GLOBAL WELL-POSEDNESS FOR A COUPLED MODIFIED KDV
SYSTEM

ADAN J. CORCHO AND MAHENDRA PANTHEE

ABSTRACT. We prove the sharp global well-posedness result for the initial value problem
(IVP) associated to the system of the modified Korteweg-de Vries (mKdV) equation. For
the single mKdV equation such result has been obtained by using Mirura’s Transform that
takes the KAV equation to the mKdV equation [8]. We do not know the existence of Miura’s
Transform that takes a KdV system to the system we are considering. To overcome this
difficulty we developed a new proof of the sharp global well-posedness result for the single
mKdV equation without using Miura’s Transform. We could successfully apply this technique

in the case of the mKdV system to obtain the desired result.

1. INTRODUCTION

We consider the initial value problems (IVPs) associated to the modified Korteweg-de Vries
(mKdV) equation
Ou+ O3u+ 0, (u) =0,  wu(z,0) = ¢(x), (1.1)

and system of the mKdV equations

Oru + 8%16 + 890(1“)2) =0, U(SU, 0) = ¢(x)7 (1 2)

O + O3v + 0,(u?v) =0, wv(x,0) = (),
where (x,t) € R X R; u = u(x,t) and v = v(x,t) are real-valued functions.

1.1. Brief review about well-posedness. An extensive study of the IVP (1.1) can be
found in the literature, see for example the works [23, 22, 13| and references therein. The
mKdV equation is a completely integrable model and has also been studied in the inverse

scattering theory, [24, 28]. The system (1.2) contains a pair of mKdV type equations coupled
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through nonlinear parts and is a special case of a broad class of nonlinear evolution equations
considered by Ablowiz, Kaup, Newell and Segur [1] in the inverse scattering context.

Kenig, Ponce and Vega [22] proved that the IVP (1.1) is locally well-posed for given data
in H5(R), s > %. To obtain this result, they used the sharp version of the smoothing effects
of Kato type (see [19]) satisfied by the group associated to the linear problem combined with

the contraction mapping principle. This local result is sharp. Note that the conservation laws

M) = )y, (Mass) (13)

B(1) = Slhue () — 30y (Energy) (1.4

satisfied by the mKdV flow permit to extend the local solution to the global one in H*(R),
s> 1.

Following the similar argument used in [22], Montenegro (see [25]) proved that the IVP

(1.2) is locally well-posed for given data (¢,1) in H*(R) x H*(R), s > 1. Moreover, using

the conservation laws
Li(u,v) = /(u2 +0?) dx (1.5)
and ‘

Ir(u,v) = /(ui + 02 — u*v?) du, (1.6)
satisfied by the flow of (1.2), the local soluﬂiion can be extended to a global one for given data
in H*(R) x H*(R), s > 1.

The system (1.2) has also been studied from the point of view of the abstract stability theory
of Grillakis, Shatah and Strauss developed in [17]. Using this theory, Montenegro (see [25])
proved the orbital stability of solitary wave solutions to the IVP (1.1). Recently, Alarcon,
Angulo and Montenegro (see [2]) considered a general class of nonlinear dispersive system
containing the IVP (1.1) and proved existence, orbital stability and nonlinear instability of
solitary wave solutions. To get existence and stability results the used the concentration-
compactness method and to get nonlinear instability they followed a method established by
Bona, Souganidis and Strauss in [3] to analyze the instability of solitary waves of the KdV
type equations.

As discussed above, for the both IVPs (1.1) and (1.2), there is a gap in Sobolev indices to
get global solution for which local solution already exists. In the range of the Sobolev indices
% < s < 1, one cannot obtain an a prior: estimate to prove global well-posedness with the
usual iteration process. There are several attempts to overcome this difficulty so as to get

obtain global well-posedness for the IVP (1.1) for s > 1.
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A pioneer technique to get the global solution for given data below energy spaces was
introduced by Bourgain in [4]. This technique consists of splitting the given data in low and
high frequency parts and resolving auxiliary IVPs with new sets of data there by creating an
iteration process in the energy space to extend the local in time solution to the global one.
Several authors have applied this technique to obtain the global solution to various nonlinear
dispersive models. Fonseca, Linares and Ponce (see [13]) simplified this technique to get the
global solution to the mKdV equation in H*(R), s > % It is also applied to get the global
solutions to the semi-linear wave equations (see [20]) and critical generalized KdV equations
(see [14]). Also, Takaoka used this technique to get the global solutions to KP-II equation
in [30] and to the Schrédinger equation with derivative in [29]. Further, Pecher (see [27])
followed the same technique to prove the global well-posedness for the 1D Zakharov system
below the energy space. Recently, using the argument in [13], Carvajal (see [5]) proved that

the IVP associated to the higher order nonlinear Schrodinger equation
Up + iUy + Pges + 1Y|u*u + S|ul?uy + euli, =0, z, t € R, (1.7)

where u is a complex-valued function and «, (3,7, d, € are real constants with 3 # 0, is globally
well-posed in H*(R), s > %.

The high-low frequency technique introduced in [4] is not strong enough to obtain global so-
lution to the full range of Sobolev indices for which local solution exists. Recently, Colliander,
Keel, Staffilani, Takaoka and Tao ( see [7, 8]) introduced the so called I operator method and
almost conserved quantities to obtain global well-posedness of the Cauchy problem where no
conserved quantities are available. This method has been very successful to get sharp global
result for several dispersive models, [9, 10, 12] are just a few to mention.

The authors in [8] used the so called I operator method and almost conserved quantities
to obtain sharp global well-posedness results for the KdV and mKdV equations in real line as
well as in periodic setting. We note that, the KdV and mKdV equations are related by the
Miura’s transform, which is a nonlinear mapping and involves derivative. In [8], the authors
first obtained sharp global solution in H*(R), s > —%, for the KdV equation and then used
Miura’s transform to prove global well-posedness for the mKdV equation (1.1) for data in

H*(R), s > 1.

1.2. Main Results. In this work, our objective is two fold: first we want to prove that the

IVP (1.1) is globally well-posed for data in H*(R), s > %, without using the Miura’s transform,
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then use this technique to get the similar global well-posedness result for the mKdV system
(1.2).

As far as we know, there is no Miura’s transform available to treat the global well-posedness
for the system (1.2). So it is necessary to develop a method that addresses this global well-
posedness issue directly.

In what follows we state the main results of this work. Our first main result is concerned

with the global well-posedness to the mKdV equation (1.1) and reads as follows:

Theorem 1.1. For any ¢ € H*(R), s > %, the unique local solution to the IVP (1.1) provided
by Theorem 1.5 extends to any time interval [0,T].

The second main result, about de mKdV system (1.2), is the following;:

Theorem 1.2. For any (¢,v¢) € H*(R) x H*(R), s > %, the unique local solution to the IVP
(1.2) given by Theorem 1.7 extends to any time interval [0,T].

Remark 1.3. Our first main result, though reproduces the result proved in [8] it has the merit
of being independent, because the result in [8] depends on the sharp global result for the KdV
equation and the Miura’s transform. The second result is totally new and improves the result

in [26], where the author proved global well-posedness in H*(R) x H*(R), s > %.

Remark 1.4. It is worth noticing that, by the method of proof adapted in this article, we
could not achieve the end point s = % in Theorems 1.1 and 1.2. This fact is evident from the

result of Lemma 5.3 (see in Section 5), which is valid only for s > 1/4.

To prove the main results stated above, we use the second generation of the modified
energy and almost conserved quantities introduced by Colliander, Keel, Staffilani, Takaoka
and Tao in [7, 8]. In this method, the Fourier transform restriction norm space Xy (see
(1.10) below) plays a vital role. The best local well-posedness result to the IVP (1.1) and
(1.2), proved in [22] and [25], respectively, use the smoothing effect of Kato type combined
with the maximal function estimate and Leibniz rule for fractional derivatives. As our work
on the global result heavily depends on the local result obtained by the Fourier transform
restriction norm method, we will reproduce the following local well-posedness theorems using

this method (see also [31] for the mKdV equation).

Theorem 1.5. Let s > 1, then for any ¢ € H*(R), there exist § = §(||@|| m=) (with 5(p) — oo

as p — 0) and a unique solution u to the IVP (1.1) in the time interval [0,6]. Moreover, the
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solution satisfies the estimate
lullxs, < 16l (18)

where the norm HUHX% is as defined in (1.11).

Remark 1.6. We note that, in [22] the existence time § = 0(p) with p = ||[DY*|a, is
proved to satisfy § = 8(p) = cp~*, first in the the homogeneous Sobolev space H'/*(R) and
then using a simple scaling argument in H*(R). However, in our case, we obtain a similar

relation, § = 8(p) = cp~?, for some @ > 0, right from the proof the Theorem with p = ||@|| .

Theorem 1.7. Let s > i, then for any (¢,v) € H*(R)x H*(R), there exist 0 = §(||(¢, V)| s x 1)
(with §(p) — o0 as p — 0) and a unique solution (u,v) to the IVP (1.2) in the time interval

[0,d]. Moreover, the solution satisfies the estimate
)l s, S N608) ez (19)

1.3. General Notations. Before leaving this section, we list some more notations that will
be used in this work. For f: R x [0,7] — R we define the mixed Ly Lf-norm by

1/p

’VM%%‘(A(ATU@ﬂPﬁyM¢Q |

with usual modifications when p = oo. We replace T by t if [0, 7] is the whole real line R.

We use f(&) to denote the Fourier transform of f(x) defined by

~

f(§ = C/Rem&f(x)dx

and f(§) to denote the Fourier transform of f(x,t) defined by

f§1)=c /R ) e @EHT) £ (2 1) dadt

We use H® to denote the L?-based Sobolev space of order s with norm

-~

1Al sy = 146)° fll 2

where (&) =1+ [£].
Next, we introduce the Fourier transform norm spaces, more commonly known as Bour-
gain’s space in our analysis.

For s,b € R, we define the Fourier transform restriction norm space X, ;(R x R) with norm

1£11x,, = 1L+ D) U fll 2 (rzzy = {7 — £3>b<€>sﬂng7T, (1.10)

where U(t) = e~19% is the unitary group associated with the linear problem.
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If b > 3, the Sobolev lemma imply that, X, C C(R; H3(R)). For any interval I, we define
the localized spaces Xsl,b = X p(R x I) with norm

1f11x, ,mxr) = nf {{lgllx,,; glrxr = f}. (1.11)

Sometimes we use the definition Xib = |’f”X,97b(R><[O,5})'

We use ¢ to denote various constants whose exact values are immaterial and may vary from
one line to the next. We use A < B to denote an estimate of the form A < ¢B and A ~ B if
A < ¢B and B < cA. Also, we use the notation a+ to denote a + € for 0 < € < 1.

2. LOCAL WELL-POSEDNESS RESULTS

In this section we provide a proof of Theorems 1.5 and 1.7 using X ; spaces. This method
was used in [31] to reproduce the local well-posedness for the mKdV equation. In order to
apply the I-method and almost conserved quantity to get global result, we need a variant of
local well-posedness result based on it, so a sketch of proof is presented here.

We define a cut-off function ¢ € C*°(R; RT) which is even, such that 0 <7 <1 and

]‘7 |t| S 1)
Pn(t) = (2.1)
0, [t|>2.

We also define ¢ (t) = ¢1(t/T), for 0 <T < 1.

In what follows we list some estimates that are crucial in the proof of local result.
Lemma 2.1. For any s,b € R, we have
109l x,, < Cllolas. (2.2)
Further, if—% <V <0<b<bV +1and0<6<1, then
¢
H%/O Ut =) f(u(t))dt||x,, S8 If(w)llx, - (2.3)
Moreover, for b > % and s > % we have
H(U?’)IHXSJ,/ < Hqu(sb (nonlinear estimate). (2.4)
Proof. For the proof of (2.2) and (2.3) we refer to [16] and for (2.4) to [31]. O

Now we are in position to sketch proofs of Theorems 1.5 and 1.7.
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Proof of Theorem 1.5. To obtain the local solution, one can use the cut-off functions in the

Duhamel’s formula as,

alt) = a0 @~ 0500 [ U — ) () (¢t (25)

where 0 <6 < 1.
Consider M > 0 and define a ball B in the space X, ; by

B .= {U € Xops HUHXS,b < M}

_2
For § :==1—b—10b" > 0, if we choose M = 2¢||¢| gs and 6 < ||| 42, then by using (2.2),
(2.3) and (2.4) it can be shown that the mapping

V() = 1 (00 (00— vite) | Ut — ) ()t (2.6

is a contraction on B. So, by the standard fixed point argument we can conclude the local

well-posedness of the IVP (1.1) for given data in H®, s > i. Moreover,
lullxs, < Nl
where [0, d] is the local existence time interval. O

Proof of Theorem 1.7. We define spaces Zgj := Xgp X X, and Y? := H® x H® with norms
| (w, v) || x, % x,, = max{||lulx,,, ||v]x,,} and similar for Y*. Let a > 0 and consider a ball

in Zg given by
X5 = {(u,v) € Zeg; |(w,0)l|z,, < a}. 2.7)

As we are interested in finding local solution to the IVP (1.2), we define the following

application with the use cut-off functions

Dlu, o)1) = 1 (U (1) — (1) /0 Ut — 1), (uo?) () dt.

t (2.8)
Wy, 0] (1) 1= 1 (DU () — s() /O Ut — )0, (u20)(¢) dt.

We will show that, there exist a > 0 and ¢ > 0 such that the application & x ¥ maps X,
into X, and is a contraction.
Exploiting the symmetry of the system, we will estimate only the first component ®. The

estimates for the second component ¥ are similar.
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Using (2.2), (2.3) and (2.4), we have for s > 2 and 0 :=1—-b—b > 0,
I12llx,, < Cllolms + COl(wv?)a]lx. b
< Cllllas + C8°lullx,, 0]k, , (2.9)

< Cll(¢ ¥)llys + C&l(u, 0)[1Z, -
Similarly
1%, < Cl(@ ) lys + COl(u,v)]F, - (2.10)

Therefore, from (2.9) and (2.10), we obtain

(@, 9) ]l 2,,, < Cl(@&, D)y + C8||(w,0) 1%, ,- (2.11)
Let us choose a = 2C|(¢,)||ys, then from (2.11), we get

a
(@, 9)]7,, < 5 +Co%. (2.12)

_2
Now, if we take C6%? < 3, i.e., § < |[(¢,9)]ly0, then (2.12) yields

~

a a
1@, W)z, < 5 + 5 =a (2.13)

Therefore, the application ® x ¥ maps X into XJ. With the similar technique, one can
easily show that ® x ¥ is a contraction. Hence by a standard argument one can prove that
the IVP (1.2) is locally well-posed for initial data (¢,v) € Y* for any s > %. Moreover, from
(2.13) and the choice of a, one has

(@, W)z, < Cll(e:¥)lys (2.14)

and the proof is finished. O

3. MODIFIED ENERGY FUNCTIONAL

Before introducing modified energy functional, we define n-multiplier and n-linear func-
tional.

Let n > 2 be an even integer. An n-multiplier M, ({1, ...,&,) is a function defined on the
hyper-plane I'y, := {(&1,...,&n); & + -+ + & = 0} with Dirac delta §(&; + -+ + &) as a
measure.

If M,, is an n-multiplier and f1,..., f, are functions on R, we define an n-linear functional,

as

An(Mai fr, s f) 1= /F M6, 60 [ F5(6): (3.1)
n j=1
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We write A, (M) := Ap(My; f, f,..., f) in the case when A,, is applied to the n copies of
the same function f.
Using Plancherel identity, the energy E(t) defined in (1.4) can be written in terms of the

n-linear functional as
1 1
B(t) = —5A2(&&2) — 5 A4(D). (3.2)
2 12
In what follows we record a lemma that relates the time-derivative of the n-linear functional

defined for the solution u of the mKdV equation.

Lemma 3.1. Let u be a solution of the IVP (1.1) and M,, be a symmetric n-multiplier, then
d
dt

where o, = i(& + -+ + &),

An(Mn) - An(Mnan) _inAn+2(Mn(§1a <o 7§n—17 fn+§n+1 +§n+2)(§n+fn+1 +§n+2)); (3-3)

Given s < 1 and a parameter N > 1, we define a multiplier operator

If(€) = m(&)f(¢), (3.4)
where
o . €] < N, (3.5)
(Bl =2,

is a smooth, radially symmetric and nonincreasing.

Note that I is a smoothing operator of order 1 — s, in fact

1l X0y < MUl sng < N ullx,g s, (3.6)
Now we introduce the first modified energy
E(u) := E(Iu). (3.7)

Using Plancherel identity, we can write the first modified energy in terms of the n-linear

functional as

E'(u) = —%A2(m1€1m2€2) - %M(mlmzmgm@, (3.8)

where m; = m(§;).
We define the second generation of the modified energy as
1 1
E?*(u) := —gha(migimate) — 5 A(Ma(&r, €2, 63, &)) (3.9)

where the multiplier My is to be chosen later.
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Now using the identity (3.3), symmetrizing and using the fact that m is even, we get

d ) . )
B () = i (m3e] + -+ mig]) - Ma(&,- - E0(E + S+ + D) 10
. 3.10
i
+ §A6(M4(§17§27 3,60+ & +&6)(Ea+ &5+ &6))
If we choose,
m2£3 + e _|_m2£3
My(&1, 62,83, 64) = — i 3.11
e B R RN -
then we get Ay = 0.
So, for this choice of My, we have
d )
%EQ(U) =3l <M4(§1, 2,863,640+ & +86)(Ea+ &5+ 56)) =: Ag(Ms). (3.12)
In what follows, we consider My given by (3.11) and Mg defined by
m263 4+ m2€3 + m2e3 1+ m? 3
Mg = My(&1,82,83,E456)§456 = 1 285 B (6450)8i56 €456, (3.13)

&+ + 65 + &
where we have used the notation &, = & + &; + &,. We recall that on A,, (n = 4,6), one has
S+ +&=0.

4. POINTWISE MULTILINEAR BOUNDS

This section is devoted to the analysis of the multipliers My and Mg introduced in the pre-
vious section. The estimates obtained will be applied in the proof of the almost conservation

property in the next section.

4.1. Notations and preliminary calculus. Before stating our main nonlinear estimates,
we recall some important notation introduced in [8]. Let & = (&1,...,&,) be the vector of

frequencies such that

Fn:{§:(§1,...,fn)€R"; §1+§2+-~-+§n:0}. (4.1)

In our context we are interested in the cases n = 4 and n = 6. We define N; := |§;| and

Nij = &;j|, where &; = & + &;, and we denote by
1 < hi,hg,hs, hy <n, (n =4,6)

the distinct indices such that
N, > Npy > Npy > Ny,

are the highest, second highest, third highest, and fourth highest values of the frequencies
Ni, Na, ..., Ny, respectively.
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We recall the following arithmetic fact:

G4+6o+8+u=0=+8+E+&=-3E+&)(E+&)(&+E&). (4.2)

Furthermore, the following Double Mean Value Theorem (DMVT) will be useful to obtain

the main estimates.
Lemma 4.1 (DMVT). Assume that f € C%*(R) and that max{|\|, |n|} < |¢|. Then,

[FE+A+n) = fIE+N) = f(E+n) + FEI S [ E)IINInl,
where [€| ~ [¢].

4.2. Multiplier bounds. Now we give the main estimates for the multipliers M4 and Mg
defined in (3.11) and (3.13), respectively.

Lemma 4.2 (Multiplier Bounds). The multipliers My and Mg satisfy the following estimates:

| My (&1, o, ... &1)] S m*(Nny) (4.3)

and

|M6(£17§2a-'~7£6)| rst(Niu)Nhu (44)

where m(§) 1is the function defined in (3.5).

Proof. First, using (4.1) and (4.2), we rewrite the expressions for M, and Mg as follows:

_ 0(517 627 63)
Ma&r, o8 = 3812813823 (4.5)
and
_ 0-(517 627 §3)
M6, 60) = 3812613623 123, (4.6)
where
o(&1,&2,&3) = mi&} + m3&3 + m3&5 — m?(&123)E o3 (4.7)

By symmetry we can suppose that [£12] < |£13] < |€23| and also without loss of generality we
may assume that |{3] < [&2] < [&1] .

First, we estimate the function o(&,&2,£3) and for this purpose we separate the analysis
into two cases.

Case A: |&1| < |€23]. We define the even function f(£) = m?(£)&2. Note that

F1(&) ~m*(€)& =m?(|€])¢
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and that the function m?(£)¢ is nondecreasing.

Now we write the function o = o/(£1, €, &) as follows:
o =mi&] +miE; +m3ES — m®(€123)€03
= mPE} — Eim3Ed + (&1 + E2)m3E3 + m3Ed — m®(€123)Eis (61 + &2 + &)
= & [mIe] — m3E3] + &iz [m3E5 — m® (€123)Eins] + & [M3EF — m*(E128)EDas) (4.8)
= &3 [f(§)—f(=&)] + &2 [f(&2) — f(&123)] + &3 [f(§3) — [ (&a23) — (&1) + [(&2)]
=01 + 09 + 03,

where

o1 = &3 [f(61) — [(=&)],
o2 = &12[f(&2) — f(&123)], (4.9)

o3 =& [f(&3) — f(&123) — f(&1) + f(§2)]
Next, we estimate the right hand of the inequality

|0(61,€2,&3)| < |on] + [oa] + [o3]. (4.10)

Using the Mean Value Theorem we have that

o1l + Lol 5 (2160, Do |+ Im2(1€0, o) €rsl i,
where |&,| < |&1| (1 =1,2). So,

jo1| + |oz| S mP(l&]) 1€l [€s]€a2l S mP(€])[€as I€r2] 2] (4.11)

To estimate the remaining term we divide into sub-cases:

(A1) |&2| < |€13]- In this situation, using that |{3] < |&2] < [€13] and the Mean Value

Theorem, we have

loal < 163](1f (&) — f(&aaa)| + | f (&) — F(=€1)])

< [l (Im> (1605 1) 1€05 | + [m*(1€0, )10, 1) 1121,
where [€,| < |61 (i = 1,2). So,
o3| S mP (1€l [€rsllérz] S mP (1) o] (€13l (1] (4.12)
(A2) |€13] < |€2]. Here, since |€12] < |€13] < |€2| we apply the DMVT to obtain
joa] = 1&|(1f (62 — &1z + &13) — f(=&1) — f(&a23) + f(&2)])
S &l (o)l|€12]€13],



GLOBAL WELL-POSEDNESS

13

where |&| ~ |&| and we have used that |£3] < |&]. Then, using that [£15] < |&]

implies |&2] ~ |&1] we have |f”(&g)] < m?(|€1]) and consequently it follows that

o3| < [&xlm®([€1]) €2l 1€rs] S mP([&])[€rall€rs][€2sl-
Now we combine (4.11), (4.12) and (4.13) to get
|0 (&1, &2, &)| < lo1| + |oz| + o3| S m®(1€1]) [€12]€13] |€2s]-
Case B: |£1] > |€23]. In this case we write o in the following form:
o= f(§1)& + f(&2)&2 + [(£3)&3 — f(&123)&123 = G1 + G2 + T3,

where
i = f(&)& — &if(&123), (i=1,2,3).

On the other hand, we can rewrite the &;’s (i = 1,2, 3) terms as follows:

G2 =& [f(& — &3 +&23) — f(—&3) — f(E123) + f(fl)} + & f(—=&) — &Lf(&),

a(€1,62,63)

3 = &[f(&2 — &12+ &13) — F(=&1) — f(123) + f(&2)] +E3f(—61) — &3 (&)
b(£1,62,€3)

o3 = &3 Lf(& — &1+ &3) — f(—&2) — f(&123) + f(ElZ]-i-fsf(—&) —&f(&).
c(€1,62,€3)

Now, we arrange (4.17), (4.18) and (4.19) to get
o2 = &12a(81, &2, €3) — &1f (&) + & f(—E€3) — 01 + &/ (=&3) — &/ (&),
G5 = &230(&1,€2,&3) — Eaf (&) + &af (&) — G2 + & (—&1) — &3f(&2).
o3 = &i13¢(&1,€2,&3) — &1f (&) + & f(—&2) — a1 + &S (&) — &f (&)

Then, adding the identities (4.20), (4.21) and (4.22) we have

o=061+02+03= %[&2 a(&1,82,83) + &230(&1,&2,83) + &13¢(&1,62,63) |,

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
(4.21)

(4.22)

where we used the fact that f(£) is an even function. Observing that |{12| < [€1] implies

|€1] ~ |&2| and applying the DMVT to the terms a b and ¢ we obtain

lo| < (1f" (o) + 11" (Ea,) | + 1f" (o)) [€12]|€ 03] |E2s],

where &g, | ~ |&1] with j = a,b,c. Also, we have |f”(&,)| < m?(|&1]), (j = a,b,¢), and hence

|0(£1,62,&3)| < |o1| + |oa| + |os| S mP(|€1]) [€12|€13]|€23]-

(4.23)
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Now, inserting the estimates obtained in (4.14) and (4.23) in (4.5) and (4.6) we obtain

|My(61, &2, -, &) S mP(|&]) < m®(Na,) (4.24)
and

|Ms (&1, &2, - -, &6)| S mP(16])|€123] S mP(16])1&1] < m®(Nwy ) Nay, - (4.25)
Thus, we finished the proof. O

5. ALMOST CONSERVED QUANTITY
In this section we estimate the growth of the functional
)
o(u,ug, ..., us) :/ Ag(Mg;ut, ..., ug)dt (5.1)

0

that will be used in the proof of the global result in the next section.

5.1. Notations and preliminary results. We use the following notation:
g{k = {h17h27“'7hk‘; Nh1 > Nhg = 2 Nhk}

is the set of the indices of the k dominant frequencies.

The following property will be useful.

Lemma 5.1. Let n > 2 be an integer and fi,..., fn € S(R) real-valued functions, then we

have

[ i) lease= [ Al fufa)da,
Proof. The identity is valid for n = 2. Indeed, by the Plancherel equality we get

ﬁ@%@ﬂ%:/ﬁ@%em%
IT's R

=/ﬁ@ﬁﬁﬂ%=/h@%@ﬁn
R R

We proceed by the induction principle. Hence, we suppose that the identity holds for n — 1

and then prove it for n. Now, using induction argument

A:ﬁ@»~ﬁ@n%b=/“ FE)  Far(Ca) (61— Eur)dEy .. s

Rn—1

= [ B T b

— [ hia) - fos @) ol
R
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and this completes the proof. O

Also, we shall take advantage of the following Strichartz estimates for the Airy group.

Lemma 5.2. Let s > i, q € [2,400] and p satisfying % = % _

L Then
q

(@) [[fllrre S "f“X07%+ (Strichartz type estimates),

) [ fllsre SN lx,

(c) |’fHL§Lg° S Nl 1,
83

Proof. For the proof of (a) in the case p = r = 8 we indicate the reference [21] and for a com-
plete discussion see Lemma 2 in [18]. On the other hand, the inequality in (b) can be obtained
by interpolation between ||fHL§71 < HfHXO%+ and the trivial estimate HfHng S I fllxoo- Fi-
nally, we observe that (c) follows from the linear estimate [[U(t)@||zazge < C|@|1/4 and for

the complete arguments we refer, for example, the works [10, 15]. [l

Lemma 5.3. Let s > 1/4 and v1,v2 € $(R) x 8(R) such that supp 01 C {&; |¢] ~ N} and
supp U2 C {&; || < N'}. Then

1
—1
lorvallare S N7° 7 lullx, ., lvallx,

1.
5t

Proof. This result was proved in [6]. O

5.2. Multi-linear estimate. Now we prove a 6-linear estimate for the functional ¢ intro-

duced in (5.1) in terms of the localized Bourgain space X f . with the norm defined in (1.11).

1
2

Proposition 5.4. Let ui(z,t),...,ug(x,t) € 8(R x R), then we have

5 6
/ A¢(Me;uy, . .., ug)dt| < N3 H | Tujl| x (5.2)
0

=1

o 1
1,5+

Proof. Similar to the technique employed in [8, 9, 10] we assume that @; are nonnegative
functions and we perform a Littlewood-Paley decomposition, where each ; is restricted to a
dyadic frequency (|¢;| ~ N;).

Next, we employ the arguments analogous to those used in [6]. We divide the analysis in
the following cases:

Case A: N < Np,. In this case, using the definition of the function m(¢), we have

N

1—s
N, = NN >N f i=1,....4.
Nhj> hJ th or j ) 5

m(Ny, )Ny, = <
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Consequently, using the estimate (4.4) from Lemma 4.2, one gets

4
| Mg (&1, -+ 86)] S Nuym?(Np,) < N3Ny, m(Np, )N? < N73 [ Ny m(Nn,). (5.3)
j=1

Now, from (5.3), using Lemma 5.1, Holder inequality Lemma 5.2-(b) and the regularizing
property of the operator I from (3.6), we obtain

é 1) 6
/ A6(M6;u1,...,u6)dt‘ S/ ‘Mﬁ 61,... 756 H’LAL éj dedt
0 0 Tg j=1

SN™ //HDIujHu]d:L‘dt

R jes JEH
SN7? H [ Dol rors H llujllzere (5.4)
JEHY JEH
ST | ALV | QL
JEH T igr. T2t

SNT 3H|!Iungé
7=1

Case B: Np, < N. First we consider the higher frequency Nj, < N. In this subcase,
d

m(&) = 1, and consequently we have @EQ(U) = 0. Hence, from (3.12) we get Ag(Ms) = 0

and (5.2) is trivial in this subcase.

Next we analyze the complementary subcase: Np, 2 N. Since &, + - -+ + &y = 0 with

|§h1| > ‘&Lz’ > 2 ‘Shey

implies that
€hs| < 6 =1 = &hy -+ — Engl < 51En, |

we conclude that Nj, ~ Np, 2 N and consequently N < m(Np,)Np,. Hence, from Lemma

4.2, we have

2
| Mg (&1, -+ 86)] S Niym?(Np,) < N7'Np,m(Np, )N S N7 Noym(N,). (5.5)
j=1

Now, using (5.5) and applying Lemma 5.1, Fubini theorem and Hélder inequality, Lemma 5.3

and Lemma 5.2-(c) we obtain
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5 5 6
/ AG(M6§U17--'5U6)dt'§/ | Mg (&1, - -, 6) H 0(&j) dSedt
0 0 Jre e

SN™ // HDIu]Hujdtdx

JjeEIH2 J¢IH2

S N7H(DoTuny Yunyll g 12| (Do Tun, Yung || 11 12 | ung whg || 2 13

H HuthLf;Lgo

JjE{3,6}

2

5
SN IHun, HX5 H”UthX§
7 j:4 4

i 1+.i+

NI

5
3
SNT HHIUh Hx{ l_IHIUijHXi+1 T e lixs

j 1 :4 s 4+72+j€{376} Z"§+

51\731_[\\I%||x<S K
7j=1

for all 1 7 <s<l OJ

Remark 5.5. With the use of the estimate for My in (4.3) and Lemma 5.1, it is easy to

obtain

1
[As(My; ua, ... ug)| S H ([ Tw;| - (5.6)
j=1

We finish this section with the following theorem which says that the second modified

energy E?(u(t)) is an almost conserved quantity.

Proposition 5.6. Let § > 0 be given. Then the second generation of the modified energy
E?(u(t)) defined in (3.9) satisfies

|E*(u(3))] < |E*(¢)| + CN’S\IIU\\_?(fl+- (5.7)

Proof. The proof follows by using the identity (3.12) and estimate (5.2) from Proposition
5.4. g

6. RESCALING AND ITERATION: GLOBAL RESULTS FOR THE MKDV EQUATION

6.1. Variant of the local well-posedness. Now we give the auxiliary local results that

will be useful in the proof of the global results.



18 ADAN J. CORCHO AND MAHENDRA PANTHEE

Theorem 6.1. Let s > 1, then for any ¢ such that I¢ € H', there exist § = 5(||I¢| 1)

(with §(p) — o0 as p — 0) and a unique solution to the IVP (1.1) in the time interval [0, d].

Moreover, the solution satisfies the estimate
[Zullxg, < 6], (6.8)
and the local existence time d can be chosen satisfying
5 < 1611, (69)
where 8 > 0 is as in the proof of Theorem 1.5.

Proof. Note that, applying the interpolation lemma (Lemma 12.1 in [11]) to (2.4) we obtain,

under the same assumptions on the parameters s, b and b’ that
3 3
1 (w)allx, 0 S [Hullx,,, (6.10)

where the implicit constant does not depend on the parameter N appearing in the definition
of the operator 1.
Now, using the trilinear estimate (6.10), one can complete the proof of this theorem exactly

as in the proof of Theorem 1.5. So, we omit the details. O

6.2. Proof of global result for the mKdV equation.

Proof of Theorem 1.1. Given any T > 0, we are interested in extending the local solution to
the IVP (1.1) to the interval [0, 7.

To make the analysis a bit easy we use the scaling argument. If u(z,t) solves the IVP (1.1)
with initial data ¢(z) then for 1 < A < oo, so does u*(x,t) with initial data ¢*(x); where
WA t) = Lu(2, &) and ¢M (@) = Lo(2).

Now, our interest is in extending the solution u* to the bigger time interval [0, A3T).

Observe that

1
6™ < ol 1] s (6.11)
2
From this observation and (3.6) we have that
s 1
M| S N 8)\5+§ 1| 225 (6.12)

If we choose the parameter A = (V) suitable, we can make || I¢*|| 1 as small as we please.

In fact, by choosing

2(1—s)

A~ N, (6.13)
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we can make
11| < e (6.14)

Now, from (6.14) and (6.9), we can guarantee that the rescaled solution Tu* exists in the
time interval [0, 1].
Moreover, for this choice of A, from (3.9), using Plancherel identity, (5.6) and (6.14), we

have
|E2(6M)] S MG + HoMip < € + €' S (6.15)

Using the almost conservation law (5.7) for the modified energy, (6.8), (6.14) and (6.15),

we obtain
|E?(u)(1)] S 1B (oM + N 72| Tu|S%s )
1,5+

< ety N (6.16)

<24+ N3,

From (6.16), it is clear that we can iterate this process N3 times before doubling the
modified energy |E?(u")|. Therefore, by taking N3 times steps of size O(1), we can extend
the rescaled solution to the interval [0, N3]. As we are interested in extending the the solution
to the interval [0, A>T, we must select N = N(T) such that A3T < N3. Therefore, with the

choice of A in (6.13), we must have
3—12s
TN < c. (6.17)
Hence, for arbitrary 7' > 0 and large N, (6.17) is possible if s > %. This completes the
proof of the theorem. O

7. RESCALING AND ITERATION: GLOBAL RESULTS FOR THE MKDV SYSTEM

In this section, we deal with the global well-posedness for the mKdV system (1.2). Here
also, we follow the I-method and almost conserved quantities to achieve the goal. Several
notations introduced and estimates obtained for the single mKdV equation in the earlier
sections will be useful.

We start with the time-derivative rule for an n-multiplier for solution (u,v) to the mKdV

system (1.2).
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Lemma 7.1. Let (u;,v;) be the n-copies of a solution (u,v) to the IVP (1.2) and M, be a

symmetric n-multiplier, then

d

iAn(Mn;ul, coytn) = Ay (Mpoag;ug, .o uy) —inApio(an(ui, v;)), (7.18)
%An(Mn; V1yenoyUp) = Ay (Mpan; v, ..o ) —inAppo(an (v, uy)), (7.19)

where an(fiu gi) = Mn(fla cee 7£n—17§n +§n+1 +£n+2)(§n +£n+1 +€n+2); f17 ceey fn’gn—Ha gn+2)
and oy, = (€3 4+ £3).

Notice that (7.18) and (7.19) are symmetric on u and v. So, we consider any one of them
that suits the situation under consideration.

As earlier, we define the first modified energy
EY(u,v) := Iy(Iu, Iv), (7.20)

where I5 is as defined in (1.6).
Using Plancherel identity, we can write the first modified energy in terms of the n-linear

functional as
E(u,v) = —Ag(mi&mao;u, u) — Aa(mi&imade; v, v) — Ag(mimomama; u, u, v,v).  (7.21)
We define the second generation of the modified energy as

E?(u,v) = —Aa(mi&amaéa; u, u) — Ag(mi€imala; v, v) — Aa(Ma(&r, &2, €3, &a); u, u, v, 0),
(7.22)
where the multiplier My is to be chosen later.
Now using the identity (7.18), (7.19), symmetrizing and using the fact that m is even, we
get

%E2(U, v) = —Aa(mi&ima&oan; u, u) + 2iAg(mi&im(&e + & + &) (&2 + & + &4)%5u,u, v, 0)

— Ao(mi&imaboan; v,v) + 2iAs(mi&im(€a 4 &3 4 €4) (Eo + &3+ E4)%5 v, v, u, u)
— Aa(My(&r, .. &) o; uy u, v, 0)

+ 4iA6(M4(£17 &27 637 54 + €5 + gﬁ)(§4 + §5 + 56)7 u,u,v,v,0, U)‘
(7.23)
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Note that, on 'y, ap = 0, and on [y, & + &3 4+ &4 = —&1. Therefore, using the fact that m

is even and symmetrizing the multiplier on A4, we get from (7.23) that

& B w,0) = 4iDa((m3€] -+ 3D — TV, E)(E + &+ 6+ D))

dt
+ 4iA6(M4(§17 527 537 64 + 55 + 56)(54 + 65 + 56)7 u,u,v,v,0, U)’
(7.24)

If we choose,
M + -+ migy

My(&1,62,83,64) = 4 Srgrara’

(7.25)

then we get Ay = 0.

So, for this choice of My, we have

%E2(U,U) — 47:A6(M4(€1a§27£37§4 + 55 + 56)(54 + 55 + 66);/”7“’ v, ’U,’U,’U) = Aﬁ(Mfi) (726)

As in the single mKdV case, in what follows, we consider My given by (7.25) and Mg
defined by

mi& + maEs + m3e3 + m? (Eas6)Els €156

Mg = My(&1, €2, €3, Eas6)Eas6 = 4 E + &+ &5 + &g

(7.27)

Since My and Mg are the constant multiples of My and Mg respectively, as in Lemma 4.2,

we get the following bounds
|My(&1, &, ..., &) S m*(Np,) (7.28)

and

|M6(£17§2a"'a§6)| SmZ(Nhl)Nhl‘ (729)

Similarly as in Proposition 5.4 and Remark 5.5, for ui(x,t),...,us(z,t) € S(R x R), one

can obtain

5 6
/ Ag(Me; ug, .. .,u6)dt’ SN IHuslixs (7.30)
0

j=1

1
1,5+
and

4
[Aa(Mysur, - ua) S T 17wl (7.31)
j=1
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As in the single mKdV equation, for given ¢ > 0, with the use of (7.26) and (7.30), it is
easy to obtain the following almost conservation law

| B2 (u,0)(8)] < |E*(, )| + ONT?|Tul%s  [[Tvl%s

bat bat (7.32)

< |B*(6.4)| + ON~3 (T, o) |5

1,4+

2
In what follows, we present a variant of the local well-posedness result for the mKdV system

(1.2) after introducing the smoothing operator I.

Theorem 7.2. Let s > i, then for any (¢,v) such that (I¢, 1) € Y, there exist § =
SNl s || 1) (with 6(p) — oo as p — 0) and a unique solution to the IVP (1.2) in the

time interval [0, 8]. Moreover, the solution satisfies the estimate

1
I(Fu T0)l g, S 16 T9)lyr, b5, (7.33)

and the local existence time & can be chosen satisfying
_2
§ ST, 1Y)y (7.34)
where 0 > 0 is as in the proof of Theorem 1.7.

Proof. The proof of this result follows exactly as in Theorem 1.7 using the trilinear estimate

6.10). So, we omit the details. ]
(6.10)

Now we are in position to supply the proof of the global well-posedness result for the mKdV
system (1.2).

Proof of Theorem 1.2. The idea of proof is similar to the one we used to prove Theorem 1.1.
For the sake of clearness we give all details involved in the proof. Here too, we are interested
in extending the local solution to the IVP (1.2) to the interval [0, 7] for any arbitrary 7" > 0.

The IVP (1.2) is invariant under scaling, i.e., if (u(z,t),v(x,t)) solves the IVP (1.2) with
initial data (¢(x),%(z)) then for 1 < X\ < oo, so does (u(x,t),v*(x,t)) with initial data
(9™ (), ¥ (2)); where u?(z,t) = Fu(%, ), ¢* () = $¢(%) and similar for v and .

With scaling argument introduced above, we need to extend the solution (u*,v?) to the
bigger time interval [0, \3T].

Observe that

1
ASt3

[CaRRI IS (s ) Iy (7.35)
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From this observation and (3.6) we have that

(T, IyM)|Jyr S NP* (6,9 lys- (7.36)

1
ey

If we choose the parameter A = A(NN) suitable, we can make ||(I¢*, I¢*)||y: as small as we

please. In fact, by choosing

A~ N (7.37)
we can make
1(1¢*, 1M [yr < e (7.38)

Now, from (7.38) and (7.34), we can guarantee that the rescaled solution Iu* exists in the
time interval [0, 1].

Moreover, for this choice of A, from (7.22), with the use of Plancherel identity, (7.31) and
(7.38), we have

|E?(¢, )| S TN T9M 5 + [|(167, T [[§2 < €€+ €' S € (7.39)

Using the almost conservation law (7.32) for the modified energy, (7.33), (7.38) and (7.39),
we obtain

[B2(ut, o) (1) S [E*(@, )| + N2 (Tu?, Tu) |G

1,5+

<4 N (7.40)

< el 4 N3,

From (7.40), it is clear that we can iterate this process N? times before doubling the
modified energy |E?(u")|. Therefore, by taking N3 times steps of size O(1), we can extend
the rescaled solution to the interval [0, N3]. As we are interested in extending the the solution
to the interval [0, A3T, we must select N = N(T) such that A>T < N3. Therefore, with the
choice of A in (7.37), we must have

TN <e. (7.41)

Hence, for arbitrary 7' > 0 and large N, (7.41) is possible if s > %. This completes the

proof of the theorem. O
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8. MORE GENERAL MKDV SYSTEMS
We finalize this work by considering a system with more general cubic nonlinearity, that
is,
ou + O3u + O, f (u,v) =0, u(x,0) = ¢(x),
O + 03v + Opg(u,v) =0, v(z,0) = Y(z),

(8.42)

where f and g are cubic polynomials:

f(u,v) = aru® + asuv® + agu®v + agv®,

g(u,v) = b1v? + bouv + byuv?® + byu®.
Next we derive, formally, the L? and H' conservation laws for the system (8.42).

Mass Conservation. For the sufficiently smooth solution, multiplying the first equation by

u and integrating by parts, we get

1d

1a 2. _ 92 24,2 as 3 _ 3
s | ¢ dx 5 /&B(u Jvdx + 3 /&E(u Yodz a4/u8x(v Jvdz. (8.43)

By symmetry, we also have

1d

b b
el 20y — 2 2y4,2 73 3 _ 3
5 | Y dz 5 /&T(v Ju“dx + 3 /az(v Judz b4/v8x(u Jvdx. (8.44)

Now we show that there is a positive number A such that

% (AM? +v*) dz = 0, (8.45)

for suitable coefficients a;, b; with ¢ = 2,3, 4. Indeed, in view of (8.43) and (8.44) it is enough
to take A satisfying

)\az = bQ, )\a3 = 3b4 and 3)\&4 = bg.

Therefore, we most select

b3 by

A = =—, 8.46
as as 3ay4 ( )
and in addition the coefficients must satisfy the following conditions:
asby > 0, a3b4 > 0, a4b3 >0
(8.47)

a3 =0<=by=0, a3=0<=b,=0, a4=0<=b3=0.
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Energy Conservation. Assume that the coefficients satisfy the conditions in (8.46) and

(8.47). Now, taking derivate with respect to the space variable, multiplying by 0,u and then

integrating by parts, the first equation in (8.42) yields

1d

ta [ o, [ a3
5 uzdx /Ogﬁuf(u, v)dx

_ / [t + 02 f (u, v)] f (u, v)da
= /utf(u, v)dz.

By symmetry its follows that

1d [
2dt/vxdac—/vtg(u,v)dx.

Next, we compute the quantity

d
dt

with A satisfying (8.46).
Expanding the right hand side of (8.50) and using (8.46), we get

A(u,v) = 2/(/\a1utu3 + blthS)d:c + /{)\GQ(’LLQ){UQ + 52(1}2){11,2:| dx

+ 2 /(/\agutuzv + bngQu + agupv® + b4vtu3)dx

d 4 4 d 2 2
:2dt/(>\a1u + biv )da:—i—bgdt/u vidx

+ 2/ (Mg(u?’)tv + B0 4+ Aagu? + byop®

3 3

_1d 4 4 d 2 2
—th/(/\alu + biv )da:—i—bg% u“vodx

+2b3d/u2}3dac+2b4(i/vu3dx.

3 dt

Finally, combining (8.50) and (8.51) we obtain the energy conservation law:

dt 2 2

with a;, b; (1 = 2, 3,4) satisfying (8.46) and (8.47).

— ()\ui + vg) = 2/[)\ ug f(u,v)dz + v g(u,v)]dz == A(uwv),

d b b
— (x\ui + 02 — R bou’v? — 2§3uv3 — 2b4vu3> der =0,

(8.48)

(8.49)

(8.50)

(8.51)

(8.52)
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Well-posedness. The techniques used in the Section 7 can be applied to the general system
(8.42) with the coefficients satisfying (8.46) and (8.47) to obtain the global well-posedness
results for the given data in H*(R) x H*(R), whenever s > 1/4.
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