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Abstract 

Two-dimensional simulations of packed beds composed of binary and ternary particle mixtures were made and 
image analysis of the bed structure was used to determine the bed porosity and tortuosity. Both the porosity and 
tortuosity were found to be dependent upon the volume fraction of the large particles. However, the volume fraction 
alone does not totally determine either the porosity or the tortuosity. For a bed of two different sizes of particles, its 
tortuosity may be considered a product of two quantities, the macro- and micro-tortuosity, each of which can be 
determined from the corresponding monosized particle beds. 0 1999 Published by Elsevier Science B.V. All 
rights reserved. 
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1. Introduction 

There are several ways of describing porous 
media and the associated mass transfer phenomena 
[l-3] occurring in the media. In general, the two 
major properties are the permeability coefficient 
(flow phenomena) and the effective diffusion 
coefficient (mass transfer phenomena). Both 
coefficients, in turn, are functions of the character- 
istics of porous media, namely the media porosity 
E and tortuosity T [l-3]. 

The Kozeny-Carman equation which describes 
the flow of fluids through porous media may be 
expressed as [l] 

AP 
u=k- 

FL 
(I) 

where u is the fluid velocity, k the medium perme- 

ability, Ap the pressure drop across the medium; 
p the fluid viscosity, and L the medium thickness. 
The Kozeny coefficient K may be expressed as 

K=&T’ (2) 

where K, is a constant (equal to 2 in most cases). 
The permeability K is given as 

k=E3d;/36K(1 -E)~ = ” 0 
2 Ed; 

T 36( 1 -E)~& 
(3) 

where E is the porosity and d, is the equivalent 
particle diameter. 

The effective diffusion coefficient D,, which char- 
acterizes mass transfer in porous media, is written 
as 

D,=D,; (4) 
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or by 

(5) 

where Do is the diffusion coefficient in the bulk 
medium. 

As can be seen, D, and K depend respectively 
on and E/T (c/T)‘. Although extensive efforts have 
been directed toward the study of porous media 
[4,5], the relationship between the porosity, the 
tortuosity and the size distribution of particles 
constituting the media is still open to question. 
Prediction and control of permeability or effective 
diffusivity of beds packed with mixtures of particles 
are important to processes such as catalysis with 
coke deposition, immobilized cells inside a porous 
matrix, chromatography, biofilms, deep bed filtra- 
tion, etc. 

In this study, two-dimensional simulation of 
packed beds formed with binary and ternary par- 
ticle mixtures were made and image analysis was 
applied to determine and characterize the media 
structure. Specifically, the lowest bound for tortu- 
osity and the effect of the volume fraction of the 
largest particles on the tortuosity, porosity and the 
ratio E/T were examined. 

2. Previous studies 

The porosity E of mixed particle beds has been 
determined both experimentally and analytically 
[6-151. For many of these studies the results 
obtained were found to be dependent on the 
manner with which the beds were formed. 

Abe and Hirosue [ 161 presented equations that 
predict the porosity dependence on the volume 
fraction of the large particles of the binary mix- 
tures. According to Abe and Hirosue [ 161, for a 
binary mixture the dependence of porosity E on 
the Volume fraction of the large particles xn is 
represented by two functions (Eq. (6) and Eq. (8)). 
These two functions form a curve with an intersec- 
tion point which divides the xnf curve into two 
parts: part I, the left branch of the curve is given 

E=l- 
l--Ed 

(6) 
(l-x,)+ax,(l+,) 

\-I 

a = 1 +fc . (d/D) (7) 

where D is the large particle diameter of the binary 
mixture, d is the small particle diameter, fc is a 
coefficient and is equal to 1 for d/D=OS, 1.2 for 
d/o = 0.25 and 1.4 for d/o I 0.125; .sd is the poros- 
ity of monosized bed of small particles. 

The right branch of the xn+ curve is given by 

e=l- 
l-en 

xD(l +Psbd3 
(8) 

where ps = (d/D)“, PC = v-/x& - 1 , n = 
l/2 for spherical particles and En is the porosity of 
a monosized bed of large particles. 

As the porosity for monosized spherical particles 
is 0.4, the minimal porosity for d/D+0 will be 
0.16 when the volume fraction of large particles in 
the mixture is x,=0.714. This is the lower bound 
of the porosity of beds of binary particle mixtures 
[16]. Ouchiyama and Tanaka [6] compared some 
published data and their numerical estimations. 
They found that, for binary mixtures, in the case 
of d/D+0 it is possible to obtain dense packing 
with a minimal porosity around 0.14 in the region 
~~-0.72. 

The situation for tortuosity is less clear, because 
it is difficult to determine T experimentally. 
Normally, T is calculated through measured values 
of the porosity and the experimentally determined 
effective diffusion coefficient or from the Kozeny 
coefficient. 

Several studies gave rise to a wide range of 
results. 

Monte Carlo simulation methods of Knudsen 
diffusion in a spherical particle bed gave a tortuos- 
ity variation of 2.5-5.0 for different models [ 171. 

Mace and Wei [ 121 used a model of random 
walks in a continuum of random spheres and 
mentioned that tortuosity increases with increasing 
volume fraction of spheres. 

Knudsen diffusion of non-adsorbing gas in a 
binary mixture of spheres was also considered [ 181. 
Experimental data were interpreted in terms of the 
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dependence of the tortuosity on mean pore radius. 
In all diffusion measurements, a value of 1.48 was 
found for the tortuosity. Catalyst pellets were 
simulated by packed beds of microporous ion 
exchange resin (bead size 0.47 mm) and inert glass 
particles of different size and shape [ 191. Both 
tortuosity and porosity varied with the particle 
volume fraction and the particle size ratio in 
the mixture. 

The tortuosity of ordered sphere packing was 
measured experimentally by Olague et al. [20]. 

The complexity of tortuosity leads to different 
interpretations of this concept [ l-3,2 1,221. In 
granular porous media, and their models, the value 
of tortuosity lies in the region 1.1-l .7. For sintered 
porous media from metal powder with a particle 
size range of 40-65 urn and 100-200 urn, the values 
determined were: for E ~0.35, T= 1.8-2.4; E = 
0.35-0.4, T=3.63-3.76 [23,24]. Sometimes the 
definition of tortuosity may be applied to the path 
of some liquid or objects in a heterogeneous 
medium. This is the case of bubbles rising in a 
liquid-solid fluidized bed [25]. The tortuosity of 
the rise path was defined in this study as the ratio 
of the total distance to the net vertical distance 
travelled by a bubble. 

Several groups of models concerning tortuosity 
dependence on porosity have been considered in 
the literature [ 3,22,26,27]. 

From the above mentioned data, it may be seen 
that tortuosity is a rather complex function of 
several factors. Some general conclusions can be 
put forward. 

Tortuosity is evident or latent in all models of 
mass transfer in porous media. 
Tortuosity is not a physical constant and 
depends first of all on other porous media 
characteristics, like porosity, pore diameter, 
channel shape, etc. 
Tortuosity often depends on processes occurring 
during mass transfer: porous media compressing 
or expanding; particles or macromolecules 
deposition inside pore channel up to pore block- 
ing phenomena; etc. 
Tortuosity depends also on the kind of material 
being transferred (percolation phenomena). For 
instance, tortuosity determined for gas diffusion 

and for macromolecule diffusion through the 
same porous medium may be different. 

3. Porous media modelling 

Although simplified interpretations of tortuosity 
have been given in the past, for example as the 
ratio of channel length to porous medium thick- 
ness, estimations of T require the consideration of 
the effect of factors including the pore length and 
the pore configuration. This will be briefly dis- 
cussed below. 

3.1. Efsects of pore length 

( 1) The simplest case is to consider a pore 
medium composed of a bundle of capillaries. T is 
the ratio of the pore length to porous media 
thickness (Fig. l(a)). The main feature of this 
representation is the equidistance of flow 
streamlines. 

(2) Tortuosity of curved pores-this case differs 
from the previous one by the curvature of the pore 
channels (Fig. 1 (b)). In this case, T increases with 
the increase in the pore length. The increase in the 
pore length implies a corresponding increase in the 
diffusion path of diffusing molecules. 

a b 

e 

d 

Fig. 1. Patterns of pore geometry. 
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3.2. Tortuosity of bent pores 

Usually, for these types of pore, the condition 
of constant pore diameter or constant cross-section 
is not valid. The limiting case is a zigzag pore 
(Fig. 1 (c)). The flow streamlines are not equidis- 
tant. With bent pores, the inertial and the constric- 
tion effects may become significant for 
macromolecular diffusion. It must be stressed that 
the pore hydraulic resistance and the effective 
diffusion do not depend on the pore length only. 
Indeed, as may be seen from Fig. 2, exactly the 
same path length may lead to quite different values 
of tortuosity. The conventional definition 
T= LJL is not always valid. The dependence of T 
on additional parameters, such as the linear density 
of bends or the fractal dimension, must be consid- 
ered. One may even speculate that the constriction 
effect observed in macromolecular diffusion for 
small values (molecule size)/(pore size) may be 
caused by the pore curvature. 

3.3. Pore conjiguration 

Several kinds of configurations may be found 
for pores. 

(1) Symmetrical straight pores with variable 

a b 
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C 

Fig. 2. Different types of pore with uniform thickness, having 
the same inlet and outlet points (marked by arrows) and the 
same pore length but a different number of bends arising from 
different tortuosity: (a) two bends; (b) four bends; (c) eight 
bends and (d) 11 bends. 

cross-sectional area. Although the pore may have 
a length equal to the porous medium thickness, 
the average path of a molecule or stream is not 
equal to the medium thickness. In this case, pores 
can be characterized by a ratio of largest to 
smallest diameters or cross-sectional area, or by 
means of stream trajectories. For this type of pore, 
several effects can be expected: inertia; constriction 
related to curvature of trajectories; constriction 
related to change of pore cross-section area. 

(2) Symmetrical bent pores with variable cross- 
sectional area. Pore bending increases the first two 
effects described previously. 

(3) Goffered pores. In this case, a new effect 
characterized by the amplitude and frequency of 
goffers is added to the above-mentioned effects. A 
regular goffered pore type is obtained if the fre- 
quency of pore wall bends increases. 

(4) Random pore channels (Fig. 1 (e))-the most 
complicated type of pore, with random configura- 
tion of channel walls and random variation of 
channel length. 

The previous analysis highlights the complexity 
of real porous media. For a better understanding 
of the tortuosity impact on mass transfer and 
separation processes it is necessary to investigate 
simplified porous media models. Binary and ter- 
nary mixed beds of spherical particles will thus be 
the mixtures under consideration. Porous media 
parameters will be used for their adequacy to 
this work. 

In this work, the ranges of particle diameter 
ratio were chosen as D/d=2-15 and D/d=2-10 
for binary and ternary mixtures respectively. 

3.4. Modelling of packed beds 

To estimate the porosity, the tortuosity and the 
ratio E/T of porous media of binary and ternary 
particle mixtures with different volume fractions 
of the largest particles, two-dimensional simula- 
tions of medium formation were made. The simula- 
tion procedure was similar to those of Suzuki et al. 
[S] and Tory et al. [28] with minor modifications. 

Sets of N particles (corresponding to discs in 
two dimensions) of a given size were used. For 
instance, for n large and m small discs then N= 
n +m (n and m are integers). The chamber is 
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divided in several dropping channels. The channel 
through which each disc is dropped is randomly 
chosen. The width of the chamber was 750 pixels. 
Each falling disc either comes to rest at the bottom 
of the chamber or will come in contact with one 
of the particles which is already packed in the bed. 
After contact, the disc is, if necessary, manually 
moved to the final position in order to obtain a 
compact packing. This corresponds to a stabiliza- 
tion of real packing by shaking. In the simulations 
used, the procedure stopped when a total number 
of 1000 particles were attained. Calculations of 
both volume and void fractions of large particles 
in the mixture were done by image analysis. 

The tortuosity estimation was also done by 
image analysis. The trajectory of a falling test 
point (pixel) was established on the basis of the 
following assumptions: the test point can only 
move downwards; in branching points the test 
point moves to the branch chosen on the basis of 
a minimal trajectory length. This corresponds to a 
lower tortuosity bound, which was calculated as 
the ratio of the estimated trajectory length of the 
test point to the height of the layer, that is 

T= ~ ~(Xi-Xi_~)2+(yi-yi_~)2 ~ 
i=l i i=l 

x (Yi--Yi-1) (9) 

where .Xi and yi are projections of straight bends 
on axis x and y respectively, and N is the total 
number of segments in the bent line. 

For each packing, the mean value of the tortuos- 
ity was determined with six test points. With this 
approach, the average two-dimensional tortuosity 
TO for a monosized spherical particle bed is 
T,,= 1.1547. 

The ternary mixture model is built by filling the 
void space of the binary mixture with smaller discs. 
Calculations were made as previously described 
for binary mixtures. Typical examples of two- 
dimensional charts of binary and ternary mixtures 
are shown in Fig. 3. 

Results for three types of binary bed of particle 
size ratios in the mixture n=D/d=21/11=1.91, 
D/d=31/8=3.875 and Dld=63/4=15.75 are pre- 
sented on Figs. 4-9. 

(a) (b) 
Fig. 3. Typical porous media models for binary (a) and ternary 
(b) mixtures. (a) n=21/11=1.91, x,=0.727, c/co= 
0.776, T/T0=1.088 and r7/~,=0.713. (b) m=1.91, n=7.78, 
x,=x1=0.3, x,=0.11, x3=0.5935, c/ta=0.314, T/7-,=1.04 
and ~/~,=0.305. 

4. Discussion 

The discussion below aims at establishing 
boundary estimations for normalized porous 
media characteristics: E, T and q =E/T. 

4. I. Porosity 

The variation of normalized porosity for binary 
mixture on xn, Fig. 4, is compared with the depen- 
dence described by Abe and Hirosue [ 161. 
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Fig. 4. Dependence of normalized porosity E/E,, on xn for 
different particles size ratio n = DJd. 1 and 2 are predictions by 
Eqs. (6) and (8). Curve 1, e0=cd=cn=0.4 and D/d=2, and 
curve 2, the same for (D/d)-‘-to. Points are simulation results 
for a binary mixture; co is the porosity of a bed of monosized 
particles, fsO = 0.407. 
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However, the minimal porosity value was found 
at a higher value of xn than the prediction by Abe 
and Hirosue [16]. It is important to notice that 
for large D/d ratios a minimal porosity is obtained 
for xn values in the range 0.85 to 0.95. On the 
other hand, these results indicate the possibility of 
creating denser packings than that predicted theo- 
retically (Eqs. (6) and (8)). 

A ternary particle bed was created by Ming the 
void space of the binary particle bed, mentioned 
above, with small particles of diameter 2.7. The 
results of E/E,, versus xn are shown in Fig. 5. The 
points marked with arrows belong to binary par- 
ticle beds formed by filling monosized particle beds 
of: D= 11 and D=8 (left arrows), and D=21 and 
D = 3 1 (right arrows). 

The maximum fine particle volume fraction 
placed in the void space of binary particle beds 
ranged from 6 to 11%. From Fig. 5 it can be seen 
that the region of minimal porosity for dense 
packing is broader than in the case of binary 
mixtures (Fig. 4). 

According to Yu and Standish [ 111 the maximal 
packing density for ternary particle mixtures of 
particle size ratio 31:8:2.7 should be &=0.5. As 
a matter of fact, this simulation shows that a much 
lower value for e/e0 (e.g. 0.1, see Fig. 5) may be 
obtained. 

901 ’ I I I I ’ I I I I I . I 
0,O 0,l 0,2 0.3 0,4 0.5 0.6 0,7 0,8 0,Q 1.0 

%I 

Fig. 5. Variation of E/E,, with xo in ternary mixtures. Mixtures 
were created by filling the void space of binary mixtures com- 
posed either of particles of a diameter ratio n=D/d=21/11= 
1.91 or n= D/d=31/8 =3.875 with small particles with diame- 
ter 2.7. 

4.2. Tortuosity 

The maximum tortuosity (Fig. 6) does not cor- 
respond to the minimal porosity (Fig. 4). This 
means that the tortuosity must not only be a 
function of the porosity but also of porous medium 
topology. 

For ternary particle beds the tortuosity increases 
monotonically with the increase in xn and reaches 
a maximum when the volume fraction of interme- 
diate particles approaches zero (Fig. 7). Points 
marked with arrows belong to binary mixtures 
created by filling monosized beds of particles D= 

I I I I. 8. F. 8. 

0,O 0,l 0,2 0,3 084 0,5 0,6 0,7 0,6 0,9 I,0 

% 

I 

Fig. 6. Dependence of binary mixture normalized tortuosity 
T/T,, on volume fraction xn for different ratios n = D/d; (a) 
represents a test point pathway for maximal tortuosity; T,, is 
the tortuosity of monosized particle layer, T, = 1.1547. 
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Fig. 7. Variation of T/T, with x, for diameter ratios 21:11:2.7 
and 31:8:2.7 in ternary mixtures. To is the porosity of monosized 
particles layer, T, = 1.1547. 
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21 and D = 31 when the volume fraction of the 
intermediate particles equals zero. 

It is possible to consider tortuosity of mixed 
binary beds as a combination of two components. 

The first component of the total tortuosity T 
represents tortuosity generated in the bed void 
space by the large particle skeleton TD. This will 
be called the macro-tortuosity. The second compo- 
nent of T represents a tortuosity generated by the 
small particles filling the skeleton’s void space. 
This will be called the micro-tortuosity Td. 
Accordingly, the test point pathway will be as 
shown in Fig. 6(a). The total pore length is equal 
to L, (full broken line on Fig. 6(a)). The length of 
the line, which corresponds to the macro-tortuous 
path scale (dotted curve on the scheme), is L,,. 
Hence 

Td = LIL 

TD = L,/L 

where L is the bed thickness. 

(10) 

(11) 

The total tortuosity T, according to Eqs. (10) 
and (11) can be written as 

=TDTd (12) 

Since in both cases the tortuosity (TD and Td) is 
generated by spherical particles, we can assume 
for large values of D/d in the range of maximal 
tortuosity T, that TDz Td= TO, where TO is the 
tortuosity of monosized spherical particle beds. 
Hence, in our case of the two-dimensional model, 
TO = 1.1547 as previously mentioned and 

The ratio q = E/T, which is used as a diffusivity 
coefficient q = De/DO, or q2 = (E/T)~ which is present 
in the permeability expression (Eq. (3)), depends 
on xn. This raises the possibility of controlling 
mass transfer properties of packed beds (see Figs. 8 
and 9). The comparison between the observed 
variation of porosity and tortuosity values shows 
that, for this particular case of dense packing, 
porosity is more affected than tortuosity, by either 
the volume fraction xn or the particle diameter 
ratio. As a consequence, the behaviour of the ratio 
q =E/T is similar to that observed for the depen- 
dence of porosity on xn. 

Finally, for binary packing, it must be pointed 
out that two different packings may have the same 
porosity, tortuosity or value of ye and a quite 

T=Ti or ;=1.1547 
0 

(13) 

which is in good agreement with maximal normal- 
ized tortuosity T/To = 1.12, measured for D/d= 
15.75 (Fig. 6). 

1,1 
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0.8 

0.7 

< 0,6 
E 
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Since this estimation was made for the minimal 
pathway in the mixed bed, we can use it as a low 
tortuosity bound for two-dimensional mixed beds 
when D/d-t 03. 

Q4 
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0.2 1, I. 8, I, r I 1. I + 1 

0.0 O,I 0,2 0,3 0,4 0,5 0,6 0,7 018 09 

x0 

This approach can be extended to a ternary Fig. 8. Variation of q/q0 with xD for different n = D/d. 9 =e/T 
mixture if the extra tortuosity generated by inter- and qO = @TO, in binary mixtures. 

mediate particle fraction is assumed to be Ti: 

T= T,TT, (14) 

Then, for To = 1.1547 we have for D/d>> 15 

T=Ti or $=Tg=l.333 
0 

(15) 

When D/d>> 15, the diameter of small particles 
tends to zero and the ternary mixture will approach 
a binary mixture. This means that 1.333 will be 
the highest possible value for the lower bound of 
tortuosity of ternary mixtures. 

4.3. Rutio r( =e/T 
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Fig. 9. Measured tortuosity distribution for D/d= 1.91. (1) x,=0.0. (2) 0.49, (3) 0.555, (4) 0.636, (5) 0.727, (6) 0.7916, (7) 0.888, 
(8) 0.914, and (9) 1.0. xo values between 0.6363 and 0.727 correspond to maximal tortuosity values. 

different volume fraction. This fact must be taken 
into consideration when binary packing data are 
represented in terms of T versus E. 

The main effect on tortuosity in mixed beds 
comes from the topology of porous media. For 
instance, there is a significant effect on tortuosity 
by increasing the number of bends in porous 
medium channels, especially in the case of ternary 
mixtures. Fig. 9 displays the tortuosity distribution 
measured by image analysis for D/d= 1.91, corre- 
sponding to nine different xu values. 

As we can see, in mixtures close to monosized 
beds (x,+0 or x,+1) the structure gives rise to 
an almost regular packing, pores tend to be of 
regular shape and the tortuosity range will be 

narrow owing to the uniform length of pores. 
Therefore the T variation is small. On the other 
hand, the distribution of tortuosity is broader for 
intermediate xn values, indicating a non-uniform 
distribution of pore lengths, and the average tortu- 
osity increases (Fig. 6). 

The same reasoning which was applied for the 
effect of porosity on q = E/T in binary mixtures can 
also be used for ternary mixtures. It may be seen 
that a fraction as small as 6-10% of fine particles 
in the mixture can reduce the diffusivity coefficient 
by two- to four-fold or more (Fig. 10). This means 
the fraction of the finest particles in packed beds 
may drastically effect mass transfer phenomena in 
porous media. 
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Fig. 10. Variation of n/q0 (q=e/T, ~O=eO/TO) with xn, for ter- 
nary mixtures. 

5. Conclusion 

Two-dimensional image modelling of binary and 
ternary mixed porous media constructed with 
spherical particles gave the possibility of getting 
lower bound values for porosity, tortuosity and 
the ratio q =E/T. Different volume fractions of 
large and small particles in the mixture, as well as 
different ratios of particle size, were investigated. 

The tortuosity dependence on volume fraction 
of large particles passed through a maximum, 
which did not correspond to the minimum value 
of the porosity. The introduction of a third fraction 
of smaller particles into the binary model led to a 
dramatic decrease in porosity. For a volume frac- 
tion of smaller particles as low as 0.06-0.1, poros- 
ity decreased to 20-30% of the corresponding 
porosity value for monosized porous media. This 
deviation increased by increasing the particles 
size ratio. 

These results call attention to the importance of 
the presence of a very small fraction of dust 
particles in the transport characteristics of a porous 
medium. 

It was proposed that tortuosity could be decom- 
posed in micro- and macro-tortuosity. As was 
demonstrated, total tortuosity is the product of 
micro- and macro-tortuosity. The calculated 
results are in good agreement with experimental 
results for binary mixtures. The concept was gener- 
alized to ternary mixtures. 

The characteristics of a mixed bed must there- 

fore take into account other properties besides 
particle size. Different beds with a similar equiva- 
lent particle diameter can have quite different 
values of both porosity and tortuosity. 

The ratio E/T=DJ&, also passed through a 
minimum. Therefore, an xn increase may decrease 
the effective diffusion coefficient to 70% of monos- 
ized porous medium for a binary mixture and up 
to 85% for a ternary mixture. 
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Appendix 

6.1. Nomenclature 

D 

DO 
DC 
d 

dm 

d, 
ds 
K 

KO 
k 
L 

r, 
r?l 
n 

T 

TO 
TIJ 
Td 
u 

Xl 

X2 

largest particles diameter in the mixture 
diffusion coefficient in bulk liquid 
effective coefficient of diffusion 
small particle diameter in the binary mixture 
diameter of intermediate particles in the ternary 
mixture 
diameter of smallest particles in the ternary mixture 
equivalent particle diameter 
Kozeny coefficient 
Kozeny constant 
permeability (m’) 
straight line length connecting the two ends of a 
tortuous pore or layer thickness 
tortuous pore length 
ratio D/d, 
ratio D/d for binary mixture and n = D/d, for ternary 
mixture 
tortuosity 
tortuosity of monosized bed 
macro-tortuosity 
micro-tortuosity 
flow velocity (m s-r) 
volume fraction of largest particles in the ternary 
mixture (x1 =xn) 
volume fraction of smallest particles in the ternary 
mixture 
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x3 

XD 

AP 

61.1. 

volume fraction of intermediate particles in the 
ternary mixture 
volume fraction of large particles in the mixture 
pressure drop (Pa) 

Greek letters 

porosity of mixed bed 
porosity of monosized bed 
porosity of large particle monosized bed 
porosity of small particles layer 
packing density 
ratio (rl =e/T) 
ratio (no = co/T,,) 
fluid viscosity 
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