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Abstract

In this paper, a generalized neural network of Cohen-Grossberg type with both discrete
time-varying and distributed unbounded delays is considered. Based on M-matrix theory,
sufficient conditions are established to ensure the existence and global attractivity of an
equilibrium point. The global exponential stability of the equilibrium is also addressed
but for the model with bounded discrete time-varying delays. A comparison of results
shows that these results generalize and improve some earlier publications.
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1 Introduction

The Cohen-Grossberg neural network models, first proposed and studied by Cohen and
Grossberg [4], have been the subject of an active research due to their large application
in various engineering and scientific areas such as neural-biology, population biology, and
computing technology. The neural network in [4] can be described by the following system
of ordinary differential equations

I‘Z(t) = —ai(a:i(t)) bl(:vl(t)) — Zcijfj(xj(t)) + Ii s = 1, ey (1.1)

In order to be more realistic, differential equations describing neural networks should
incorporate time delays to take into account physical and biological phenomena. It is known
that time delays may lead to oscillation, divergence, or instability to a system [14].

For over two decades, several generalizations of model (1.1) with constant, discrete time-
varying, or continuous distributed delays have been proposed and studied (see [2], [3], [18],
[19], [20], and references therein). Besides the cited works, there is an extensive literature
dealing with stability of Cohen-Grossberg models with delays.

Recently, neural network models with both discrete time-varying and continuous dis-
tributed delays have been considered [17], [21], and the following Cohen-Grossberg neural
network model

i(t) = —ai(zi(t)) [bz(l‘z‘(t)) = cijgi(a(t) =Y digf (i (t — 75(1)))
j=1 Jj=1

n 0
— Zqij/ kij(—s)vj(zj(t +s))ds + L;|, t>0,(1.2)
j=1 >



was studied in [13], [16].

In this paper we consider a generalization of (1.2), see (2.1) below, and shall study the
existence of an equilibrium point and its global attractivity and global exponential stability.
We emphasize that, contrary to the usual approach in the literature, instead of Lyapunov
functional techniques, we apply some quite different techniques, presented in [5], [6], [15])
to study the global stability of an equilibrium point of the model. Our method allows us to
deal with more general models.

Now we set some definitions and notations. We denote by BC' = BC((—o0,0];R™) the
space of bounded and continuous functions, ¢ : (—o0,0] — R", equipped with the norm
[|6]loc = sup |¢(s)|, where || is the maximum norm in R, i.e. |z| = max{|z;| :i=1,...,n}

s<0

forz = (z1,...,2,) € R". For a € R", we also use a to denote the constant function ¢(s) = a
in BC. A vector ¢ = (c1,...,¢,) € R™ is said to be positive if ¢; > 0 for i = 1,...,n and in
this case we write ¢ > 0. For a real matrix A = [a;j]nxn We denote by |A| the absolute-value
matrix given by |A| = [|a|],..,.-

For an open set D C BC and f : [0,+00) x D — R™ continuous, consider the functional
differential equation (FDE) given in a general setting by

i(t) = f(t,xr), t>0, (1.3)

where, as usual, z; denotes the function z; : (—o0,0] — R" defined by z:(s) = z(t + s) for
s < 0. As we are interested in neural network models, we always consider solutions of (1.3)
with initial bounded conditions.

It is well-known that the Banach space BC' is not an admissible phase space for (1.3) in
the sense of [10], consequently the standard existence, uniqueness, continuous dependence
type results are not available. Instead of BC', we consider the admissible Banach space

UC, = {qb € C((—o00,0;R") : sup [9(s)] < 00, o(s) is uniformly continuous on (—oo,()]} ,
s<0 9(s) 9(s)
. . _ o8l e : :
equipped with the norm ||¢[|;, = sup Ok where g : (—00,0] — [1,00) is a function
s<0

satisfying:

(g1) g is a non-increasing continuous function and g(0) = 1;

. g(s+u)
25T

(g3) g(s) — 400 as s — —oc.

= 1 uniformly on (—o0, 0];

As BC C UCy, then BC is a subspace of UCy, and we denote by BCy the space BC with
the norm || - [|,.

As UCy is an admissible Banach space, we consider the FDE (1.3), in the phase space
UCy, for a convenient function g and under enough smooth properties of f, and we have
existence and uniqueness of solution for the initial value problem (see [11]). We denote by
x(t,0, ) the solution of (1.3) with initial condition g = ¢, ¢ € UCy.

In section 2, we establish sufficient conditions for the existence and global attractivity of
an equilibrium point of a general Cohen-Grossberg neural network model. An equilibrium
point z* of a FDE is said to be globally attractive if any solution z(t) with bounded initial
condition satisfies x(t) — z* as t — +oc.



In section 3, we set sufficient conditions for the equilibrium point to be globally expo-
nentially stable. An equilibrium point z* of a neural network model is said to be globally
exponentially stable if there are positive constants €, M such that

|z(t,0,0) — 2| < Me || — 2*||« ¥Vt >0,p € BC.

As mentioned in [7], the definition of global exponential stability of an equilibrium z* is
the usual in the literature on neural networks with unbounded delays, but is does not even
imply the stability of 2* in the phase space UCy, i.e. relative to the norm || - ||,.

To prove the boundedness solutions of the differential systems studied in this paper, we
use the following result established in [7].

Lemma 1.1. [7] Consider equation (1.3) in UCy, and suppose that f transforms closed
bounded sets of [0,400) x D into bounded sets of R™. If the hypothesis

(H) forallt >0 and ¢ € BC such that |¢o(s)| < |¢(0)| for s € (—o0,0), then ¢;(0) fi(t,¢) <
0 for some i € {1,...,n} such that |p(0)| = |¢i(0)]

holds, then any solution x(t) of (1.3) with initial condition ¢ € BC' is defined and bounded
on [0, +00), and verifies |z(t)| < ||¢||loc for all t > 0.

To prove the existence and uniqueness of an equilibrium point, we make use of arguments
in [15] and the following lemma:

Lemma 1.2. [9] If H : R™ — R" is a continuous and injective function such that

lim |H(z)| = 400,

|| =00

then H(x) is a homeomorphism of R™ onto itself.

2 Global attractivity

Consider the generalized Cohen-Grossberg model with both discrete time-varying and con-
tinuous distributed infinite delays given by

i (t) = —a;(xi(t) [ ) + Z Z <h(p) i(f) )+

j=1 p=1

S0 ( [ " gD e+ 8)dnPs )] t20. 20

i = 1,...,n, where a; : R — (0,00), bz,hgj),f(]),gz(f) R — R, Ti(jp) : [0,00) — [0,00)
(») .

ij
normalized so that 771(3‘)(0) — 77@(].)(— )=1,foralli,je{l,....,n},pe{l,...,P}. In[7], a
function g : (—o00,0] — [1,+00) was defined by

(i) g(s) =1 on [-r,0];
(i) g(—=rn) =n,neN;

are continuous functions, and 7.’ : (—00,0] — R are non-decreasing bounded functions,

(iii) g is continuous and piecewise linear (linear on intervals [—7y,41, —75]),



where r, / 400 is a suitable sequence of positive numbers, in such a way that conditions
(1), (g2), (g3) hold and

0
/ g(s)dni(;))<+oo, ,j=1,....,n, p=1,...,P.

—00

See more details in Lemma 4.1 in [7]. Thus, we may consider the differential system (2.1) in
the phase space UCj,.
As mentioned above, we only consider solutions of (2.1) with bounded initial data, i.e.,

xo =, ¢ € BC. (2.2)
In the sequel, for (2.1) the following hypotheses will be considered:

(A1) for each i € {1,...,n}, there is 5; > 0 such that

(bi(u) = bi(v))/(u —v) > B;, Vu,v € Ru# v;

(A2) pP) f.(JP ), g(p ). R — R are Lipschitz functions with Lipschitz constants 'y-(f ), ,ug ), and

Y IREX i %

() respectively, fori,j =1,... , n,p=1,..., P;

o;is

(A3) t—Ti(jp)(t)HooastHoo, fori,j=1,...,n,p=1,...,P.

Now, we define the square real matrices,
B = diag(ﬁl, e ,,Bn), L= [llﬂ and N=B-— L, (23)

where 1,..., 0, are as in (A1) and [;; = 25:1 ’yl-(p) + ug)ag)).
We recall here the definition of a non-singular M-matrix. For further properties of M-

matrices, we refer the reader to Chapter 5 of [8].

Definition. If D = [d;;] is a square matrix with non-positive off-diagonal entries, i.e.,
d;; < 0 for all ¢ # j, we say that D is a non-singular M-matriz if all the eigenvalues of D
have positive real part, or, equivalently, if all the principal minors of D are positive.

Theorem 2.1. Assume (A1)-(A3). For N defined in (2.3), if N is a non-singular M-
matriz, then there is a unique equilibrium point x* = (x7,...,x}) of (2.1) which is globally
attractive.

Proof. Since N is a non-singular M-matrix, then (see [8]) there is d = (dy,...,dy,) > 0 such
that Nd > 0, i.c.,

0; >dz~_l Zl”d] , 1=1,...,n. (24)
j=1

The change z;(t) = d; *x;(t) transforms (2.1) into

L(t) = —ai(z(0))Bi(zi(t) + ha(t, 2)], t>0, i=1,....n, (2.5)



where, for eacht > 0,i=1,...,n, ¢ € UCy, and u € R, we have

(e ) — i Zi( ) (dys(—rP @) + 12 (/:gg?(dj@(s))dnﬁf)(s)))7

j=1p=1
C_Ll(u) = ai(diu), l_)l(u) = d:lbz(dzu)

Note that (l_)i(y) —b;(v))/(u—v) > B for u,v € R, u # v, i.e., condition (A1) is satisfied by
the functions b;, i € {1,...,n}.
Define the continuous function H : R™ — R",

n

H(z) = +d1§:§:< d$]+f“(%juaw)) z= (31, ) € R™.

j=1p=1 i=1

Then z* € R" is an equilibrium of the neural network (2.5) if and only if H(z*) = 0.
Consequently, to prove the existence and uniqueness of an equilibrium point, it is sufficient
to prove that H is a homeomorphism. Arguing as in the proof of Lemma 2.4 in [15], we
conclude that H is injective and limj, . |[H(x)| = oo, thus, from Lemma 1.2, we obtain
that H is a homeomorphism, hence there is a unique equilibrium point z* € R™ of (2.5).

Translating the equilibrium to the origin through the change y;(t) = z(t) — =}, (2.5)
becomes

y@t) = ft,ye), t=0, (2.6)
where f = (f1,..., fn) :[0,00) x UCy; — R" is defined by
fit, ) = =ai(¢:(0) + 27)[bi(6:(0) + x7) + ha(t, ¢ + ™). (2.7)

It is easy to see that f transforms closed bounded sets of [0, +00) x UCy into bounded sets
of R".

Let t > 0 and ¢ € BC satisfying |p(s)| < |¢(0)], for s € (—00,0), and let i € {1,...,n} be
such that [¢(0)| = |¢;(0)|. Suppose that ¢;(0) > 0 (the situation is analogous for ¢;(0) < 0).
Then ¢;(0) = sup |p(s)| and

s<0

bi(0i(0) 4+ x7) + hi(t, o + *) = bi(pi(0) + x}) — bs(x})

33 [ (B ) + ) )

j=1p=1

0
i ( | d s +djw;f>dn§;’)<s>) f<”)<gf§”<dﬂ§>>]

0
> Bii(0 122(%d\% Ao+ nod; | |¢j<s>\dn§§?)<s>)

j=1p=1

> Bipi(0) — dy Zzud Sup!sO( )| = <ﬁd 1Zlmd)sup|sa( )| >0,

Jj=1 Jj=1



hence f satisfies hypothesis (H). Consequently, for y(t) = (y;(¢))i; a solution of (2.6) with
initial condition yo € BC, from Lemma 1.1 we conclude that y(t) is defined and bounded
on R and verifies

(O] < lyolleo, ¢ =0. (2.8)
Set
Y :hmlnfyl(t)7 Uj :hmsupyz(t)’ 1= 1)"'7”7
t—oo t—00
and

v =max{v;}, u=max{u;}.
(2 (2

Note that u,v € R and —v < u.

It is sufficient to prove that max{u,v} = 0. Assume e.g. that |v| < u, so that max{u,v} =
u. (The situation |u| < v is analogous). Let i € {1,...,n} such that u; = u.

Arguing as in the proof of Theorem 3.2 in [7], we can conclude that there is a positive
real sequence (tj)ken such that

te /0o,  wyi(tk) »u and  fi(tg,yy,) — 0, as k— oo (2.9)

For convenience, we prove it here.

Case 1. Assume that y;(t) is eventually monotone. In this case, lim; .o v;(f) = u and,
for T large, either ¢;(t) < 0 for t > T or g;(t) > 0 for t > T. Assume e.g. that g;(t) <0 for
all t > T large (the situation y;(t) > 0 is analogous). Then y(t) = fi(t,y:) < 0 for ¢t > T
large, hence

limsup f;(t,y:) := ¢ < 0.

t—o00

If ¢ < 0, then there is tg > 0 such that f;(¢,y:) < ¢/2 for t > tg, implying that

¢
bilt) = wilto) + | fils,us)ds < wilto) + 50— ),
0
then y;(t) — —oo as t — oo, which is not possible because of (2.8). Thus ¢ = 0, which proves
(2.9).

Case 2. Assume that y;(t) is not eventually monotone. In this case there is a sequence
(tk)ken such that ¢, " oo, 9;(tr) = 0 and y;(tx) — u, as k — oco. Then fi(tx, y, ) = 0 for all
k € N, and (2.9) holds.

For the sake of contradiction, assume that u > 0.

Fix ¢ > 0 and let T'=T'(¢) > 0 be such that |y(t)| < ue :=u+e¢, for t > T, and

-T

/ an®(s) < ﬁ ije{l,...onhpe{l,....Ph
—o0 0]]oco

Since t — Ti(]p)(t) — o0 as t — oo and y;(t;) — uw > 0, then there is kg € N such that, for

k > ko, tp — Ti]p) (tg) > T, tp > 2T, and y;(t;) > 0. Hence, from the hypotheses and (2.8) we

—



conclude that, for k > ko,

bilys(t) + ) + hi(te, yr, + 2°) =

n P
= bilyi(te) + ) = b)) +d; ' [(h(p) it — T (0) + dja) = h (da7))
7j=1p=1

0
+£Y (/_ o (djy;(te + 5) +dj$§)d77z‘(f)(s)> 1197 (e ))}

> Bigi(t) - 122(%””% (1 — (1)) + ) d/ it + a9

j=1p=1

-T 0
> Bt — S 1P, + o, ([ w9 o+ [ e+ 9lano)]

j=1lp=1"* o0 -
P
> —1 ®) . (®) ;. (p) d d (p)
ﬁzyz tk ZZ Yij ]UE‘F,UZ i €+ Ue Ui ( )

j=1lp=1* -
n P

> ﬁzyz tk: d IZZ < p)d jUe +M§§'2) Z(j)d u25> > Bzyz tk 1Zd lzgu25
j=1p=1

Letting £ — oo and € — 0, we get
hkm inf [l_)z(yl(tk) + x;‘) + h;(tg, Yt, + 1‘*)} > (ﬁz — di_l Z lijdj>u > 0.
—00 —

On the other hand, since y;(t) is bounded and a; is positive and continuous, there is K > 0
such that a;(y;(t) + «}) > K for all t > 0. Together with the above inequality, this implies
that f;(tx,yt,) - 0 as k — oo, which is a contradiction. Thus v = 0, hence v = 0 as well,
and this ends the proof of the theorem. O

Example 2.1. Consider the Cohen-Grossberg neural network model with infinite discrete
time-varying delays (see [12])

Ei(t) = —ai(ai(0)) [bilai(®) = 3 eig(as (1) def] 2t =y (O))] i =1,...,n(2.10)
j=1

where ¢;;,d;; € R and a; : R — (0,00), b; : R — R and 7;; : [0,00) — [0, 00) are continuous
functions, g¢;, fi : R — R are Lipschitz functions, and ¢ — 7;(t) — oo as t — oo, for
i,7 = 1,...,n. Note that system (2.10) includes known models of cellular neural networks
as particular cases.

System (2.10) has the form (2.1) if P = 2, h(l)( ) = —cijgi(u), hg)( ) = —dijfi(u),

P = 2w =0, 7)) = 0and 77(t) = 7j(t), w € R, ¢ > 0, 0,5 = 1,...,n. If

7



(1) 1 (2)
i 7hzy

functions, with Lipschitz constants l \CU|GJ, ,Lj = |d;;|F; respectively, for all i,j €
{1,...,n}. Theorem 2.1 applied to system (2.10) gives the following result:

gi, fi : R — R have Lipschitz constants G, F; respectlvely, then h; are also Lipschitz

Corollary 2.2. Assume that (A1) holds, 7 : [0,00) — [0,00) satisfy t — 7;;(t) — oo as
t — oo, and that g;, fi : R — R are Lipschitz functions with Lipschitz constants G;, F;, for
alli,j=1,...,n. If

N:=B—1L, where B= dlag(ﬁl, o Ba)e L= 1), (2.11)

with B; as in (A1) and l( ) ‘CU’GJ, Z] = |d;j|F}j, is a non-singular M-matriz, then there
is a unique equilibrium pomt of (2.10), which is globally attractive.

Remark 2.1. For system (2.10), the global attractivity of an equilibrium point was already
obtained by T. Huang et al. [12], provided that: the functions f;, g; are Lipschitzian, the
matrix N as above is a non-singular M-matrix, b;(u) are differentiable functions such that
bi(u) > B; > 0 (clearly a stronger hypothesis than (A1)) and the following additional
hypothesis is satisfied:

for each i € {1,...,n}, there exist a;,@; > 0 such that 0 < g; < a;(u) <a;, u € R.

Thus, the above Corollary 2.2 significantly improves the criterion in [12]. We also remark
that the global exponential stability of the equilibrium point of (2.10), with bounded delays
Tij, was studied in [6].

In the following example, a bidirectional associative memory (BAM) neural network
model is treated as a particular case of the generalized Cohen-Grossberg model (2.1).
Example 2.2. Consider the BAM neural networks model presented in [15] (see also [1])

,
wi(t) = —aiwi(t)) | bizi(t) + Y g (it — w (1))
p=1
m P
SN P - P, i=1,..m,
j=1p=1

(2.12)

P
gi(t) = —di(y; (1) |es((0) + S 7 (st — pP (1))
p=1

_Zzgﬂ Il ]z)(t))) o J=100m,

i=1 p=1

\

fortZOandn,m,PeN,whereaz,d R — (0,00), bi, cj,9 (p),f ,gﬂ,f(p) R — R are

7

continuous functions and wg ), pj , Z] ,C @), : [0,00) — [0, 00) are continuous functions such
that ¢ —wZ(p)(t) — 00, t — pg-p)(t) — 00, t — TZ-(JP)(t) — 00, and t — Cj(-p)(t) — 00 as t — 00,
i=1,....n,5=1,....mand p=1,..., P. Contrarily to what happens in [15], we do not
assume that the time-dependent delays wg )( t), p§ )( ), Tii ( ), C(p)( t) are bounded.

Clearly, (2.12) is a particular case of (2.1). Next result is a d1rect consequence of Theorem
2.1, and extends the stability criterion presented in [15] to the situation with unbounded
discrete time-varying delays.



Corollary 2.3. Suppose that b; and c; satisfy (Al) with constants [3; and vy; respectively,

a;j(u) > 0 and d;j(u) > 0 for all u € R, f ,g2 fz(jp),gj(f) are Lipschitz functions with Lip-
(®) ()

schitz constants 0 ,f(p ,GZJ ,§JZ respectively, cmdw Py zj ,
tions such that

Cﬂ are continuous func-

min { w® (p) (p) (p)
t— , t),C; () ¢ — ¢ .
731:2{ ( ) j ( ) 'L] ( ) C] ( )} 6.9] as — 0

Define
B-Gg —-F
N = ,
—G C—Fy (n+m)x(n+m)

where
B =diag(f1,...,0n), C=diag(vi,...,Ym)

P P P P
G4 = diag ngp),...,zg(f) ,  F;=diag Zegp),...,ZQ%’)
p=1 p=1 p=1 p=1

P
G = Zgj(f) , Z 9(13)
p:1 mxn nxm

If N is a non-singular M-matriz, then there is a unique equilibrium point of (2.12), which
s globally attractive.

3 Exponential stability

In this section, we address the global exponential stability of the equilibrium point of (2.1).

Here system (2.1) is considered in the phase space UC,, with g(s) = e™**, s € (—o0,0],

for a convenient a > 0 defined below, equipped with the norm ||¢||;. = sup [#(s ()’;)OC,
s<o0  g($

where | - |s,c is the norm in R™ defined by |y|oo,c = [(Y1,--.,¥n)|oo,c = max{c;|y;|} with
1

c=(c1y...,cn) > 0.
The general family of functional differential systems in the phase space UC|,

Ei(t) = —pi(t, 2 [bi(zi()) + filt,m)], i=1,...,n,t>0, (3.1)

where p; : [0,400) x UCy; — (0,400), b; : R — R, and f; : [0,400) x UC; — R are
continuous functions, was considered in [7]. For system (3.1), the following set of hypotheses
was imposed:

(E1) for each i € {1,...,n}, there is 5; > 0 such that

(bi(u) = bi(v))/(u—v) = Bi,  Vu,v€Ru#uv;

(E2) for each i € {1,...,n}, there is [; > 0 such that

|fi(t, o) = filt, )] < Uille —llge Vo, € UCy;



(E3) p:=inf{pi(t,p):t>0,0€ BCy,i=1,...,n} >0;
(E4) for each i € {1,...,n}, B; > cil;.
In [7], the following result was established.

Theorem 3.1. [7] Assume (E1)-(E4).
Ifx* = (x%,...,2}) € R™ is an equilibrium point of (3.1), then there are positive constants
e, M such that

2(£,0,¢) — 2o < Me™|p = 2"[lsoer ¥t >0, ¢ € B,

In order to apply the exponential stability criterion presented in the previous theorem to

model (2.1), we now assume that the delayed functions Tz-(f ) (s) are bounded, i.e., 0 < Ti(f ) (t) <

7 for some 7 > 0, and there exists £ > 0 such that all the normalized non-decreasing and
()

bounded functions n;;” satisfy

0
/ e_gsdng’)(s) < 0. (3.2)

—00

Theorem 3.2. Consider (2.1), where a; : R — (0,400), b; : R — R, and TZ-(]I-)) : [0, +00) —

[0,4+00) are continuous, pP) f-(p ) and g(p ) are Lipschitz functions with Lipschiz constants

iy 2 Jig i
’yi(f ), ,u,g?), and 0’8-) ) respectively, and ngj) are non-decreasing, bounded and normalized, i.e.

n2(0) =P (~00) =1, 4,5 =1,....,n, p=1,..., P.

Assume in addition that:

(i) (E1) is satisfied;

(i1) a; := inf{a;(z) :x € R} >0 fori=1,...,n;

(iii) there exists a constant & > 0 such that 77@‘(5) satisfy (3.2) for all i,j = 1,...,n,
p=1,...,P;

(iv) there exists T > 0 such that 0 < Ti(jp)(t) <7 fort>0,4,5=1,...,n,p=1,...,P.
If the matriz N defined in (2.3) is a non-singular M-matriz, then there is a unique equilibrium
point of (2.1), which is globally exponentially stable.

Proof. Since N is a non-singular M-matrix, there is d = (dj,...,d,) > 0 such that (2.4)
holds (see [8]), hence there is 6 > 0 such that

Bi>d ' | Y L1+ 6)d; |, i=1,...,n. (3.3)
j=1

As in the proof of Theorem 4.3 in [7], from (3.2) we can conclude that there is ¢ € (0,¢)
such that

0
/’eﬂ%ﬁ%$<1+& ij=1,...,n,p=1,...,P. (3.4)
— 0o
log(1+ 46
Let o := min {g, og(—l—)} and consider system (2.1) in the phase space UC,, where
T

g(s) = e, 5 <0, equipped with the norm ||¢||, . with ¢ = (d*,...,d;"). From Theorem

10



2.1, we know that there exists a unique equilibrium point, z* = (z7,...,z}) € R™. System
(2.1) has the form (3.1) with

=35 (9 (ot 0) + 12 ([ o esnin?o))

j=1p=1

For ¢, € UCy and t > 0, since hg), fl-(]p ), gl(f ) are Lipschitz functions and 77(17) are

ij
non-decreasing, we have

/it @) — filt, )| =

(h“”) A1) — B (5~ (1)

j=1p=1

P ([ e o) - ([ eeao))

0
A2 [os(-rP @) = oD ien| + | [ [gg’)(@(s)) gfﬂ(soj(s))]dnﬁ)(s)

)

P A7 — 0. —-(P)t 0 dMd: — 0 ) (s
< Z L) % (@5 — i) (=3 ())’e (p)()+M§J) ()/ e, (&5 — 3)( >‘dn@)(s)>

’LJ e—os )

n P 0
ar?) —as
<3SN (APeen W 4 yPo P / e dn§§><s>)r¢—¢ug,c
j=1p=1 -
n P n
<35 (W0 4 8y + fj>d'<1+5>)u¢—¢ug,cs (Zzij<1+a>dj)u¢—wug,c.

This means that

‘fl(t ¢) ( )|<ZH¢ QOHQH iz]—a"w”a

with I; == 377 1;;(1 + 6)d;, and from (3.3) we have 8; > ¢;li, i € {1,...,n}. Now, the
conclusion follows from Theorem 3.1.
O

(»)

Remark 3.1 Since the non-autonomous terms h;;
network models studied in [7], the previous result improves Theorem 4.3 in [7].

were not included in the family of neural

v

7 (1), B () = —dijf(u), £ () = —qiu+ L, g3 (u) = vj(w), with ey, dij, i, Ii € R, and

Example 3.1. If we take P =2, hg)(u) = —ci;95(u), f<(41)(u) =0, Tl-(jl)(t) =0, Ti(f)(t) =

77ZJ / kij(—v)dv, se€ (—00,0], i,j=1,...,n,
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where k;; : [0,+00) — [0,400) are continuous functions, the model (2.1) becomes the
following Cohen-Grossberg neural networks model

1(8) = (a0 [ i0) — 3 sy (0) = Doy st = 7 0)

n 0
—E:%{/ Fis(=s)o; (25t + 8))ds + I |, £>0,(35)
=1 e

for s =1,...,n, with the connection matrices
C= [Cij]nxna D = [dz’j}nxna and Q = [Qij]nxn-
Applying Theorem 3.2 to model (3.5), we have the following result.

Corollary 3.3. Consider (3.5), where a; : R — (0,4+00), b; : R = R, and 7 : [0, 4+00) —
[0,+00) are continuous, g;, f;j, and v; are Lipschitz functions with Lipschiz constants G,
F;, and Vj respectively, and k;; are nonnegative continuous functions such that

o0
/ ka(dt =1, ij=1,....n.
0

Assume in addition that:
(i) (E1) is satisfied;
(i1) a; = inf{a;(z) :x € R} >0 fori=1,...,n;
(iii) there exists a constant £ > 0 such that

+oo
/ k‘ij(t)eftdt <400, ,7=1,....1
0

(iv) there exists T > 0 such that 0 < Ti(jp)(t) <7 fort>0,4,5=1,...,n,p=1,...,P.
If the matrix
N =B-|C|G-[D|F-[Q|V

where B = diag(f,...,0n), G = diag(G1,...,Gy), F = diag(Fy,...,F,), and V. =
diag(V1,..., V), is a non-singular M-matrix, then there is a unique equilibrium point of
(3.5), which is globally exponentially stable.

Remark 3.2 Since model (3.5) is only a particular case of model (2.1), our Theorem 3.2 is
more general than the main result in [16].

Example 3.2. Consider the following model:

(t) = —(2 + cos z(t)) [&v(t) +g1(2(t)) + 91(y(1))

0
+g1(2(t — 7(1))) + : k(—s)y(t + s)ds
~ , (3.6)
§() = —(2 + siny(1)) [4.5y<t> T g2 (y(8)) + ol — ()
0
+oalyle =) + [ k(—s>x<t+s>ds]

12



where g1(u) = $(ju+ 1| — [u —1]), ga(u) = L(Ju+ 1| + [u — 1]), 7(t) = 3|cost| + 1, and
k(t) = et
The model (3.6) satisfies all hypotheses of Theorem 3.2 with

61;:@2:1, 51:67 62:4-57 T =4,

and g1, g2 are Lipschitz functions with Lipschitz constant 1. Thus,

6 0 2 2 4 -2
B_<o 4.5)’ L_<2 2)’ N_(—Q 2.5)

and it easy to see that IV is a non-singular M-matrix. From Theorem 3.2, we know that
model (3.6) has a unique equilibrium point which is globally exponential stable.

Since there is not a € R such that g;(u) = aga(u), for all u € R, the main result in [16]
cannot be applied to prove the stability of model (3.6).

We used the Mathematica software to plot a numerical simulation of the behavior of the
solution (z(t),y(t)) of model (3.6) with initial condition ¢(s) = (3coss,2sins), s < 0, for
7(t) = 4 and k(t) = 0. Note that, in this simple case, the matrix N = ( _41 2_; > is also
a non-singular M-matrix. Once again, we cannot apply the result in [16].

X(t)

03[
0.2}
O
\J 10 20 30 40 50
—oal

Figure 1: Behavior of the first neuron z(¢) in system (3.6) with 7(¢t) = 4, k(¢t) = 0, and
initial condition ¢(s) = (3 cos s, 2sin s)
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y(®)

—o.70}
—075]

—0.80}

Figure 2: Behavior of the second neuron y(t) in system (3.6) with 7(¢) = 4, k(t) = 0, and
initial condition ¢(s) = (3 cos s, 2sin s)
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