load.  With the 
p-q Theory the energy storage element can be easily calculated 
as a function of the average component of the instantaneous real 
power, which depends on the observation period. 

Keyword – p-q Theory, instantaneous power, active filter, 
power conditioner, micro-grids, weak electrical systems 

I.  INTRODUCTION 
This paper presents a tutorial, including well-known and 

previously published texts, as well as some new material. 
Compensation algorithms for switching compensators 

are one of the topics that have been exploited, exhaustively, 
by power electronics engineers over the last almost 30 
years.  These compensation algorithms are derived from 
electric power theories that are defined in the frequency 
domain or in the time domain. 

The conventional active (P), reactive (Q) and apparent 
(S) powers, defined in the frequency domain [1]-[3], 
originally in single-phase circuits and them expanded for 
three-phase circuits, and several other power quality indices 
that are derived from them are precise only for off-line 
calculation and analysis of power quality issues.  In general, 
power definitions in the time domain offer a more 
appropriate basis for the use in controllers for power 
electronic devices, because they are also valid during 
transients.  This is especially true if the definitions are done 
considering already a three-phase circuit instead of 
considering single-phase circuits and them summing up to 
have a three-phase system. 

In 1983 Akagi, Kanazawa and Nabae proposed a time-
domain power theory for three-phase circuit for the control 

of active filters connected to three-phase three-wire 
systems, including some notes for four-wire systems [4].  
Based on this theory, known today as p-q Theory, other 
control strategies for active power line conditioners were 
derived in various publications [5]-[12], including its 
extension for the use in three-phase four-wire systems.  A 
summary of these applications can be found in [5]. This 
introduction has some overlap with [5] with the objective to 
make easier for the attendees to follow the tutorial. 
References [6]-[7] also have some overlap with this tutorial. 

The p-q Theory is valid for any three-phase circuit 
conditions, and has the advantage of instantaneously 
separating homopolar (zero-sequence) from nonhomopolar 
(positive- and negative-sequence) components, which may 
be present in the instantaneous three-phase four-wire 
voltages and currents.  Indeed, since their instantaneous 
powers are defined in the α-β-0 reference frame (Clarke 
Transformation), it is possible to extract, independently, the 
homopolar (zero-sequence) component.  The p-q Theory 
also allows a comprehensible explanation as to why 
imaginary power can be compensated without the need of 
energy storage elements [5]-[15]. Besides, it also allows 
determining the amount of energy that must be stored in a 
compensation device, in order to compensate real 
oscillating powers that are exchanged between source and 
loads [8]-[10]. Furthermore, the p-q Theory allows two 
compensation strategies: constant power at source and 
sinusoidal currents at source (using the fundamental 
positive-sequence components of voltage in the control 
algorithm) [15]. In the case of converters to connect power 
sources to the grid [16], it can also be controlled to operate 
with constant power or sinusoidal current injection. 

In the literature it can be found other power definitions 
defined in the time domain.  The most important are the 
FBD (Fryze – Buchholz – Depenbrock) proposed by 
Depenbrock [17], the CPT (Conservative Power Theory) 
proposed by Tenti [18], and the CPC (Current’s Physical 
Components) proposed by Czarnecki [19][20].  Also in the 
literature we can find p-q Theory inspired control 
algorithms for switching compensators as, for example, the 
p-q-r Theory [21][22][23], which is also defined in the 
α-β-0 reference frame.  A comparison involving the p-q-r 
and the p-q Theories is provided in [23].  The control 
algorithm denominated as Synchronous Reference Frame 
(SRF) [24] also presents similar aspects related with the p-
q-r and the p-q Theories.  The SRF control algorithm is 
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defined in the d-q-0 reference frame.  All of these control 
algorithms can be applied to control switching 
compensators connected in three-phase systems, with or 
without neutral wire. 

Control algorithms derived from the p-q Theory have 
been widely applied to control switching compensators, and 
their control algorithms, are well established in the 
electrical engineering community involved in switching 
compensators design [5]. However, unfortunately, 
misinterpretations of the p-q Theory still occur when it is 
considered as a power theory [19].  It occurs when the real 
and imaginary currents, derived from the p-q Theory, are 
directly compared with the active and non-active currents 
defined by Fryze in 1932 [28].  As described in [7], these 
current components can only be compared if certain 
constraints are respected. 

In order to elucidate the aspects that still result in 
misinterpretations of the p-q Theory as a power theory, this 
paper for the tutorial exploits its power properties for three-
phase electrical systems, with or without neutral wire, with 
emphasis on power conditioners (switching compensators) 
in micro-grids, which generally are weak systems, and 
where active power oscillations may have to be 
compensated by using a short-term energy storage system. 

In fact, in a micro-grid, oscillating active power may 
appear due to variations in the load consumption or 
fluctuation in the renewable energy sources generation.  
Van der Hoven [25] presents a long published report on the 
frequency variation range of the wind speed and in [26] it is 
shown that most micro-grids have torsional torque 
oscillation that should be damped to avoid frequency 
variation.  Suvire [27] analyzed problems due to power 
fluctuations given by wind generators connected to weak 
systems.  As a solution he proposed the use of flywheel as 
energy storage system and a converter to mitigate the 
problems due to power oscillations. 

This tutorial paper is structured as follows.  In section II 
the p-q Theory is presented, including the physical meaning 
of real and imaginary powers, including their average and 
oscillating components.  In sequence, section III presents a 
control algorithm, based on the p-q Theory, for switching 
compensators connected in shunt with a three-phase three-
wire power grid.  The features provided to the switching 
compensator, when the p-q Theory is applied, are discussed 
and some simulation results are also shown.  Section IV 
presents simulation results involving the use of the 
p-q Theory to compensate for current harmonics, power 
factor and unbalanced loads.  Compensation of power 
oscillations due to load and/or generation variation in a 
micro-grid is also done to help the frequency control.  
Finally, in section V, the major conclusions obtained 
through this work and suggestions for further works are 
presented. 

II. BACKGROUND OF THE p-q THEORY 
The instantaneous real and imaginary power theory 

(p-q Theory) is based on the Clarke transformation of three-
phase voltages and currents into α-β-0 coordinates.  The 
Clarke transformation of three-phase voltages and currents 
are given by: 
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The instantaneous powers defined in the α-β-0 reference 
frame are the real power (p), the imaginary power (q) and 
the zero-sequence power (p0) given by: 
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where, “–” represents the average and “~” represents the 
oscillating components of each power.  The average 
components can be extracted through low-pass filter, as it 
can be noted in several control algorithms for switching 
compensators [29]-[33].  It is worth to notice that, 
generally, the average components are calculated by 
considering the period of the line frequency as the time 
reference, but depending on the power system, 1/6, 1/3 or 
1/2 of the period can be used [14].  Indeed, if the load 
corresponds to a six-pulse rectifier operating in steady state, 
for example, the average component can be determined 
using a low-pass filter with a time interval equal to 1/6 of 
the grid frequency period.  However, as it is shown in [9]-
[10], depending on the application, the period for the 
calculation of the average value may be much higher than 
the period of the line frequency.  In micro-grids 
applications the problem of load and/or generation 
variations will certainly require an averaging period greater 
than the grid frequency period. 

It is important to point out that differently from other 
power definitions, the powers defined in (3) considers all 
three-phase voltages and currents.  In theories presented in 
[17], [18] and [19][20], the definitions are based on single-
phase voltage and current and therefore do not allow the 
understanding of what is possible to have with definitions 
in three-phases voltages and currents as in the p-q Theory. 

In sequence, the physical meanings of the instantaneous 
powers defined in the α-β-0 reference frame, including their 
average and oscillating components, are explained. 

The instantaneous real power (p) represents the energy, 
per time unity, that flows from the source to the load (or 
from the load to the source, if negative) through the three-
phase wires [5][13].  The average component of the real 
power ( p ), if positive, constitutes the energy, per time 
unity, that is transferred from the source to the load.  The 
oscillating component ( p~ ) corresponds to the energy, per 
time unit, that is exchanged between the source and the 
load.  Of course, the average value of p~  is zero, but at each 
time instant it represents a quantity of energy flowing in the 



 

three-phase circuit, and that gives origin to undesirable 
currents. 

The instantaneous real power (p) represents the energy, 
per time unity, that flows from the source to the load (or 
from the load to the source, if negative) through the three-
phase wires [5][13].  The average component of the real 
power ( p  ), if positive, constitutes the energy, per time 
unity, that is transferred from the source to the load.  The 
oscillating component ( p~ ) corresponds to the energy, per 
time unit, that is exchanged between the source and the 
load.  Of course, the average value of the oscillating 
component is zero, but at each time instant it represents a 
quantity of energy flowing in the three-phase circuit, and 
that gives origin to undesirable currents. 

Conventionally, p  is calculated considering the line 
frequency period, and the oscillating component p~  are due 
to frequencies components higher than the grid frequency 
or due to the negative-sequence component.  In micro-
grids, where different kinds of low-inertia or non-
dispatchable generators (like wind generators) may be 
connected, p~  may appear due to harmonic frequencies, 
which can be dealt conventionally.  However, frequencies 
lower than the line frequency may be present, and the lack 
of inertia in the system may produce oscillation in the 
instantaneous real power, which can also be considered as 
p~ .  For example, if a wind generator is considered, as the 

wind speed varies along the time, the generated power 
using maximum power tracking also varies along the time 
with a period given by the wind speed variation period (if it 
is periodic), or it may vary randomly.  According to Van 
der Hoven [25] the harmonic spectrum of the wind speed 
contains frequency components in the range up to 0.017 Hz 
(period around 1 minute).  This would force the appearance 
of very low frequency real and imaginary power 
oscillations in systems with wind generators.  Depending on 
the frequency of p~ , other generators in the micro-grid can 
respond and compensate for this variation.  However, for 
some variation frequencies these generators cannot follow 
and the system frequency may vary. 

In three-phase electrical circuits (with or without neutral 
wire) where voltages and currents are only comprised by 
their fundamental positive-sequence components, the 
energy transfer is unidirectional, normally from the source 
to the load.  In this case, the instantaneous real power (p) 
contains only an average component.  There are also others 
particular situations in which energy can present a 
unidirectional transfer from the source to the load as, for 
example, when voltages and currents present the same 
harmonic components and, moreover, present the same 
symmetrical components (positive-sequence or negative-
sequence components).  In any other situations, where the 
voltages and currents are composed by distorted or 
unbalanced components, the instantaneous real power 
presents average and oscillating components. 

The instantaneous zero-sequence power (p0) results from 
zero-sequence components of voltages and currents (v0 and 
i0).  It is important to comment that this power only exists 
in three-phase circuits with neutral wire.  The average 
component ( 0p ) corresponds to the energy, per time unity, 
that flows from the source to the load using the neutral 
wire.  The oscillating component ( ˜ p 0 ) corresponds to the 
energy flow, per time unity, that is exchanged between 

source and load through the neutral wire.  It is important to 
notice that the average component cannot exist without the 
presence of the oscillating one [5]. 

The instantaneous three-phase active power (p3φ), 
determined directly from the a-b-c phase voltages and line 
currents, the instantaneous real power (p) and the 
instantaneous zero-sequence power (p0), determined in 
α-β-0 coordinates, can be correlated as follows: 

p3φ = vaia + vbib + vcic =

= vαiα + vβ iβ + v0i0 = p + p0

. (4) 

In an electrical system where the voltages and currents 
are only composed by their fundamental positive-sequence 
components, it is possible to assure that the instantaneous 
three-phase active power, p3φ, and the instantaneous real 
power, p, are equal, presenting only average component.  
Moreover, as described in [5] [13] [14], in this condition it 
is also possible to affirm that the conventional active power 
(P) is equal to the instantaneous powers p3φ and p.  In any 
other conditions, the active power (P) corresponds to the 
average component of the instantaneous active power (p3). 

The instantaneous imaginary power (q) can be 
understood as responsible for the energy, per time unit, that 
is being exchanged between the three-phase wires of the 
electrical system.  Therefore, the power that flows in each 
phase and depends on q does not contribute to the energy 
that flows from the source to the load or vice-versa in any 
time instant.  The instantaneous three-phase reactive power 
(q3φ), determined directly from a-b-c phase voltages and 
currents, and the imaginary power can be associated as 
follows: 

q3φ = (va - vb )ic + (vb - vc )ia +

+(vc - va )ib = 3 (vβ iα − vα iβ ) = 3 q
. (5) 

The instantaneous reactive power (q3φ) is similar to the 
conventional reactive power (Q) only when just the 
fundamental positive-sequence (or only negative-sequence) 
components of the voltages and currents are considered.  
When the currents or voltages present harmonic or 
unbalanced components, the instantaneous reactive power, 
q3φ, contains average and oscillating components, which 
makes impossible to compare it directly with Q. 

Based on the aforementioned explanations involving the 
instantaneous real, imaginary and zero-sequence powers, it 
is possible to conclude that: 

•   The total energy that flows per time unity, that is, the 
instantaneous three-phase active power, p3φ, is always equal 
to the sum of the instantaneous real, p, and zero-sequence, 
p0, powers. 

•   In three-phase circuits, with or without neutral wire, it 
is possible to affirm that the instantaneous three-phase 
active power (p3φ) is equal to the conventional active power 
(P), if the voltages and currents comprises only the 
fundamental positive-sequence (or only negative-sequence) 
components. 

•   The instantaneous imaginary power, q, is only derived 
from the non-homopolar components of the voltages and 
currents.  Moreover, there is a power in each phase that 
depends on the imaginary power, but their three-phase 
instantaneous sum is always equal to zero. 



 

Figure 1 shows the power exchange diagram in a three-
phase four-wire system.  In this figure, the power related to 
q is shown circulating between the phases a, b and c.  The 
real power p and p0 represent the energy flow from system 
A to system B when they are positive.  When they are 
negative, the energy flows from system B to system A. 

III. CONTROL ALGORITHM BASED ON THE p-q THEORY 
FOR SHUNT SWITCHING COMPENSATORS 

One important application of the p-q Theory is the 
compensation of undesirable current components.  Figure 2 
illustrates the basic idea of shunt current compensation for a 
three-phase three-wire system.  It shows a source (power 
generating system) supplying a non-linear load that is being 
compensated by a shunt compensator. For the sake of 
simplicity, here it is assumed that the shunt compensator is 
a three-phase controlled current source that can draw or 
inject any set of arbitrarily chosen current references *

Cai , 
*
Cbi  and *

Cci , which are in fact the undesirable current-
components consumed by the load. 
A general control method for shunt current compensation, 
to be used in the controller of the shunt compensator, is 
shown in Figure 3.  The calculated instantaneous real 
power, p, of the load can be separated in its average ( p) 
and oscillating ( p~ ) components.  Likewise, the load 
instantaneous imaginary power, q, can be separated in its 
average ( q ) and oscillating ( q~ ) components.  Then, 
undesired real and imaginary power-components of the load 
can be compensated by using adequately designed filters in 
the block “Selection of the power to be compensated”.  The 
powers to be compensated are represented by *cp−  and 

*cq− .  Note that, the adopted current convention in Figure 2 
is such that the source current is the sum of the load current 
and the compensator current.  From *cp−  and *cq−  it is 
possible to calculate iα

*  and iβ
* .  Then, the inverse 

transformation from α-β to a-b-c is applied to calculate the 
instantaneous values of the three-phase compensating 
current references *Cai , *Cbi  and *Cci . 

Figure 4 to Figure 8 show various possible compensation 
results, obtained with the shunt switching compensator of 
Figure 2 and with the control method of Figure 3.  In all of 
these cases, the nonlinear load was assumed an ideal 
(without commutation inductances) three-phase thyristor 
rectifier, with a constant (no ripple) current source at the dc 
side.  Note that in this type of load there is no current at the 
neutral wire. Each figure shows the a-phase current 
component that should be eliminated from the load current 
and the a-phase compensated source current, together with 
the a-phase voltage. Furthermore it is also shown the 
instantaneous real power at source (pS) and the 
instantaneous imaginary power at source (qS).  Note that the 
compensator must produce the inverse of the current-
component consumed by the load that must be eliminated.  
The ideal compensated current can be calculated simply by 
subtracting the current to be eliminated from the load 
current.  The powers pS and qS correspond to the new 
instantaneous powers delivered from the source after 
compensation. In all these cases it is considered that no 
unbalances or distortions are present in the system voltages. 

Figure 4 shows the compensation of the instantaneous 
imaginary power consumed by the load, q, only.  In this 
case, all current components that do not transfer or 

exchange energy between source and load (although they 
produce losses in the network) are eliminated.  Thus, the 
instantaneous real power at source (pS) is equal to the 
instantaneous real power at load (p), while the 
instantaneous imaginary power at source (qS) is zero, 
because it is totally compensated by the shunt switching 
compensator.  One interesting point here is that the shunt 
compensator, acting as a controlled current sink, draws a 
compensating current that depends only on q, so that no 
energy is flowing out or into this compensator.  This means 
that, in principle, this compensator does not need any power 
source or energy storage element.  Theoretically, in this 
case, the capacitor at the DC side of the VSC (Voltage 
Source Converter) based compensator (Figure 2) could be 
zero.  In actual applications, it is not zero as the switching is 
done at finite frequency and the synthesized current 
presents some errors.  These errors in the currents implies 
in small errors in the instantaneous real power at the 
converter terminals, therefore, forcing the use of a small 
capacitor in the DC side of the VSC. 

 
Figure 1. Power exchange in a three-phase four-wire system [5]. 

 
Figure 2. Basic principle of a shunt switching compensator [5]. 
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Figure 3. Control method for shunt current compensation based on 
the p-q Theory [5]. 

 



 

Figure 5 shows the compensation of the average 
component of the imaginary power consumed by the load, 
q , only.  In this case, the compensating current, qai  (for 
the a-phase), has no harmonic components, and therefore, 
the shunt compensator draws sinusoidal currents at the line 
frequency.  As expected, the instantaneous real power at 
source, pS, is equal to the instantaneous real power at the 
load, p.  The instantaneous imaginary power at the source, 
qS, has only the oscillating component as sq  is being 
compensated.  

Figure 6 shows the case for the compensation of the 
load oscillating real power, p , only.  By taking the currents 
related to this power as the compensating current reference 
for the compensator, the instantaneous real power at source, 
pS, becomes constant, without oscillating component.  The 
instantaneous imaginary power at source is the same as that 
at the load.  If the primary power source consists of a 
turbine generator, this kind of power compensation 
eliminates the torque ripple in the rotor axis, which may 
produce undesirable shaft vibration.  It is interesting to note 
that although the compensated current contains significant 

harmonics content, these harmonics do not influence the 
instantaneous real power.  The shunt compensator has to 
supply exactly the oscillating real power, p , that is being 
eliminated from the power source.  Therefore, the 
compensator must have the capability to supply and absorb 
energy, but with zero average value.  Hence, this 
compensator must be coupled with an energy storage 
element, normally a capacitor at the DC side, in the case of 
compensator based on a VSC (Voltage Source Converter).  
This type of compensation is important when no oscillating 
real power is allowed in the source, possibly to avoid 
mechanical vibrations, including audible noise. 

Figure  7 shows the case for compensation of both ˜ p  and 
˜ q .  This kind of compensation is applicable when harmonic 

elimination is the most important issue.  Although the 
resulting instantaneous real and imaginary powers have no 
oscillating components, the current related to the average 
imaginary power, q , is still flowing in the source, and 
making the power factor lower than unity.  In terms of 
conventional concepts of powers, the reactive current is not 
being compensated. 

0.01 0.02 0.03

-1

-0.5

0

0.5

1 va
iaq

(p
u)

0.01 0.02 0.030.01 0.02 0.03

-1

-0.5

0

0.5

1 va
iaq

(p
u)

-1

-0.5

0

0.5

1

0.01 0.02 0.030.01 0.02 0.03

va
ia – iaq

(p
u)

0 0.01 0.02 0.03
-1

-0.5
0

0.5
1

pS qS

 
Figure 4. Compensation of the load imaginary power (q): current to be

eliminated (iaq) and compensated current (ia–iaq) for the a-phase, and
the real (pS) and imaginary (qS) powers at source [5]. 
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Figure 5. Compensation of the load average imaginary power ( q ): 

current to be eliminated ( iaq ) and compensated current (ia - iaq ) for the 

a-phase, and the real (pS) and imaginary (qS) powers at source [5]. 
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Figure 6. Compensation of the load oscillating real power ( ˜ p ): current to 

be eliminated ( ia ˜ p ) and compensated current (ia - ia ˜ p ) for the a-
phase, and the real (pS) and imaginary (qS) powers at source [5]. 
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Figure 7. Compensation of ˜ p  and ˜ q : current to be eliminated ( ia ˜ p + ia ˜ q ) 

and compensated current ( ia–( ia ˜ p + ia ˜ q )) for the a-phase, and the 
real (pS) and imaginary (qS) powers at source [5]. 



 

Figure 8 shows the case for simultaneous compensation 
of p~  and q.  Considering that the system voltages are only 
comprised by their fundamental positive-sequence 
components, all of the normally considered undesirable 
current components of the load are eliminated.  That is, 
only active portion of the current at the fundamental 
frequency is flowing through the source, producing a 
constant real power, and without imaginary power.  
Moreover, in this particular case, the non-linear load and 
the shunt compensator together form an ideal, linear, purely 
resistive load.  The source current has a minimum RMS 
value that transfers the same energy as the original load 
current that produce the average real power, p .  This is the 
best compensation that can be made from the active power 
point of view.  Besides, it eliminates all harmonic currents.  
However, it should be pointed out that this is a particular 
situation where no unbalances or distortions are present in 
the system voltages. 

The compensation examples in Figure 4 to Figure 8 are 
presented to illustrate clearly all the possibilities of 
compensation using the p-q Theory.  These possibilities 
give a wide flexibility to the active filter design and one can 
choose which one fits better for each application. 

IV. SHUNT COMPENSATOR CONNECTED TO A WEAK 
ELECTRICAL SYSTEM AND TO A MICRO-GRID  

In this section, it is analyzed the compensation of 
undesirable currents by a shunt active power compensator 
connected first to a weak electrical system and then to a 
micro-grid, both working with a mix of linear and non-
linear, balanced and unbalanced loads.  Some cases where 
the shunt compensator also acts as a voltage regulator, and 
where there are renewable energy sources injecting energy 
into the grid are also analyzed. 

The electrical system, presented in Figure 9 corresponds 
to a three-phase 60 kVA four-wire (3 phases and neutral 
wire), 230 V (phase-to-neutral), 50 Hz electrical system, 
with line impedance of 0.2 pu.  This electrical system feeds 
different types of loads: Single-Phase Linear Loads (single-
phase motors, electrical heaters, incandescent lamps, etc); 
Single-Phase Non-Linear Loads (TVs, computers, printers, 
UPS, fluorescent lamps, single-phase motors with 
adjustable speed drivers, etc); Three-Phase Linear Loads 

(three-phase motors), Three-Phase Non-Linear Loads 
(three-phase motors with adjustable speed drivers, three-
phase UPS).  The set of different loads consumes distorted 
and imbalanced currents, with a high value of neutral 
current. These currents cause elevated voltage drops in the 
line impedances of this weak electrical system.  Thus, the 
loads are fed by voltages that are unbalanced, distorted and 
under nominal values. 

CASE 1 – COMPENSATION OF CURRENT HARMONICS, POWER 
FACTOR AND CURRENT IMBALANCE 

Figure 10 presents the waveforms of voltages and 
currents in the system shown in Figure 9, as well as the 
instantaneous value of the three-phase real power (p3φ), 
with the shunt active power compensator turned-off.  As we 
can observe in Figure 10 (a), the voltage waveforms are 
highly distorted at the PCC (Point of Common Coupling). 
The same problem happens with the currents shown in 
Figure 10 (b).  The current in the neutral wire, shown in 
Figure 10 (c) is also very high and would produce zero 
sequence power (not shown), because the distorted voltages 
also present zero sequence components.  The instantaneous 
three-phase real power (p3φ) shown in Figure 10 (d) 
presents a highly oscillating component, which means that 
the generator axis that produces the electrical energy to feed 
this electrical system is suffering from torque ripple. 

Figure 11 presents the waveforms of voltages and 
currents, as well as the instantaneous value of the three-
phase real power, at the system shown in Figure 9, now 
operating with the shunt active power compensator turned-
on.  This compensator works with a control system based 
on the p-q Theory considering the sinusoidal supply current 
control strategy proposed in [15].  In this strategy, the 
control system uses the load currents and the fundamental 
positive-sequence component of the voltages to calculate 
the power components to be compensated.  It is possible to 
see that, with the operation of the shunt active power 
compensator, the current harmonics components, the power 
factor and the current imbalance are totally compensated.  
Therefore, the source currents only present their 
fundamental positive-sequence components and, 
consequently, the neutral current is equal to zero.  As a 
result of that, the voltages turn into sinusoidal and balanced 
waveforms, and the instantaneous three-phase power 
becomes constant. 

CASE 2 – VOLTAGE REGULATION, COMPENSATION OF 
CURRENT HARMONICS, POWER FACTOR AND CURRENT 
IMBALANCE 

The shunt active power compensator with the control 
system based on the p-q Theory also permits to work as a 
voltage regulator, keeping the voltages at the PCC a the 
nominal values.  This control can be done if the shunt 
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Figure 8. Compensation of ˜ p  and q: current to be eliminated ( ia ˜ p +iaq) 

and compensated current (ia–( ia ˜ p +iaq)), and the real (pS) and 
imaginary (qS) powers at source [5]. 

 

Figure 9. Weak electrical system with a shunt active power compensator 
and different types of loads. 



 

compensator works not only like an active filter, but works 
also like a STATCOM (static synchronous compensator). 
In this case, the compensator should be able to produce 
capacitive or inductive reactive power to increase or 
decrease the voltage at the PCC.  In order to do that, the 
control system must calculate the reference value for q  
(average value of the instantaneous imaginary power) that 
is proportional to the overvoltage or undervoltage verified 
in the PCC. 

Figure 12 shows the voltage and current at a-phase of the 
weak electrical system, as well as the RMS value of the 
voltage at this same phase.  It can be seen that, at t = 0.2 s, 
when the compensator is turned-on only with the function 
of active filter, the current and the voltage become 
sinusoidal, and the RMS voltage increases.  This increase in 

the voltage occurs because the source current after 
compensation becomes smaller, and thus the voltage drop at 
line impedance decreases.  At t = 0.3 s, the shunt 
compensator keeps the operation as an active filter and adds 
the STATCOM function with the objective of regulating 
the phase-to-neutral voltage at 230 V.  The RMS voltage 
begins to rise, until it achieves its set point value (230 V). 

CASE 3 – FREQUENCY AND VOLTAGE REGULATION, 
COMPENSATION OF CURRENT HARMONICS, POWER FACTOR, 
AND CURRENT IMBALANCE 

To show the flexibility of the p-q Theory for frequency 
control some simulation results are shown considering a 
very weak micro-grid. 
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Figure 10. Weak electrical system with the shunt compensator turned-off:

(a) System voltages; (b) System current at phases; (c) System neutral
current; (d) Instantaneous value of the three-phase real power. 
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Figure 11. Weak electrical system with the shunt compensator turned-on: 

(a) System voltages; (b) System current at phases; (c) System neutral 
current; (d) Instantaneous value of the three-phase real power. 



 
 

Figure 13 shows the simulated micro-grid with a 
combustion engine / synchronous generator as the 
dispatchable local power source, a wind generator, 
unbalanced non-linear loads and a shunt active power 
compensator [7].  It is supposed that the combustion 
engine / synchronous generator system is able to supply 
power to the loads, however, whenever possible, the wind 
generator is controlled to generate maximum power with 
the objective to save fuel.  The load is unbalanced, non-
linear and variable in time.  This is a hypothetical situation, 
however, highly probable to happen in an actual micro-grid.  
A situation where it is important to have a shunt power 
compensator to avoid frequency variations will be 
presented. 

Figure 14 shows the instantaneous voltages, currents and 
frequency in this micro-grid for the steady-state operation 
(until t = 2.5 s).  During this time interval, the voltages and 
currents are distorted and the frequency varies a little bit 
because the engine / generator system has a very low 
inertia.  During the time interval from t = 2.5 s to 2.56 s the 
load is increased quickly and the frequency varies more 
than 1 Hz.  When this load is disconnected the frequency 
varies again going up almost 1 Hz. 

To avoid this frequency variation in the generator, the 
shunt compensator should deliver / absorb the transient 
energy until the generator can take up this power.  Knowing 
the peak value of this energy it is easy to calculate the size 
of the capacitor to be used in the DC side of the VSC 
(Voltage Source Converter) of the shunt compensator (in 
this example a capacitor was chosen as energy storing 
element), as shown in [9].  Based on this, a shunt 
compensator was designed to compensate for the oscillating 
instantaneous real power with a DC capacitor with 50 mF 
and 860 V.  As this capacitor has to absorb energy from or 
supply energy to the load with a peak value of 650 J, the 
capacitor voltage may vary +/- 160 V.  For larger values of 
stored energy another energy storing element may have to 
be used, like double-layer capacitors, flywheel [27], 
batteries [40], or even SMES. 

Energy storage will be another serious problem for 
future electrical systems.  However, they will be necessary 
if micro-grid and smart grid concepts are to be put in 
practice.  This fact corresponds to the idea of increasing 
system inertia, not with rotating mass, but with energy 
storage system and power converter operating as a smart 
compensator. 

Figure 15 shows the simulated voltage, current and 
frequency for the case that the shunt power compensator is 
connected and compensating ˜ p  and q.  In this case, ˜ p  was 

calculated as p = p - p~  by using a moving average filter 
with a time window of 50 cycles for the calculation of the 
real average power p .  As we can see in this figure, the 
voltage and current distortion have been greatly reduced 
and the frequency is now constant.  This simple simulation 
shows that a shunt power compensator can be designed to 
compensate for oscillating power as in [9] and [10] with the 
difference that in these references the power supply was 
running at constant frequency.  In a micro-grid the inertia in 
the electrical system may be too small to keep constant 
frequency, without the help of a power compensator.  It is 
also possible to see that the compensated current is in phase 
with the voltage because all the imaginary power is being 
completely compensated. 

The simulation results in this case shows that the p-q 
Theory can help in designing a power compensator to “add 
inertia” to the electrical system, with the advantage that 
this is an inertia with controlled load / unload 
characteristics.  This control is easy to do with this theory 
because it defines real power considering the three-phase 
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Figure 12. Weak electrical system with the shunt compensator turned-on 
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Figure 13. Simulated micro-grid with a combustion engine / generator, 

wind generator, unbalanced non-linear loads and a shunt 
compensator [7]. 

Figure 14.Voltage, current and frequency response for the system without 
shunt compensator [7]. 

Figure 15. Voltage, current and frequency response for the system with 
shunt compensator [7]. 



 

voltages and currents.  Knowing the value of p~  that must 
be compensated, it is easy to design the energy storage 
system as introduced in [9].  In the others power theories 
the oscillating real power is not obvious, and therefore it is 
difficult to adequately know the size of the energy storage 
element.  This is one of the main differences between the 
p-q Theory and the others theories. 

V. CONCLUSIONS  

This paper presented the p-q Theory and examples 
emphasizing the physical meaning of each power 
component.  Some important conclusions are given next:  
(i) The powers defined in the p-q Theory form a 

consistent basis for efficient algorithms to be applied 
in the control of active power conditioners; 

(ii) Clear physical meanings are addressed to the real 
power, the imaginary power, and the zero-sequence 
power in the p-q Theory; 

(iii) The compensation algorithm based on the powers 
defined in the α−β−0 reference frame is very flexible; 

(iv) The undesirable powers to be compensated can be 
conveniently selected; 

(v) The instantaneous imaginary power is calculated 
without time delay (“instantaneously”) and the 
compensation algorithm using the α−β−0 
transformation can compensate for three-phase loads 
in order to consume constant instantaneous active 
power from the source, even if the supply voltages are 
unbalanced and/or contain harmonics. 

This paper presents simulation results that prove that, a 
shunt active power compensator with the control system 
based on the p-q Theory can be used in a weak electrical 
system, or in a micro-grid, in order to compensate for 
harmonics currents, current imbalance, power factor, and 
even for voltage distortion, voltage regulation and 
frequency regulation. In the case of a micro-grid with a 
weak generator and non-linear unbalanced loads, the p-q 
Theory allows the precise design of the oscillating real 
power compensation to avoid frequency variations in 
systems with low inertia. With this control theory it is also 
very easy to adequately calculate the size of the energy 
storage element that is necessary for a shunt active power 
compensator to compensate the power oscillations, 
avoiding frequency fluctuations. 
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