ON THE WELL-POSEDNESS FOR SOME PERTURBATIONS OF
THE KDV EQUATION WITH LOW REGULARITY DATA

X. CARVAJAL AND M. PANTHEE

ABSTRACT. We study some well-posedness issues of the initial value problem (IVP)
associated to the equation

Up + Ugge +NLu+uu, =0, x€R, >0, (%)
where n > 0, EE(g) = —®(&)u(§) and ¢ € R is bounded above
Using the theory developed by Bourgain and Kenig Ponce and Vega, we prove
that the IVP associated to (%) is locally well-posed for given data in Sobolev spaces
H*(R) with regularity below L2?. Examples of the model (x) are the Ostrovsky-
Stepanyams-Tsimring equation for ®(&) = [£] — |€]3, the derivative Korteweg-de

Vries-Kuramoto-Sivashinsky equation for ®(¢) = ¢2—¢* and the Korteweg-de Vries-
Burguers equation for ®(¢) = —¢£2.

1. INTRODUCTION

In this paper we consider the initial value problem (IVP)

{ut—i—umm—i—nLu—i—uuw—O, reR,t>0, (1.1)

u(z,0) = up(x),

where 7 > 0 is a constant and the linear operator L is defined via the Fourier transform

by Lu(&) = ~®(&)a().
The Fourier symbol

n 2m

@(f) = ZZCiin’g‘j, C’i,j € R, Comn = —1. (12)

j=0 i=0
is a real valued function which is bounded above, i.e., there is a constant C' such that
O (&) < C. Without loss of generality, we can suppose that ®(£) < 1. For this, let us
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perform the following scale change

1zt
v(z,t) = ﬁu(x, E)

Then v satisfies the equation
N30 4 N gae + nT0 + Nvv, = 0, (1.3)

where
Tu(€) = BAEIE).

If we take A\*> = C, where C is as earlier, then the Fourier symbol of the new oper-
ator T in (1.3) is bounded above by 1. Finally, inverting the scale change, we obtain
well-posedness result for the original IVP (1.1) from that of (1.3). So, throughout
this work we consider the IVP (1.1) with ®(¢) in (1.2) satisfying ®(¢) < 1.

Our interest here is to obtain well-posedness results to the IVP (1.1) for given data

up in Sobolev spaces H*(R) with regularity below L?. The L?-based Sobolev space
H*(R) is defined by

HY(R) :={f € 8'(R) : [|f]|as < o0},

where

/1

25: 2\s| £ 2d7
2 /R<1+|5|>|f<§>| ¢

and f (&) is the usual Fourier transform given by

F©) =F()(E) = %2_# /R e~ () da

However, from here onwards, we will neglect the factor 27 in the definition of the
Fourier transform because it does not alter our analysis.

Also, we consider the homogeneous Sobolev space H *(R) defined via the norm

11, = / €1 F(€) Pe.

Before stating the main results of this work, we give some examples that belong

to the class considered in (1.1).
The first example of this type of equations is the generalized Ostrovsky-Stepanyams-
Tsimring (OST) equation.

{Ut + Uggz — N(Htg + Htgyy) + vFu, =0, z€R, ¢ >0, k€ ZT, (1.4)

u(z,0) = ug(x),
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where H denotes the Hilbert transform.

Hg(x) = P.v.%/@dg,

u = u(x,t) is a real-valued function and 7 > 0 is a constant.

Equation (1.1) with k£ = 1 was derived by Ostrovsky et al. in [17] to describe the
radiational instability of long waves in a stratified shear flow. Recently, Carvajal and
Scialom in [6] considered the IVP (1.4) and proved the local well-posedness results
for given data in H®, s > 0 when k£ = 1,2,3. They also obtained the global well-
posedness result for data in L? when k = 1. The earlier well-posedness results for the
IVP (1.4) with & = 1 can be found in [1], where for given data in H*(R), local result
when s > 1/2 and global result when s > 1 have been obtained.

Another model that fits in the class (1.1) is the derivative Korteweg-de Vries-

Kuramoto Sivashinsky equation

{ut + Ugge + N(Ugg + Upgae) + Uy =0, z ER, >0, 5

u(z,0) = uo(x),
where u = u(x,t) is a real-valued function and n > 0 is a constant.
This equation arises as a model for long waves in a viscous fluid flowing down an
inclined plane and also describes drift waves in a plasma (see [8, 18]). The equation

(1.5) is a particular case of Benney-Lin equation [2, 18], i.e.

{ut + Uggy + MUz + Uggas) + BlUzzzze + vty =0, x € R, >0, (1.6)

u(z,0) = uo(x),
when 5 = 0.

The IVP associated to (1.5) was studied by Biagioni, Bona, Iorio and Scialom in
[3]. They also determined the limiting behavior of solutions as the dissipation tends
to zero. Biagioni and Linares proved global well-posedness for the IVP (1.6) for initial
data in L? in [4].

Another example is the Korteweg-de Vries-Burguers equation

{ut—i—umm—num—i—uux—(), reR, t>0,n>0, (1.7)

u(z,0) = uo(),
Recently, Molinet and Ribaud considered the IVP (1.7) in [15] and proved that it
is locally well-posed for given data in H*, s > —1. The equation (1.7) is also known

as the parabolic regularization of the KdV equation with n > 0. Some years ago,
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when the interest was to obtain local results for given data in larger Sobolev spaces,
this regularization was used to obtain well-posedness results for 7 > 0 and then pass
the limit n | 0. However, this limit is a delicate matter.

Now, we state the main results of this work. The first result deals with the local

well-posedness for given data in the Sobolev spaces of negative index.

Theorem 1.1. The IVP (1.1) withn > 0 and ®(§) given by (1.2) is locally well-posed
for any data up € H*(R), s > —3/4.

To prove this theorem we follow the theory developed by Bourgain [5] and Kenig,
Ponce and Vega [11]. The main ingredients in the proof are estimates in the integral
equation associated to an extended IVP that is defined for all ¢ € R (see IVP (1.12)
below). The proof we presented here does not use the Bourgain type space associ-
ated to the linear part of the IVP (1.1); instead it uses the usual Bourgain space
associated to the KdV equation. To carry out this scheme, the Proposition 2.2 plays
a fundamental role which permits us to use a bilinear estimate for 9, (u?) (see [11]),
that is a central part of our arguments.

The result of the Theorem 1.1 improves the known local well-posedness results for
the IVP (1.4) and (1.5) described above. Note that, the value s > —3/4, in the case
of the Korteweg-de Vries (KdV) equation, is sharp in the sense that for s < —3/4,
the IVP associated to the KDV equation is ill-posed. We should mention that, the
lack of conserved quantities in the spaces with regularity below L2, prevents us to get
global solution using the usual technique.

The second result is concerned with the particular case of the IVP (1.1) for given

data in the homogeneous Sobolev space when the Fourier symbol is of the form
(&) = [€]F — €172, ke Z*.

Theorem 1.2. The IVP (1.1) withn > 0 and ®(&) = ||F — |£|¥72, k € ZT, is locally
well-posed for any data ug € H*(R), s > —1/2.

Although this theorem does not improve the result obtained in Theorem 1.1, it
is interesting on its own because the proof we present here uses different tools, that
are simpler than the ones used in the proof of Theorem 1.1. The main ingredients
in the proof are the refined local smoothing effect (see (3.4) in Corollary 3.2 below),

and a Strichartz type estimate (see Proposition 4.1 below). Using these estimates
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we are able to apply fixed point argument to obtain a local well-posedness result in
the homogeneous Sobolev spaces of negative order without the use of Bourgain type
spaces.

Now we introduce function spaces that will be used to prove the Theorem 1.1. We

consider the following IVP associated to the Linear KdV equation

{ut + Upgr = 07 x,te R’ (18)

u(0) = up.

The solution to the IVP (1.8) is given by u(z,t) = U(t)uo(x), where the unitary group
U(t) is defined as

—

U(t)uo(€) = €™ty (€). (1.9)

For s,b € R, we define the space X, as the completion of the Schwartz space S(IR?)

with respect to the norm

i =IO U (=1u(E, ) 2z
=[l¢r = E€%4€)*AE, ) | 212

TE

lullx,, = IU(=t)ul

(1.10)

where u(§, 7) is the Fourier transform of u in both space and time variables. The
space X, is the usual Bourgain space for the KdV equation (see [5]).

Note that, the IVP (1.1) is defined only for ¢ > 0. To use Bourgain’s type space,
we should be able to write the IVP (1.1) for all ¢ € R. For this, we define

n if £t >0,
t) = t) = 1.11
(1) = nsen) {_n L (1.11)
and write the IVP (1.1) in the following form

U + Ugge +0(t) Lu +uu, =0, z,t €R, (112)

u(0) = uy. '

Now we consider the IVP associated to the linear part of (1.12)

Up + Ugge +N(t)Lu =0, xz,t€R, (113)

u(0) = ug. '

The solution to (1.13) is given by u(z,t) = V(t)up(z) where the semigroup V' (t) is
defined as

—

V (#)up(€) = &+ E gy (<), (1.14)
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—

Observe that, defining (7(25) by ﬁ(t)uo(f) = eM®© gy (€), the semigroup V(¢) can
be written as V (£) = U(t)U(t) where U(t) is the unitary group associated to the KdV
equation (see (1.9)).

This paper is organized as follows: In Section 2, we prove Theorem 1.1. In Section
3, we present a refined local smoothing effect when ®(¢) = [£|* — [£]F+2) k € ZT, in
(1.2). In Section 4, we to obtain some Stricharz type estimates. In Section 5, we

prove Theorem 1.2.

2. LocAL WELL-POSEDNESS IN H® FOR s > —3/4

This section is devoted to supply the proof of the Theorem 1.1. We start by proving

some preliminary results.

2.1. Preliminary estimates.

1

Proposition 2.1. Let s > —3. There exist ' € (—3,

i
be (5,0 +1 withl—b+V <e, and u,v € X,

0) and e; > 0 such that for any

lwokillx, , <cllullx,, lolx,,.
Proof. See [11]. O
We consider a cut-off function ¢ € C*(R), such that 0 < () <1,
1t < 1,
t) = _ 2.1
Vi) {0 if [t| > 2. @1)
Let us define ¢ (t) = ¥(%) and 9p(t) = sgn(t)ir(t).

The following Proposition plays a central role in the proof of our first main result,
the Theorem 1.1. This Proposition allows us to work in the usual X} space associated
to the KdV equation instead of the Bourgain space associated to the IVP (1.12).

Proposition 2.2. Let —1/2 < ¥ <0, T € [0,1]. Then for all e > 3(b—1/2) we have

OV @ulx, ., < cluoll. (22)
If1/2<b<¥V/34+2/3, s€R then

t
e (t) / V(t = t) (uug) ()t | x < TP w0 (23)

where ¢ 1s a constant.
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Before providing proof of this Proposition, we record the following results.

Lemma 2.1. Let 1/2 <b <1 and a < 1 then

[6r @l < o(TV2 + T2, (2.4)
r\Y2/ 1\ b
[r(t) e gy < (i) (#) @ #a<o (2.5)
T me(R) if0<a<l.
alt cT?
F(1tl ¥r®) ")) < Ty (2.6)
(] () M) ()] < ——ST (2.7)

1+ (12 +a?)T?
where ¢ 1s a constant independent of T and a.

Proof. Using the definition of H’ space we have
[dr@)llzy < ell¥rllie + | Dirlle = T2 (]| 2 + T2 DR | 2,

where we used that im) (1) = Th(T 7).
Ifa<0andb>1/2 we get

[z (t) e e < cllbr@)|mlle™ g < e (T2 +TY72)(Ja| 72 + |al1/?),
andif 0 <a <1
[z (t) el < cTV2¢ll2 + || D (Y (8) e[ 12 < e (T + TV D 2),

where h(t) = (t)e?" integrating by parts twice we get

This proves the inequality (2.5).
In order to prove the inequality (2.6) we have that

F(tlr(t) ™M) (r) = T°p(T'r) (2.8)

where p(t) = [t[op(t)e? 1.
Integrating by parts we obtain

C
D < —  k=0,12
Therefore,
R c
D7) < T marge (2.9)
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Combining (2.8) and (2.9) yields the desired inequality (2.6). The proof of (2.7) is

similar. O

Remark. It’s not possible to obtain similar inequalities as (2.4) and (2.5) for ¥p(t)

because of the discontinuity.
In the following estimates, without loss of generality, we can suppose n =1

Lemma 2.2. Let —1/2 <0 <0,1/2<b<¥V/3+2/3, Te(0,1], a<1. Then

t
||1/)T(t)/ WAl | gy < T2 f o (2.10)
0
where ¢ is a constant independent of a, f and T.

Proof. 1t is sufficient to prove the Lemma 2.2 when |a| < 1. In fact, let us suppose
that Lemma 2.2 has been established in the case |a] < 1. Then when a < —1, we use

the change of variable t'a = t, to obtain

Gr(t)1a(t) == ¢r(t) / el =l f(t)dt' = éwaﬂat) /0 el (1t = %J(at)-

0

(2.11)
where f,(t") = f(t'/a) and J(t) = .7 (t) fot el =t f. (¢ at'.
Note that for a < —1,
1T @)l < e|aT 0272 fol| g < claf®/2¥ 230202202 |y (212)

Since ¥’ +b > 0 and |a| > 1, from (2.11) and (2.12) we obtain

1 {a)® c e
@Ol = Tl < eSOl < T ™

Hence, we arrived at (2.10) in this case too.
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From here onwards, we consider |a| < 1. Now let b > 1/2, then we have

t t
[a(t) = / e|t—t’|af(t/)dt/ _ / e(t_t/)Sgn(t)af(t/)dt/
0 0
t
_eat|/ e—sgn( at’/ it Tf( )det,
R
_eat|/f / (iT—sgn(t)a dt dr

(it—sgn(t)a)t __ 1
= edltl / f(T) dr
R

iT —sgn(t)a
R eiTt _ 6a\t|
= ———dr.
/Rf(T)iT —sgn(t)a ’
We have
1 ) a w T
———————— =sgn i :
sgn(t)a — it S T
If we define
a t
olt) = 505 @)= 57
palt) = s alt) =

and replace 7 by ¢’ we get,

-~

h@z@@/mwwm ”ﬂ(w%wAMﬂV”eWﬂHW

R
= a,l(t) + Ia Q(t)

Estimate for I,;: We estimate it in two different cases.

Case 1: |t'| > 1/T. Let f(t/) = f(t )X{¢|>1/73- From the definition of I, we have

(O (t) =asgn(Oyr(t) [ LU et — gy

ra + 17 (2.14)
t
()
“\1
where h(t) = sen(t)y(t) [ {F(')/(a®+ 1)} [eaTltl — Tt ] .
We have,
— ry t/
h(t)(T) = aéfg— z/QK(CL, T, t")dt (2.15)
where

K(a,T,7,1) = / sgn(t)y(t) [eaTlt\ — eiTtt/}e—itTdt'
R



10 X. CARVAJAL AND M. PANTHEE

Integrating by parts we get

t t 25/2 25/2
\K(a,T,T,t’)\gcu and \K(a,T,T,t’)\§c< ) —|—c< ) §c< ) :

(r)’ (ry?  (m)* = ()
Hence
<t/>2b
|K(a7 T7 T, t/>| <c <7_>2b ’
Therefore, from (2.15) we obtain
— c | A(tf) | T3/2+b'—2b
I < [ S

Now, using (2.14) we have
920 a0l = lal 15 (5 )l < el T2 Ao < T 2TV £
Hence

lor (@) La() | < T2 fll g < T 27202 f]

-~

Case 2: |[t'/| <1/T. Let f(t’) = f(t')xqu|<1/ry and as earlier () = sgn(t)r(t).
We have

Fp(8) Lo (1) () ﬁ&()é () [ — ] F ("t de

ﬂw/@@Wﬂwuwmmy
({F (dr(t) M) (r) = F(Pr () (7 — ') }at’
a<>WH?(<>a%wo—9wﬂww%v—ﬂ»w

Pa(t) FEWTF (r(t) ™) (7 =) — F(Pr (1)) (7 — t') }at’

. [a 11(7_) + Ia 12( )

|
%\\%\%
)

3
ii

S

+

Since [p,(t')] < 1/|t'|, we can estimate the term I, 11(7) as in [9]. Therefore we will

estimate only the term 1, 12(7).
Let us define h(t',7) := F(¢ D (t) el — 1]) (7 — t), then we have

/?\tw )Y (7 — ¢)ds. (2.16)
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From (2.7) we have that
cT?

F(|t| hr(t) e (r — )] < : 2.17
| (’ ‘wT( ) )(T )| = (1 + <|T—t/| + ’SDT)Z ( )
where ¢ is independent of s, 7, ¢’ and T.
Observe that 0 < s <g ifa>0and a < s <0if a <0. Thus we obtain
lal 1
h(t', <cT2/ ds
MEDE=T | =+ TP
=cT? @ .
1+ |r=¢|T)1+ |7 =T+ |a|T)
As |Tt'| <1 we have
1 < 2
L+ |r=¢|T — 14 |7|T"
Hence
h(t',71)| < TQL.
’ ( 7T)| >cC <1+ ’T|T)2
Using the Holder’s inequality we get,
To2( ’_|/pa h(t',7)dt'|
), ) N2
< Hf”Hb’ < / (a2 —|—t’2)2 dt,)
[#'1<1/T (2.18)
cT? o 1/2 '
< e M (e ar)
[¢#'1<1/T
o T3/2+Y
> W ||f||Hb’,

Finally, we arrive at

2 ' 1 2 1/2
(Jas i npar) ™ <er il [ me)

(1+|7|T)4
R

%

, 1 1
3/2+b
<cT 11 e (T1/2 + Tb+1/2>
<eT " £l
Therefore, in this case we have

Lol < T F|
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Estimate for I,,: The estimate for I, is similar to I,; exchanging p, by ¢, and
Yr(t) by ¥r(t). So, we omit the calculation details. O

In the following remark we present improvement of the estimate obtained in the
Lemma 2.2 in some particular cases. Although, this improvement does not help to

improve our main result, it will be of interest on its own.

Remarks. 1) The proof in the case |t'| < 1/T is valid for all a < 1.
2) We know that

Hg(n) = —isgn(n) G(n) and Gu(t) = —i sgn(t) e,
Thus

La(t) = — dr(B)@ (1) / GOV ()t + V2rir (8)F 194 (q, T ) (8)
— ()T () (1) / G ()T + VB ()T (g T ) 0,

where ¥p(t) = sgn(t)r(t). Consequently,

—
—

Toa(r) =7 % a(7) / 1o () F(E)dt + VT« H(qu ()
oz % 4al(7) / 4ot F(E)dE + V2RI (D) % (00 F ) (7).

Similarly,

) = 0w [ F0a0 + Y0 @)

3)If1/2<b<V/3+2/3 thenl —b+b >3/4+V/2—b>1+1b/2—3b/2> 0.
4) If la] > 1, then |q.(t")| < ¢/(t'), hence

f t/ 1-b
[lworfear <e [ S <ol

and therefore we obtain a more refined estimate than (2.19).

b LQ’

5) In the case [t'| > 1/T we can to obtain a better estimate for I, because Yr is
reqular (using the inequalities (2.4) and (2.5)). In fact, let f(t’) = f(t’)x{|t/|>1/T}.
We have that

1) L2 @)y < I0rE)e |

/Rqa(t’) FOVAE |+ 10 Ol 1T (4] ) () -
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Since [t'| > 1/T implies |t'| ~ <t/), using the Cauchy-Schwartz inequality we get

[t/|>1/T [t’|>1/T

2.19
dit’ 1/2 < ql/2+b ( )
Wl (| razm) ST
j#/|>1/T
Stmilarly,
dt’ 1/2
U gy g -
[laf @l <elly o
/ 2
' 2.20
¢ ‘a’1/2+b/ J |t/|2b’(1 +t/2)> ||f||Hb ( )
1
_C|a|1/—2+b/\|f||Hb/.
Hence from (2.19) and (2.20) we get
T N\ 1/4+Y /2
Jarfear < e ()™ 1l (221)

and

aholy s [ IO ws [

(/)20 [/ [2(1=b+)
[t'|>1/T [t'|>1/T
< T2 f 2
So from inequality (2.4) we have that
16Ol F " (@af YOy < TP TO I e < T2 ]| g

On the other hand, if a < —1 from inequalities (2.5) and (2.21) we get
. T \1/2 1 T\ /44 /2
o) [ lan(e)FOY 0 <e ()" (14 ) a1l () e

|al
T N 3/4+ /2 1
=¢ (|a|> (1 Tb>(1 + lal*) [ f 1| gz

/ 1
3/44Y /2—b
<cT (1+W>’|f|’m’

<cT* VP20 £l o



14 X. CARVAJAL AND M. PANTHEE

Now if |a] < 1 using the inequality (2.5) we obtain:

. N , 1
) ey [ 1an()F) I <eT T (14 )
SCTl/Q—i-b’ T1/2_b”f”Hb’
<

TV ]
Therefore in this case
lWor () L)y < T 20 fl o,
where ¢ 1s a constant independent of a, f and T.

Now we prove Proposition 2.2 which plays a crucial role in the proof of the first

main result of this work.

Proof of Proposition 2.2. In order to prove (2.2), using (2.5) with 7" = 1 it is not
difficult to see that:

|(¢) eW(&)\tIHthb < e(M®(EN < efn)(€)¥2),

where ¢(n) is a constant. Therefore,

ler )V (tuollx, ., < ) / (€2 @ Vlan(e) ) < el ol

R

Now, we move to prove (2.3). From definition (1.10) of the X,; norm, we have

() / V(t — )ty (#)dE | x.,

— U (—t)r() / V(t — ) () ()t

Hs,b

t (2.22)
= 1RO T [vrtt) | VT (= ) ) Ot

t
s —it! 3 _ —
= ) llrte) [ e O €)at |y

0

If we fix the variable ¢ and suppose fe(t') = e "€ uuy(t', &) the estimate (2.3)
follows from (2.22) using (2.10). O
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2.2. Proof of the Theorem 1.1.

Proof. As discussed in the introduction, we will use Bourgain’s space associated to the
KdV group to prove well-posedness for the IVP (1.1), therefore we need to consider
the IVP (1.12) that is defined for all £. Now consider the IVP (1.12) in its equivalent
integral form

u(t) = V(t)ug —/O V(t —t") (uuy)(t)dt', (2.23)

where V (t) is the semigroup associated with the linear part given by (1.14).
Note that, if for all t € R, u(t) satisfies

ult) = BV (o — vr(t) / V(= ) (o) (#) e
then wu(t) satisfies (2.23) in [—7,T]. We define an application
W) (0) =) V(O = vr(®) [ V(=)0

Let s > —3/4, and ug € H®. Let b and b be two numbers given by Proposition 2.1,
such that § = min{l + /2 — 3b/2, 3/4 + s/3 — b} > 0. We will prove that ¥ is a

contraction in the following space

Xﬁe,b ={u € Xoep; ullx,_., < M},
where € € [3(b —1/2),5 + 3/4). First we will prove that ¥ : XM _, — XM = Let
(TS Xsﬂfe’b. By using Propositions 2.1, 2.2 and the definition of Xffevb we get for all
e such that 3(b—1/2) <e<s+3/4

[ (w)]

KXo Selluolls + ¢ T (uuz) | x

— s—e,b!

M M
<— +cT'M? < —
_4+c s 50

me and ¢TPM = 1/4. Therefore, |V (u)|x, ., < M. A
similar argument proves that ¥ is a contraction. Hence ¥ has a fixed point v which
is a solution of the IVP (1.1) such that v € C([-T,T], H*°), with

where we took M = 4c||uy|

||u| Xs—e,b S M = 4C||u0| Hs.

As b can be chosen arbitrarily near to 1/2, € can be chosen arbitrarily near to 0.

Hence by Fatou’s lemma we have

sup ||u(t)|| s < cfluol|a. (2.24)
te[-T,7]
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Thus by (2.24) and Lebesgue’s dominated convergence theorem we get
uwe C([-T,T], H®).

The rest of the proof follows in an analogous way to [11], so we omit the details. [

3. A REFINED LOCAL SMOOTHING EFFECT

In this section we prove the following local smoothing effect for the semigroup Vi ()
defined by (1.14) with ®(¢&) = |¢|* — |£|*™2. Similar results can also be obtained for

more general ® as in (1.2). Our proof follows the ideas of [6].

Theorem 3.1. Let T >0, ug € LY, 0<s< (k+3—p)/p+1/py andp > 2, p1 > 2,
then

c(n) 1/p 20T
DEVi(t)ug|l 1o 1 < T/pe2iT 4 e . (31
|| x k( >u0||LTL,C1 = (k’+3—p(8+ 1)+p/p1)1/p( € + )“uOHL ( )

where € = €(p, k,s,p1) = (k+3—p(s+1))/(k+2)+p/((k+1)p1) and 1/p+1/q = 1.

Corollary 3.1. Letug € LY, T >0,2<p<k+3, and 0 < s < (k+3 —p)/p, then

s c(n) ‘
IDVitwllgre < g s Ty (TP +T%) |lugl|ze,  (3.2)

where €9 = €(p, k,s) = (k+3—p(s+1))/(k+2) and 1/p+1/q=1.
In particular, the case when p = 2 is interesting, in fact we have
Corollary 3.2. 1) Ifup € L?, p; >2,0<s<1+(k—1)/24+1/p;,0<T <1 and

v =min{1/2,€(2,k,s,p1)} then

c(n) T
(1+(k—=1)/2+1/p; — s)/2

2) Ifup€ H°, —k/2<5<0,0<T <1 and~y=min{1/2,e(2,k,1—s5,p1)} then

c(n) T7
Dzv t p1 <
I i ( )UOHLQTLZ “((k=1)/2+1/p; + s)1/?

1D Vie()uoll .20 < [l 2. (3.3)

| Duol| L2, (3.4)

in the following cases:
i) when —(k—1)/2 <s<0 and 2 < p,.
i) when —k/2 < s< —(k—1)/2 and 2 <p, < (—s— (k—1)/2)7.

In the proof of Theorem 3.1 we will use the following result



WELL-POSEDNESS FOR PERTURBATIONS OF THE KDV 17
Proposition 3.1. Let p > 2, and 1/p+1/q =1, then

e < ellul e, (3.5)

Proof. See Corollary 1.43 in [13]. O
Now, we give a proof of Theorem 3.1.

Proof of Theorem 3.1. We can suppose uy € S(R). We consider a cut-off function
p € C(R\ {0}), 0 < ¢ <1 defined by

1 if0<t<t,
"D(t)_{o if £ <0 ort>2 (3:6)

Let us define ¢r(t) = ¢(F), then
1D; Vi@ )uo (@)l oo < Nloor(8) D3Vt uo (@)l p o

Let 1/p; + 1/¢q1 = 1, using duality it is enough to prove for uy in L? and g in L] L%

J= ‘/2 pr () Dy Vi(t)uo(x)g (2, t)dx dt) < clluollLallgll g e
R

Using (1.14) we have
D3Vi(t)uo(w) = i / €] e H@ Hint g (€) e
Therefore, by Fubini’s theorem, Propoﬂi,ition 3.1 and Holder’s inequality we get
J < dluol|al|Lgl| s,

where Lg(&) is defined by

Lg(&) = I¢I° / or(t)g(, )e MO gy gt
RQ
and
ILg(€)] < l¢l* / (BT (g, ) (€) k. (3.7)
We have
1Lg(E)rar) < N1 Lg(E)llaqei<e) + 1 Lg(E) | Laqe>2) = J1 + o (3.8)

In J; by (3.7), Minkowski and Hoélder’s inequalities and Proposition (3.1) we get

I SC/R@T(ﬂ”enm&)HL”(|£|§2>’\3"_1(9(‘7t))(S)HLmuagz)dt

e |lorllue lgllzim < ™ TV lgll g, (39)
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where ¢ is a constant, 1/g=1/r; + 1/p; and 1/p; + 1/q1 = 1.

Similarly in J; we have

Jo < /soT(t)H55e”tq’(g)llmug>z>||g(-7t)||L;1dt7
R

and for ¢ > 0 we have

—ntle|F+2 /2 0(77)
1€ e g2 < rmmryGrm -

Therefore, for 0 < s < (k+3 —p)/p+ 1/p1 we get

or(t)
ts/(k+2)+1/((k+2)r1)

Ja < ce(n)

||9||L;1L31 <c(n)T* ”g”L‘gLZla
Lpr

where e = (k+3—p(s+1))/(k+2)+p/((k+ 1)p1).
From (3.8), (3.9) and (3.10) we obtain

c(n) ;
ILgllun < ( (T2 1 T%) || gl| o

(k+3=p(s+ 1) +p/p)"/?

4. SOME STRICHARTZ TYPE ESTIMATES

Proposition 4.1. Let 2 <p, k> 1, ¢, = #ﬁz); 0<T<1,s<0 and

1 S

S >0
r+(k—|—2) Cpik

then

1, s
IVe®uoll s 1o < e, sqro)T L w083 |y

He,
where 1/qg+1/p=1,10=2/(2—¢q).
Proof. Let ®(€) = [£]F — |€[*2, by (3.5) we have

”Vk(t)UOHLTTL’; SCHVk(t)UOHLTTLg < CHemq)(é)l?(JHLng(mgz)

+e ||€ntq’(§)?70HUT'L§(I£I>2) =Ji1+ Jo.
In Ji, using Holder’s inequality we have

J1 < c3 et

(3.10)
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To estimate Jo, by Holder’s inequality we obtain

4 i) < / e M2 (1 (€))7 (1 4 |¢]) i@y () |7de

|€]>2
_ ( ) _
< (e 21 4 1)) T Lo 152y 1o |4

1 1 1/ro
—ly|* 2 —sqr
< C(”)[tl/((k—ﬂ)ro) + 11/ ((k+2)ro)—sq/ (k+2) </R€ v |y| Ody> ]HU0|

where ro = 2/(2 — q).

Therefore

1
t1/(k+2)roq)—s/(k+2)

1, s
J2 < c(n, sqro) ‘ | Muollas < e(n, sqro) T &2 fug |,
T

where ¢, = %.
Corollary 4.1. Let 0 < T <1, s <0, 1 <r <2(k+2)/(1 —2s), then
IVi(tyuoll pprge < e, )T =120 CEED [y | .
Proposition 4.2. Let uy € L?, then
IVi(t)uollpgerz < €™ flugl|z2.

Proof. Using Plancherel identity

IVi(t)uollzz = [l DG ()12 < €™ uol| 2.

F—g|*+2)

where we used the estimate (¢ < e,

In the following section we give an application of the above results.

5. PROOF OF THEOREM 1.2.

q
Hs

19

O

This section is devoted to give proof of the local well-posedness result for given

data in homogeneous Sobolev space with regularity below L?. We consider the IVP

O+ BPu+nLli(u) +ud,u=0, z€R, t>0,
u(z,0) = uo(z),

which is a special case of the IVP (1.1) with Fourier symbol ®(&) = [£|* — |£|FF2.

To prove Theorem 1.2, we need the following proposition

Proposition 5.1. Let 0 < —s < 1/2. Ifu € L>(=29)  then

(5.1)

D7 (w)]| 2 < el|ullp2ra-20, (5.2)
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Ifue L' N L2, then

1Dz ()2 < e(llullzr + [Jull2)- (5.3)

Proof. The inequality (5.2) follows using the Hardy, Sobolev, Littlewood inequality

and

—

1 ) 1
(i) =
The inequality (5.3) follows from

s )2 )2
1502 = / L1 S L)1
i<t 7] w1 17

Now we are in position to supply proof of our second main result.

Proof of Theorem 1.2. Now let ug € H*, with 0 < —s < 1/2. For 0 < T < 1, define
a ball

Zor ={w e C(0,T], H°); |lwllr < a},

where

—2
o+ lwnll g+ T35 o,

lwllz = llw]

—1/s <py <o0,q >2,1/p1 +1/q1 = (1 —25)/2 and p; is chosen as in inequality
(3.4) of Corollary 3.2.
Using Corollary 3.2 and Proposition 4.1 we get

Vi@ uollr < el D3 (uo) |22 (5.4)
Also, using the inequality (5.2) we obtain

T T
| Dzl <e [ el zo-an
0 0

SCH%HL%Lil ||UHL2TL§1
sttty boa)
<cT\ G T2t me s g2, (5.5)
Now, define an application
t
U(v)(t) = Vi(t)ug — / Vi(t — 7)o, (7)dT,
0

where Vi (t) is the evolution operator defined in (1.14) with ®(&) = [£]F — |¢[F2.
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With the help of the inequalities (5.4) and (5.5), it can be shown that the applica-
tion U maps Z,r into Z,r and is a contraction considering a = 2c¢|| D% (uy)|| 2, and
CT{_%JF%JF%H}Q < 1/2.

The rest of the proof follows from an standard argument. OJ

Remark. If we use the inequality (5.3) we can also take the following space in the
proof of the Theorem 1.2

Zogr ={w e C(0,T],H°);  [lwllr < a},

where

q1—2 s
leollr =llwll e + Neall s gor + s gz + T LR 57552 o 1
_1_ s
+ i

—1/s < p1 < o0, 1 > 2, 1/p1+1/q1 = 1/2 and py is chosen as in Corollary 3.2
inequality (3.4). By Corollary 3.2 and Proposition 4.1 we get

IVie()uollr < ¢l D3 (uo) | 2-

And we have using the inequality (5.3)

T T
| 1Dzl < [ (el + ovliz)
0 0

S(ﬂH&HL%L%HUHLng—FcHUIHL%LglHUHL%L?
SCT{%+¢E a2+CT{—5%g%+%+ﬁ5}a2

__n-2 1, s
SCT{ 2q1(k+2)+2+k+2}a/2.
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